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Recap of Previous lecture Kohn-Sham equations
The Local-Density Approximation

Kohn-Sham equations

Now the very clever idea by Kohn and Sham was to rewrite

E, [pl = T [p] + Vae [p] + Vee [o]

as
E, [p]l = Ts[pl + Ve [p] + J[p] + Exc [p] (1)

where
Exc[p] = T [p] — Ts[p] + Vee [p] — J[p] (2)

The quantity E.c [p] is the exchange-correlation energy , which
contains the difference between T [p] and T [p] and the
non-classical part of Vee [p].
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Recap of Previous lecture Kohn-Sham equations

The Local-Density Approximation

El) = Tolpl + 1 + Bl + [ v(o(r)ar =

= XN: ;/w(x,) <;v2> Yi(xi)dr + J[p] + Exc [p] + / v(r)p(r)dr

and the electron density

o) = D e )P ©)

The variational search for the minimum of E [p] can be equivalently
effected in the space of orbitals v;, constraining the orbitals to be
orthonormal:

/wwwww:w (4)
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Recap of Previous lecture Kohn-Sham equations
The Local-Density Approximation

Kohn-Sham equations

We derived the Kohn-Sham equations in their canonical form:

[—;Vz + Veff:| Vi = € (5)

Verr (1) = V(r)+/ A dr’ + vxe(r) (6)

=71
N
p(r) = 33 i) ™

These equations are non-linear and must be solved iteratively.
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Recap of Previous lecture Kohn-Sham equations

The Local-Density Approximation

Local-density

An explicit form of E,. [p] is needed!

ELDA[] — / p(F)erc(0)dr (8)

where e,(p) is the exchange and correlation energy per particle of
a uniform electron gas of density p. the corresponding xc potential
is
IE" Oexc(p)

= exc(p(r)) + p(r 9
e = aclolr) + (0 )

and the KS orbitals read:

VLDA(r) _

Xc

5T v+ [ A o = (10
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Recap of Previous lecture Kohn-Sham equations
The Local-Density Approximation

Local-density

exc(p) can be divided into exchange and correlation contributions:

exc(p) = ex(p) + ec(p) (11)

» The exchange part is give by the Dirac (1930)
exchange-energy functional

1/3
(o) = Gl G = (j) (12)

» accurate values of e.(p) are available thanks to quantum-MC
calculations (Ceperly, Alder 1980), and have been interpolated
to provide an analytical form for e(p).
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Local Spin Density Approximation
Spin Density Functional Theory LSD performance

Spin Density Functional Theory

So far we have only considered many-electron system with only one
scalar external potential v(r) (usually the electrostatic potential
due to the nuclei).

Let's consider a system with a more generalized potential, for
example a magnetic potential in addition to usual scalar potential.
What we need to describe the system are:

> p(r) and p(r)

> or p*(r) + p7(r) and p*(r) — p°(r)
Also in the absence of magnetic field it allows one to built in more
physics in the xc pot through its spin dependence.
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Local Spin Density Approximation

Spin Density Functional Theory LSD performance

In the presence of a magnetic filed B(r), the Hamiltonian of the
system becomes:

N N N
F/:Z»W + > v(n) +Z +2BQZB(r;)-Si (13)
i=1, i=1, i<j i

where 8. = eh/2mc is the Bohr magneton and S; is the electron
spin (and spin-orbit and spin-spin interactions are neglected).

» The magnetic interaction is still a one-electron operator.

We can combine terms as:

N

N
Vo= > v(r)+28.> B(r)-S; (14)

= [vot) - [ B e (15)

Marialore Sulpizi Density Functional Theory: from theory to Applications



Local Spin Density Approximation

Spin Density Functional Theory LSD performance

p(r) is the operator for the electron density
N
Py =35~ m) (16)
and m(r) is the operator for the electron magnetization density
N
m(r) = =28 > _ Sid(r — ry). (17)

The expectation value for V for the state |V > is:

< vl >:/v(r)p(r)—/B(r)-m(r)dr (18)

where the electron density is given by:

p(r) =< V[p(r)|V > (19)
and the magnetization density is given by:
m(r) =< V|m(r)|¥ > . (20)
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Local Spin Density Approximation

