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Bachelet, Kerker, Martin-Troulliers

Pseudopotentials

» Only the chemically active electrons are considered explicitly.

» The core electrons are eliminated within the frozen-core
approximation and are considered together with the nuclei as
rigid non-polarizable ion cores.

» The Pauli repulsion largely cancels the attractive parts of the
true potential in the core region, and is built into the therefore
rather weak pseudopotentials.
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Why Pseudopotentials?

» Reduction of the number of electron in the systems, faster
calculation for large systems

» Relativistic effects depending on the core electrons treated
incorporated indirectly in the pseudopotentials

» In the frame of plane wave basis set: reduction of the basis
set size introducing smoother functions which requires a lower
cutoff

» The number of plane waves needed for a certain accuracy
increases with the square of the nuclear charge.
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Pseudopotentials Bachelet, Kerker, Martin-Troulliers

Norm-conserving pseudopotentials

Norm-conserving pseudopotentials conserves the normalization of
the pseudo wf in the core region so that the wf outside resembles
that of the all-electrons as closely as possible.
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(solid line) for a Si atom.
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Note: The pseudopotentials converge to the limit —Z/r outside
the core radius.
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Hamann-Schliiter-Chiang conditions®

Norm-conserving pseudos are derived from atomic reference state:
(T + VAE) W, >=¢|V; > . (1)
This is replaced by the "valence electrons only”
(T+ V2o, >=¢d > . (2)

Imposing the following:
» ¢; = € for a chosen prototype atomic configuration.
> V(r) = d(r) for r > re.
» Norm conservation, < ®;|®; >r=< V|V, > for R > r..
» Log derivative of ®; equal to that of V,.

'Hamann-Schliiter-Chiang, Phys. Rev. Lett., 43, 1494 (1979)
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Hamann-Schliter-Chiang recipe

» First step: the all-electron wf is multiplied by a smoothing function
fi to remove strongly attractive and singular part of the potential:

VO = v 14 ()] ©

re,l

» Then a function £ is added in order to obtain ¢, = ¢

W%n=w®m+qe(’) (4)

re)l
(7+ V0 w2(r) = am(r) s
» The valence wf is defined as

/(1) =~ W) + 07 () (6)

re,l

where 7 and §; are chosen such that ®,(r) — W(r) for R > r..
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Hamann-Schliter-Chiang recipe

» Given ®; and € the equation:
(T+ Vo, >= &b, > .
is inverted to get V' (r).
Hamann-Schliiter-Chiang chose fi(x) = fa(x) = f3(x) = exp[—x*].

VP (r) = Vi?(r) = Via(nv) = Vie(nv) (7)

The total atomic pseudopotential then takes the form of a sum over all
angular momentum channels:

VFP(r) =) VEP(r)PL(w) (8)

where P (w) is the projector on the angular momentum state L, defined
by {/, m} and w are angular variables.
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Pseudopotentials Bachelet, Kerker, Martin-Troulliers

Bachelet-Hamann-Schliiter pseudopotentials

Bachelet et proposed an analytic form to fit the pseudos generated
by Hamann-Schliiter-Chiang of the form:

VPP(r) = vere(r) + > AV (r) (9)
L
Zv [&
Vere(r) = - > cfeerf (y/afer) (10)
i=1
3
VP (r) = (Ai + r?Aigs)exp[—air’] (11)
i=1

the advantage here is that this form allow an easy implementation
in plane-wave code, since the Fourier transform can be also written
analytically.

Marialore Sulpizi Density Functional Theory: from theory to Applications



Hamann-Schliiter-Chiang pseudopotentials
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Kerker pseudopotentials

In the Kerker approach? psedupotentials are constructed to satisfy
HSC conditions, but replacing the AE wf inside r. with a smooth
analytic function that matches the AE wf at r..

