Theoretical Physics 5

Advanced Quantum Mechanics
Winter Semester 2018/2019

Exercise Sheet 2

lecturer: Prof. Dr. Pedro Schwaller return until: 2018-10-29
assistant:  Eric Madge 30 points

The exercise sheets can be found online at http://www.staff.uni-mainz.de/pschwal/
index 1819.html.
To be handed in until Monday 2018-10-29 (12:00) to the red letterbox 42 (foyer of
Staudingerweg 7).

1. Bosonic creation and annihilation operators (12 points)
(a) (2 points) Let

INI, Ny, ...} = H al)Nx|0)

\/W

be a base state in the occupation number representation of bosons. The creation
and annihilation operators act on these states as

allNy, Noy ... Ni,...) = JNe+ 1Ny, Ny N +1,..0),
ag|N1,Noy ... Ni, ...y = /N Ny, Noy oo N —1,...).

Derive the commutation relation [a, a] = 6.

(b) (4 points) Compute the following commutators (N = alax, N =Y, Np):
i. [Ny, a] i, [Ny, af] iii. [N,a)] iv. [N,a]]

(¢) (6 points) Using the same notation as in exercise (), show that

|¢) = exp <i st&]t) 0), o € C

k=1

can be expanded in terms of the basis of the Fock states as follows:

o) = > (H\/_ )\NLNQ,...>.
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Show that
ar|¢) = ¢ilo) V.
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2. Fermionic creation and annihilation operators (18 points)

(a) (3 points) Starting from the anti-commutation relations for ay, aj,

{ag,ap} = {a},aL} =0, {ag, a},} = Opp

derive the property
NNy —1) =0
for Ny, = ala. Show that for any state [¢)) of N fermions, the expectation

values of the occupation number operator, n; = <’l7/)|6ALLCALk|’l7/)> , obey the inequality

(b) (4 points) Compute the following commutators (N = alag, N =3, Np):
i. [Ny, a] i, [Ny, af] iii. [N,a)] iv. [N, a]]
(c) (3 points) Show that fermionic field operators
{0(@), 0} = {4(@)), ()} = 0, {0(@),9'(5)} = 6V — 7
satisfy the following relation:
SN (@) (§)S(H)P(F)$' (1)
= f(&, 7,31 ... 219 (71)
and determine f.
(d) (4 points) Show that the operator

N 1 o _) N
V=3 [ @edyvE - pél@d @)0@)9(7)
in the occupation number representation for fermions acts on the state

- /d%l...d%w(fl,...,fjv)q?*(fl).--cﬁf(fzv)|0>
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as follows:

V) =3 3 [y dlanV (@ - 2o, 23 ) .. 6 @),
o

B-for? o= @08 (- A+0@ ) o

be the Hamilton operator in occupation number representation, where U is an
external potential and V is the pair interaction potential from exercise @ Show
that the Schrodinger equation ihdy|iy) = H|vy,) is satisfied iff the wave function

(&, ..., Zy;t) satisfies the Schrodinger equation in position space:
N 52
iho) (T, ..., Tn;t) Z( — A +U(% ) + = Z V(Z V| (&, ..., TN t)
J=1 z] 1
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