Spin Density Functional Theory LSD performance

If we now consider the simple case of B(r) directed along the z direction,
namely B(r) = b(r)z, we have

< |V >:/v(r)p(r)—/b(r)m(r)dr (21)
where m(r) = —28, < V| Zsz(i)é(r —n)v > (22)

— 20, [ sd(e = ¥yl x)ax (23)

= —20 Z s;71(rs, rs) (24)
s=a,3

' E%(ra,ra) + (-3) Wl(r@rﬁ)} (25)

= [P°(r) - p*(r)] (26)

y1(x),x1) = / / (X4, x2..xN ) W* (X1, X2...XN ) dX2...dXN (27)
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Local Spin Density Approximation

Spin Density Functional Theory LSD performance

Spin Density Functional Theory
E, = M’np pﬁ{F[poupﬁ]
[ A0+ Bb(e)s () + (V) — Bble) ()]} (28)
p® and p? are all you need to describe the ground state of a
many-electron system in the presence of a magnetic filed b(r). However

F [pa, pa] is unknown, and approximation is necessary for the theory to
be implemented.
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Local Spin Density Approximation

Spin Density Functional Theory LSD performance

the Kohn-Sham method can be introduced as for the simple DFT:
Flo% 0] = Ts [p% p°] + J [p™ + %] + Exc [p% %] (29)

where T [pa,pﬂ] is the Kohn-Sham kinetic energy functional
corresponding to a system of non-interacting electrons with densities p®
and p?, and E, [p®, p”] is the exchange correlation energy functional.

E [p*. 0]

S i [ dvei, (=590 (0)
J [,Oa + pﬁ] + Exc [Paa/)ﬁ]

/df [(v(r) + Beb(r))p™ (r) + (v(r) — Beb(r))p” (r)[30)

+

+
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Local Spin Density Approximation

Spin Density Functional Theory LSD performance

The variational search of the minimum of E [p®, p?] can be carried out
on the space of orbitals ¢;,, subject to normalization constraints:

/ b0 ()0 (1) = 1. (31)
the resulting Kohn-Sham equations are:

brona(t) = |57+ V()| 0l (32)

e . a
- n’.a (bia(r) = eiad)ioz(r) i=1,2,..,N (33)

baoint) = |57 i) 60 (34)

€ .
N ”JT[;@B(") = ¢jadjp(r) j=1,2,...,N”  (35)
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Local Spin Density Approximation

Spin Density Functional Theory LSD performance

The spin-dependent effective potentials are:

Exc [0, p”]
vegr = v(r) + e v+ 36
ff ( ﬁ / | (Spa(l’) ( )
Exc [, %]
Ve _ Yo )
eff - V(I’) ﬁe / | 5pﬁ(l’) (37)
€is are the Lagrange multiplier for the constraint [ ¢, (r)¢is(r) =1

And

The kinetic energy term T [po‘,pﬁ] is treated exactly here, and the exact
exchange-correlation functional E, [p®, p?] exists, even though is
unknown.
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Local Spin Density Approximation

Spin Density Functional Theory LSD performance

Advantages of spin-polarized Kohn-Sham Theory:

» describe many electron system in the presence of a magnetic
field (Also spin-orbit and relativistic effects can be included.

» can be applied also in the absence of a magnetic field.

If b(r) =0 do SDFT and DFT give the same results?

YES if the exact form of E,. [pa,pﬁ] and E, [p] are used.

NO in practice with approximate E,c.