» r. is generally larger than that used in HSC
The analytic form proposed by Kerker is

®(r) = r'Lexp[p(r)] for r < re; (12)
with |-dependent cut-off radii r.; and
p(r) =ar* + Br3+~4r> +6 (13)

The method of Kerker was generalized by Troullier and Martins to

pn%mamia]&of_hlgbﬂmndﬂL
Kerker, J. of Phys. C 13; L189 (1980)

3Phys. rev. B, 43: 1993. (1991).
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An Example: pseudos for carbon

mann-Schliiter-Chiang pseudopotentials

Bachelet, Kerker, Martin-Troulliers
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Fig. 4.6. All-electron wave functions u(r) = r¥(r) for the carbon atom in the
ground state.
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Fig. 4.7. Two sets of Troullier-Martins pseudopotentials for carbon generated by
using two different cutoff radii 7. as indicated in the panels.

Martin-Troulliers
pseudopotential for carbon in
the LDA.

reference configuration:
1522522p?
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Convergence of the kinetic energy for carbon atom as function of
the cutoff.

Marialore Sulpizi Density Functional Theory: from theory to Applications



Pseudopotentials Hamann-Schliiter-Chiang pseudopotentials

Bachelet, Kerker, Martin-Troulliers

50

T
1
1
1
— 1 ]
40 . —— Dual-space PP
1
1
1

I FEE L SR e — Troullier-Martins r, = 1.173
2 - - -+ Troullier-Martins r_= 1.392
kot

\ ~
20}

10

Energy error (eV)

L | | L 1 1
40 60 80 100 120 140
Energy cutoff (Rydberg)
Convergence of the total energy of diamond as function of the
cutoff.

Marialore Sulpizi

Density Functional Theory: from theory to Applications



Hamann-Schliiter-Chiang pseudopotentials
Bachelet, Kerker, Martin-Troulliers

Pseudopotentials

Unifying molecular dynamics and electronic structure
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e . . Route 2
Unifying molecular dynamics and electronic structure

Unifying molecular dynamics and electronic structure

Starting point: the non-relativistic Schrodinger equation for electron and

nuclei. 9
"ﬁad’({"i}, {Ri};t) = HO({r:}, {Ri}; t) (14)
where H is the standard Hamiltonian:
h2 K2
H = =) —Vv2-) —vV? 15
B (19
1 62 1 e Z/ e ZIZ~f1
* Areg ; v —rj|  4me Z IR; — r,| 47reo Z |R - R\JT
= Y e S vy (e R (17)
] 2M/ F 2me ! ’

SR SE L AN LYY (18)
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Route 1
Route 2

Unifying molecular dynamics and electronic structure

» Route 1:
1) The electronic problem is solved in the time-independent
Schrodinger eq.
2) from here the adiabatic approximation for the nuclei is
derived, and as a special case the Born-Oppenheimer
dynamics.
3) The classical limit leads then to the classical molecular
dynamics for the nuclei.
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Route 2

Unifying molecular dynamics and electronic structure

Goal: derive the classical molecular dynamics. As intermediate two
variant of ab initio molecular dynamics are derived.

» Solve the electronic part for fixed nuclei

He({ri}, {RiHVi = E«({RiHVi({ri}, {Ri}) (19)

where W ({r;},{R;}) are a set of orthonormal solutions, satisphying:
/Wi({fih {RipVi({ri}, {Ri})dr = 0u (20)

Knowing the adiabatic solutions to the electronic problem, the total
wavefunction can be expanded as:

o({ri} {Ri}. 1) = Y Wi({ri} {R)x({Ri}, 1) (21)

=0

Eq.21 is the ansatz introduced by Born in 1951.
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Unifying molecular dynamics and electronic structure

Inserting (21) into Eq.(14) we obtain:

0
= ih— 22
Xk + E/ Curxi lﬁath (22)
where:

W dr + (23)

o,
_ Z TM,V’
m > A / Vi [—ihV |V, dr}[—ihV)] (24)

is the exact non-adiabatic coupling operator.

