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1. Bosonic creation and annihilation operators (12 points)
(a) (2 points) Let

|N1, N2, . . .〉 ≡
∞∏

k=1

1√
Nk!

(a†
k)Nk |0〉

be a base state in the occupation number representation of bosons. The creation
and annihilation operators act on these states as

â†
k|N1, N2, . . . , Nk, . . . 〉 =

√
Nk + 1 |N1, N2, . . . , Nk + 1, . . . 〉 ,

âk|N1, N2, . . . , Nk, . . . 〉 =
√
Nk |N1, N2, . . . , Nk − 1, . . . 〉 .

Derive the commutation relation [âk, â
†
l ] = δkl.

(b) (4 points) Compute the following commutators (N̂k = â†
kâk, N̂ = ∑

k N̂k):

i. [N̂k, âl] ii. [N̂k, â
†
l ] iii. [N̂, âl] iv. [N̂, â†

l ]

(c) (6 points) Using the same notation as in exercise (a), show that

|φ〉 = exp
( ∞∑

k=1
φkâ

†
k

)
|0〉, φk ∈ C

can be expanded in terms of the basis of the Fock states as follows:

|φ〉 =
∑

N1,N2,...

(∏
k

1√
Nk!

φNk
k

)
|N1, N2, . . . 〉 .

Show that
âk|φ〉 = φk|φ〉 ∀k .
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2. Fermionic creation and annihilation operators (18 points)
(a) (3 points) Starting from the anti-commutation relations for âk, â†

k

{âk, âk′} = {â†
k, â

†
k′} = 0 , {âk, â

†
k′} = δk,k′

derive the property
N̂k(N̂k − 1) = 0

for N̂k ≡ â†
kâk. Show that for any state |ψ〉 of N fermions, the expectation

values of the occupation number operator, nk = 〈ψ|â†
kâk|ψ〉 , obey the inequality

0 ≤ nk ≤ 1.
(b) (4 points) Compute the following commutators (N̂k = â†

kâk, N̂ = ∑
k N̂k):

i. [N̂k, âl] ii. [N̂k, â
†
l ] iii. [N̂, âl] iv. [N̂, â†

l ]

(c) (3 points) Show that fermionic field operators

{φ̂(~x), φ̂(~y)} = {φ̂†(~x)), φ̂†(~y)} = 0 , {φ̂(~x), φ̂†(~y)} = δ(3)(~x− ~y)

satisfy the following relation:

φ̂†(~x)φ̂†(~y)φ̂(~y)φ̂(~x)φ̂†(~x1)φ̂†(~x2)φ̂†(~x3)φ̂†(~x4)|0〉
= f(~x, ~y; ~x1 . . . ~x4)φ̂†(~x1)φ̂†(~x2)φ̂†(~x3)φ̂†(~x4)|0〉

and determine f .
(d) (4 points) Show that the operator

V̂ = 1
2

∫
d3x d3y V (~x− ~y)φ̂†(~x)φ̂†(~y)φ̂(~y)φ̂(~x)

in the occupation number representation for fermions acts on the state

|ψ〉 =
∫

d3x1 . . . d3xNψ(~x1, . . . , ~xN)φ̂†(~x1) . . . φ̂†(~xN)|0〉

as follows:

V̂ |ψ〉 = 1
2

N∑
i,j=1
i 6=j

∫
d3x1 . . . d3xNV (~xi − ~xj)ψ(~x1, . . . , ~xN)φ̂†(~x1) . . . φ̂†(~xN)|0〉 .

(e) (4 points) Let

Ĥ = Ĥ0 + V̂ Ĥ0 =
∫

d3x φ̂†(~x)
(
− ~2

2m ∆ +U(~x)
)
φ̂(~x)

be the Hamilton operator in occupation number representation, where U is an
external potential and V is the pair interaction potential from exercise (d). Show
that the Schrödinger equation i~∂t|ψt〉 = Ĥ|ψt〉 is satisfied iff the wave function
ψ(~x1, . . . , ~xN ; t) satisfies the Schrödinger equation in position space:

i~∂tψ(~x1, . . . , ~xN ; t) =

 N∑
j=1

(
− ~2

2m ∆j +U(~xj)
)

+ 1
2

N∑
i,j=1
i 6=j

V (~xi − ~xj)

ψ(~x1, . . . , ~xN ; t)
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