An approximate form for E,. [po‘,pﬂ] can be (usually is) a better
description of the real system than the approximate form of E,. [p].
(e.g. open shell systems, system with spontaneous magnetization)
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Local Spin Density Approximation

Spin Density Functional Theory LSD performance

Connection between Spin-DFT and spin-compensated DFT

T, [p™ p°] = T [p™,0] + T, [0, 0] (38)

where

T = Sm [ (57 o) @9

For the spin-compensated case we have
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Local Spin Density Approximation
Spin Density Functional Theory LSD performance

Local Spin Density Approximation

T [p%0°] = T[p"0+ T, [0 7] (43)
= ST T (44)
= %TS [20°] 4+ 3 T2 [20) (45)
For non-even number of paired electron
L2 T 5o g0] = TO0) (46)
Using eq.45 the TF model for the spin polarized case:
Tre [p,07] = 22/ Ce / () + (%)) e (47)
and its gradient corrections:
Tw [p*, 0] 8/ Vo |2d +8/|Vpﬁ|2 (48)

Marialore Sulpizi Density Functional Theory: from theory to Applications



Local Spin Density Approximation

Spin Density Functional Theory LSD performance

In the case of the hydrogen atom T=0.5 a.u. (exact solution).
T1r [p1s] = Cr / p°/% =0.2801 (49)
while the spin polarized result is:
T1E [p1s,0] = 2%/3C / p°/3 = 0.4590 (50)
Also adding the gradient correction, we obtain:

1
T7F [p1s,0] + 9 Tw [p1s] = 0.5146 (51)

For spin-polarized system the use of spin-density functional is
mandatory!
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Local Spin Density Approximation

Spin Density Functional Theory LSD performance

How to treat the exchange and correlation potential in spin-DFT?
E. [po‘,pﬁ] =E [pOC,PB} + Ec [Pauoﬁ] (52)
For the exchange part
A _7// p (1022 190 (11,02 drade, (53)
with
P (r1,r2) Z Nia®ia(r1)oi,(r2) (54)

P77 (r1,r2) Z”:,@¢Iﬁ r1)ojs(ra) (55)
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Local Spin Density Approximation

Spin Density Functional Theory LSD performance

The same formalism we used to compare the spin-polarized T and
the spin-compensated T can be used for the exchange functional

E.:
1 1
a - = a o - 8 B
E, [p ,p} 5 Ex 0%, p°] + 5 Ex [p,p} (56)
_ 1 0 « 1 0 3
= SEP[20%+ 560 [20] (57)
where
o 11
E [p] = Ex 5P 5P (58)

Using the Dirac local density approximation, we obtain the local
spin density approximation(LSD).

£ [0, 7] =25C [ [0+ (P ar (59)
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Local Spin Density Approximation

Spin Density Functional Theory LSD performance

We can define a spin-polarization parameter:

a_ B a8
_ e (60)
p P+ p

Then p® = 3p(1+¢), p° = 3p(1 = ¢) and

ESO [ ) = 3G [ AP a1 0 ar (o)
= pex(p, )dr (62)

where
ex(0.€) = p) + [e20) ~ ()] 7(0) (63)

where €2(p) is the exchange density for the compensated (paramagnetic)
homogeneous electron gas given by

ex(p) = €X(p,0) = Cep/® (64)
€L(p) is the exchange density for the spin-polarized homogeneous electron
gas give by

(63)
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Local Spin Density Approximation

Spin Density Functional Theory LSD performance

ex(p) = ex(p,1) =212 Cp'? (66)

and
Q=50 -0 [ar e - 2] (o7)

The correlation energy E. [pa,pﬁ] cannot be decomposed into a sum of
two different spin contributions, because correlation energy contains the
effect of spin-like electron-electron interaction as well as the unlike-spin

electron-electron.

1
Vee :/fpz(l’l,l’g)dl’ldl’z (68)
r»
with
_ o« BB af Ba
p2(r1,r2) = p3®(r1,r2) + 5" (r1,r2) + py 7 (r1,r2) + p3“(r1,r2) ~ (69)

So, no closed form for

EFP [p*, p7] = /pec(m ¢)dr (70)
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Local Spin Density Approximation
Spin Density Functional Theory LSD performance

lonization potentials with LSD

Table 8.1 Ionization Potentials in electron volts of Some
Light Atoms Calculated in the LSD, LDA, and HF

Approximations
Atom LSD LDA HF Exptl.
H 13.4 12.0 — 13.6
He 24.5 26.4 — 24.6
Li 5.7 5.4 53 5.4
Be 9.1 — 8.0 9.3
B 8.8 — 7.9 83
C 121 — 10.8 1.3
N 15.3 — 14.0 14.5
o 14.2 16.5 11.9 13.6
F 18.4 — 16.2 17.4
Ne 22.6 22.5 19.8 21.6
Na 5.6 5.3 49 5.1
Ar 16.2 16.1 14.8 15.8
K 4.7 4.5 4.0 43

Note: LSD =local spin-density method; LDA = local-density approxima-
tion; HF = Hartree—Fock.