» The adiabatic approximation to the full problem Eq.22 is obtained
considering only the diagonal terms:
h2

Cux = TV /\u V2V, dr (25)
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Unifying molecular dynamics and electronic structure

(26)

K2 L0
- z/: TMIV? + Ex({Ri}) + G ({Ri}) | xk = /han

The motion of the nuclei proceed without changing the quantum state,

k, of the electronic subsystem during the evolution. The coupled
wavefunction can be simplified as:

O({ri}, {Ri}. t) = Vi ({ri}, {Ri})xk({Ri}, t) (27)

the ultimate simplification consist in neglecting also the correction term
Cik({R;}), so that

—Zh—zv2+E({R-}) —ind (28)
/ 2M, 1 k i Xk =1 ath

This is the Born-Oppenheimer approximation.
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Unifying molecular dynamics and electronic structure

R

On each Born-Oppenheimer surface, the nuclear eigenvalue problem can
be solved, which yields a set of levels (rotational and vibrational in the
nuclear motion) as illustrated in the figure.
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Unifying molecular dynamics and electronic structure

The next step is to derive the classical molecular dynamics for the nuclei.
The route we take is the following:

xk({Ri}, t) = Ac({Ri}, t)expliSk({Ri}, t) /7] (29)
the amplitude A, and the phase Si are both real and A > 0. Next we
subistutute the expression for x into eq. 28.

=3 oV BURD | Ad(R), DepliS((R) /i = (30)
2 (AR DepliS(RY O/ (31
B Z v, (V) (AxexpliS/h])) + ExAvexpliSk /] = (32)

hai exp[iSk/h] + ihis

Bt 2K ArexpliSi /1] (33)

i 0Sk
h Ot
—_ Z 7V/ (V,AkEXp[iSk/h] -+ Ak%VSkexp[iSk/h]) -+ EkAkeXp[iSk/h] = (34)

/haaiexp[lsk/h] Ok Akexp[lSk/FL] (35)
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Unifying molecular dynamics and electronic structure

o, h? i h?
—XI:—IV,Ak—Z’:mV/AkEV/Sk—Z 2M’V/Ak Vlsk (36)

2M
—Zh—zA : 2(v5)2—zh—/\ V25, + EA (37)
2M k h k 2M k— k kAk =
. OAr OS5k

Separating the real and the imaginary parts, we obtain:

65k K2 V%Ak
+22M (VS + Ei = ZZ/\/I, » (39)
aA
=k + Z M, VIiAN S+ Z 7AkV25k =0 (40)
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Unifying molecular dynamics and electronic structure

If we consider the equation for the phase:

ask W2 V2A
ZW(VSk Y+ E=— Zz/w, A (41)

it is possible to take the classical limit A — 0 which gives the equation:
8Sk
S E,=0 42
+ Z 2/\/I (VSk)? + Ei = (42)
which is isomorphic to Hamilton-Jacobi of classical mechanics:

O H({R}{V154)) = 0 (43)

with the classical Hamiltonian function

He({R/},{Pi}) = T({P:}) + Vi({R/}) (44)

With the connecting transformation: P; = V5.
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Unifying molecular dynamics and electronic structure

» Route 2:
1) Maintain the quantum-mechanical time evolution for the
electrons introducing the separation for the electronic and
nuclear wf function in a time-dependent way
2) Time-dependent self consistent field (TDSCF) approach is
obtained.
3) Ehrenfest dynamics (and as special case Born-Oppenheimer
dynamics)
4) The classical limit leads then to the classical molecular
dynamics for the nuclei.
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Unifying molecular dynamics and electronic structure

It is possible to follow an alternative route in order to maintain the
dynamics of the electron.