“ Adapted from Gunnarsson and Lundqyvist (1976).

IP = energy difference between neutral species and cations.
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Local Spin Density Approximation
Spin Density Functional Theory LSD performance

The Hy, molecule

1 L L 1
10 -
o c
0.5 - —
o )
7 L/ » LSD gives the proper
£ dissociation limit for the

diatomic molecules, while
LDA fails, paralleling the
performance of UHF vs
RHF.

E(Hy)-2E(H) [eV]

Density Functional Theory: from theory to Applications
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Local Spin Density Approximation
Spin Density Functional Theory LSD performance

LSD results for diatomic molecules

Table 8.2 LSD Spectroscopic Constants for Diatomic Molecules®

r, (bohrs) D, (eV) w, (cm™")

Expt. LSD Expt. LSD Expt. LSD
H, 1.40 1.45 4.8 4.9 4400 4190
Li, 5.05 5.12 1.1 1.0 350 330
B, 3.00 3.03 3.0 3.9 1050 1030
C, 2.35 2.35 6.3 7.3 1860 1880
N, 2.07 2.07 9.9 11.6 2360 2380
0, 2.28 2:27 5.2 7.6 1580 1620
F, 2.68 2.61 1.7 34 890 1060
Na, 5.82 5.67 0.8 0.9 160 160
Al, 4.66 4.64 1.8 2.0 350 350
Si, 4.24 4.29 3.1 4.0 510 490
P, 3.58 3.57 5.1 6.2 780 780
S, 3.57 3.57 44 5.9 730 720
Cl, 3.76 3.74 25 3.6 560 570

“ From Becke (1986a).

Bond lengths and freq are good; diss energies overestimated.
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Perdew-Zunger SIC
more SIC
Self Interaction Error

Self Interaction Error

Already in 1966 Tong and Sham showed that one shouldn’t be
over-optimistic about the LSD calculations.
They showed that

» LSD underestimate E, by at least 10%
» LSD overestimate correlation energy by a factor of 2 or more

» Problem of electron self interaction in approximate functionals
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Perdew-Zunger SIC

more SIC
Self Interaction Error

No SIE in the Hartree Fock Approximation!

N N

Enr = <WHF“:’|WHF> = Z H; + % Z (J," — K,") (71)
i=1 ij=1
where 1
Hi= [ 0052 + viluntx) e (72)

* L {(x0))dxq dx:
Jj= / / Ui 0a) v )uiba)dade (79

1
K= [[ it talisaidndn (79

Ji = Kj; (75)

this explain the double sum in (71).
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Perdew-Zunger SIC

more SIC

Self Interaction Error

In Thomas Fermi theory the electron electron interaction is
approximated by:

VI = a0 =5 [[ 2 e, (1)
If we consider the one electron system described by ¢(r), we get

J[le(r)[?] # 0 (77)

while the exact potential energy functional must give 0 for one
electron system:

Vee [|¢(r)]2] =0 (78)
In 1934 Fermi and Amaldi proposed the simple self-interaction
corrected formula:

N-1 r r
FA _ p(r1)p(r2)
Vee = N // o dl’]dl’z (79)
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Perdew-Zunger SIC

more SIC

Self Interaction Error

Perdew and Zunger! Self Interaction Corrections (SIC).
In approximate DFT (including LDA, the exact functional

Vee [pa,pﬁ} =J [pa,pﬂ} + Exc [poﬁpﬁ} (80)
is approximated by the functional:
Vee [pa,pﬁ} =J [p”,pﬂ + Ex [p“,pﬂ} (81)
The requirement to exclude the self interaction can be written as
Vee [0, 0] = J[p{'] + Exc [pf", 0] = O (82)
Or in a more detailed form:

Jlpil+ Ex[pi*,0] =0 (83)
Ec[pf,0] =0 (84)

'Perdew and Zunger (1981) Phys Rev B 23, 5048.
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Perdew-Zunger SIC

more SIC
Self Interaction Error

Perdew-Zunger self interaction corrected (SIC) version of a given
approximate exchange and correlation functional is

EYC = Ec[0"0’] = X0 (J7) + Blof0l)  (89)

The SIC one-electron equation become

/a SIC( )] ¢SIC( ) 5IC¢SIC( )

_|_ Jﬁ SIC( ):| ngSB/C( ) SIC¢SIC( )

[—Vz + v(r) + Beb( |

NOTE: the one electron equation for SIC have different potentials
for different orbitals, which causes the orbital to be non-orthogonal.

[ V2 4 v(r) -
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Perdew-Zunger SIC

more SIC
Self Interaction Error

SIC improves the LSD approximation considerably. For the
exchange energies we have:

Table 8.3 LSD Calculation of Exchange Energies of Atoms
(in electron volts)*

Atom LSD LSD-SIC Hartree—Fock
H —-6.9 —-8.5 —8.5
He -23.2 =279 -27.9
Ne —-297.6 -337.8 —-329.5
Ar —755.8 —842.4 —821.3
Kr —2407.5 —2632.0 —-2561.9

“ After Perdew and Zunger (1981).
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Perdew-Zunger SIC

more SIC

SIC improves the LSD approximation considerably. For the
correlation energies we have:

Table 8.4 LSD Calculations of Correlation Energies of
Atoms (in electron volts)”

Atom LSD LSD-SIC Exptl.
H -0.6 -0.0 -0.0
He -3.0 -1.5 -1.1
Be —-6.0 -3.1 —-2.6
Ne -19.9 -11.4 -10.4
Mg -239 —13.6 -11.6
Ar —38.4 —22.3 -19.9

“ After Perdew and Zunger (1981).
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Perdew-Zunger SIC

more SIC
Self Interaction Error

Self-Interaction Error for radical water dimers

Self Interaction Error most severe
for unpaired delocalized electrons

Overestimation hemibond strength

H,0,* ~ 8 kcal/mol

H,0,** ~19 kcal/mol

BLYP w.r.t. hydrogen bonded dimer

Delocalised states favored ->
hemibonded states stabilized

3-electron bonds

Marialore Sulpizi Density Functional Theory: from theory to Applications
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more SIC

Self Interaction Error

'OH in aqueous solution

Hemi bonded dimer

3 T T T
[ H-bonded
2.5r ~_ i
L —h
2 Hemibonded .
HSI.S - H-bonded (acceptor)
of L
l -
0.5F
G 1 1 ]
1 2 3 4 5 H-bonded (donor)

distance/A

10ps MD of OH+31 H,O
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Self-Interaction Error (SIE) H,*
10.0 T T T T ™
0.0 - HF Coulomb + XC energy should be
F {1 exactly O for a 1-electron density
-10.0 - —
- - . EH’le+EXC’pl}:O
9 —-20.0 - .
B | | Instead XC energy in LDA (GGA)
2 BH&HLYP
$ -30.0 [ —-{  overcorrects for Coulomb energy
X L
% —40.0 BALYP | EH’pl]+Exc[pl]<0
-50.0 |- — DFT strongly favours delocalized
H BLYP unpaired electrons (holes)
-60.0 - — which minimize the Self Interaction
—70.0 I . PR IR AN P AP ]
00 1.0 20 3.0 40 50 80 7.0
R (R)
(Zhang, JCP, 1998)
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Perdew-Zunger SIC

more SIC

Self Interaction Error

SIE for radical dimer cations

@ B N
=} =) =}
: : —

energy [kcal/mol]

&
o
T

ccsD(T)

He,*

Errors in the order of eV
Wrong Dissociation !!!

Elr)=E,plr)-E4,—Ejg

He NHs HO HF Ne

1 3
distance [A]

[ CCSD(T)  56.04  36.34  40.75  40.22  30.87|
4 5  B3LYP 77.38 4421 5243 5850  60.54
BLYP 83.30 48.55 59.93 G8.80 75.41

(Gréafenstein et al. PCCP 2004)
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Self-interaction correction (SIC)

Original Perdew-Zunger (PRB, 1981) correction
N,

EXUpil== 2 ; (Exl[pis-01+0pi])-

Spin only modification by M. d’Avezac, M. Calandra and F. Mauri (2004)

| SIC only applied to singly occupied orbital in restricted open shell scheme. |

Proposed by Mauri et al
EP% = —Eylm] - Eom,0] o

EUS - EH [m — (Ezc[par 103} - E;EC[pOé —m, pﬁ])
> =—aFBy[m| — bE.[m,0

Sic

Scaled SIC

Here a=0.2 and b=0.0 thus introducing a coulomb only correction
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*OH in solution

3 T T T T T T T T T
_§2.5 I H-bonded \
: 3
2
k7 2r Hemibonded
5 F
S1.51 N\,
°© L
©
o T
O
0.5

L 1 ) A 1 . 1 A
% I 2 3 4 5
distance [A]
Each 10ps MD of OH+31 H,0 (VandeVondele et al. 2005)
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more SIC
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He,*, effect of XC SIC STILL WRONG DISSOCIATION !!!!

; , ‘ | . ‘
20t
T
£ 10F
K
[&]
i [
>
>
o Of
c
@
vl —- a=02,b=02
-10f - ' E
— BLYP
| . | \ 1 L | 1
0 1 2 3 4 5
distance [A]
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Some relevant ionization energies

Energies in Ev

LioH LiF NaOH | NaCN
CCSD(T) 9.24 12.00 8.1 9.45
ELYP 9.10 11.62 7.01 9.50
SIC(0.2, 0.0) 5.90 5.02 5.72 .08
5IC(0.2, 0.1) 10.54 7.00 9.06
51C(0.2, 0.2) 12.01 .26 9.98
51C(0.4, 0.0) 4.64 6.26 3.37 6.12
SIC(1.0, 0.0) 3.05 2.63 4.33 135
SIC(1.0, 1.0) 1073 | 13.35 9.46 11.34

For this property an XC SIC (b >0 ) is clearly needed
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Barrier Heights for Hydrogen transfer reactions

[ [+ m, - Aci+H

P PH*H. - HHHO Optimizazion procedure for a and b
[CH, +H, - H+ CH, on 16 H-transfer reactions.
1 H, + OH — CH,+ H,0

3 1,01 + H — CH,OH + I,

H-H, - H,+H

q H,+OH — H,0 + NH,
ICT+ CH, - CI+CH, AG!
Ho + OH — C,H, + H,0 A2
[0 F+H, - HF+H
[T pH,+H - PH,+H,
2 pici+H - H+HCI
3 AN, - H, T NA 3 RMSD . MSE OE AE

7 H+H,S - 1, +SH

p.2 p.18 Pp.770 }0.028 p.334 p.70

5 [c.H, + NH, — C,H, + NH,

6 NH, + CH, — CH,+ NI,

References structures and energies from Dickson and Becke, JCP 2005
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Hole trapping in NaCl
1 T

Energy (eV)

£ &--4B3LYP
o = - —a BH&H

1 o 05 F

o e—e Hartree-Fock
ot 4.8 |

. Cl

c

&

2

©

4

<oy

2 : 5 d 4
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Cl,- dissociation profile 1
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Hole trapping in NaCl

Perdew-Zunger SIC

more SIC

SIC a=0.2 b=0.0

SIC a=0.2 b=0.2

HINa-Na = 3.88 A

b4 atoms 216 atoms 64 atoms 216 atoms
H=2.84 A b=2.84 A b=2.84 A H=2.84 A
HCI-C1=2.90 A [HCI-CI=2.95 A No short dist min ~ [No short dist min
HINa-Na = 4.69 A INa-Na = 4.69 A IAs in B3LYP s in B3LYP
HCI-Cl=4.01 A
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