O({ri}, {R}, t) = W({ri}, t)x({R/}, t)exp[= / t')dt’] (45)
where:

E. = [w({nh 0 (R} OHY({r) OX(Ri}, DdrdR  (46)

Inserting this separation ansatz into

ingo({ri},{Ri}; t) = HO({r;}, {Ri}; 1)

and multiplying from the left by W* and by x* we obtain
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Unifying molecular dynamics and electronic structure

:h— Z HW (47)
+{/x*({R/},t)Vne({rfh{Rl})x({R/}, t)dR}W (48)

ox _ 2 2,
ha_—zmv (49)

+{/ ({ri}, ) He({ri}, {R )W ({ri}, t)drtx (50)

This set of time-dependent Schrodinger equations define the basis
of time-dependent self-consistent field (TDSCF) method.

Both electrons and nuclei moves quantum-mechanically in
time-dependent effective potentials.
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Route 1

Unifying molecular dynamics and electronic structure Rottepe

* Classical motion induces electronic transitions
* Quantum state determines classical forces

- (Quantum - Classical Feedback: Self-Consistency
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Unifying molecular dynamics and electronic structure

Using the same trick as before of writing

xk({Ri}, t) = Ac({Ri}, t)expliSc({Ri}, t)/h] (51)
we obtain
2 2
ask + Z 2M/ (VSk)? /\IJ*He\Udr = —Z jle\fk (52)
8Ak

Z VALY Ziq V2
M, 1AK% 2M, KV =0 (33)
And in the classical limit iz — oo

ask ) B
+Z 2/\/1, (VSi)? /w H.Wdr = 0. (54)
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Unifying molecular dynamics and electronic structure

» The nuclei move according to classical mechanics in an
effective potential (Ehrenfest potential) given by the quantum
dynamics of the electrons obtained by solving the
time-dependent Schrodinger equation for the electrons.

ov 2 oy
g == 2 omViY

i

+{/X*({RI}7 t)Vae({ri}, {Ri})x({Ri}, t)dR}W (55)

Note: the equation (54) still contains the full quantum-mechanics
nuclear wavefunction x({R;}, t). The classical reduction is
obtained by:

/ V' (R} ORiX{Ri}. 1)dR — Ry (1) (56)

for h — 0.
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Unifying molecular dynamics and electronic structure

The classical limits leads to a time-dependent wave equation for
the electrons

05 = =3 g VAW Vae({rh RIDXRI O (57)

ihoo = He({ri} {RIDX(RY, OW(rid ARDX{R}, £) - (58)

» Feedback between the classical and quantum degrees of
freedom is incorporated in both direction, even though in a
mean field sense.

» These equations are called Ehrenfest dynamics in honor to
Paul Ehrenfest who was the first to address the problem of
how Newtonian classical dynamics of point particles can be
derived from Schrodinger time-dependent wave equation.
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Unifying molecular dynamics and electronic structure

Difference between Ehrenfest dynamics and Born-Oppenheimer
molecular dynamics:
» In ED the electronic subsystem evolves explicitly in time,
according to a time-dependent Schrodinger equation
» In ED transition between electronic states are possible.
This can be showed expressing the electronic wavefunction in

a basis of electronic states
o0

V({rih R} 1) =) a(t)Wi({ri}, {Ri}, t) (59)

=0
where

dolam)P=1 (60)
1=0

and one possible choice for the basis functions {W} is obtained
solving the time-independent Schrodinger equation:

He({ri}, {R/IDVk({ri}, {Ri}) = Ex({R )V ({ri},{R/}). (61)
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Unifying molecular dynamics and electronic structure

The Ehrenfest dynamics reduces to the Born-Oppenheimer
molecular dynamics if only one term is considered in the sum:

V({ri} AR} 1) =D a()w({ri}, {R}, t)
1=0

namely:
V({ri},{R,}, t) = Woground state adiabatic wavefunction (62)

This should be a good approximation if the energy difference
between Wy and the first excited state Wy is large everywhere
compared to the thermal energy scale KgT.

In this approximation the nuclei move on a single adiabatic
potential energy surface, Eo({R;}).
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[onic Molecule 4
(alkali halide) 3

ENERGY (eV)

DISTANCE (&)

Nonadiabatic Coupling: dlZ = cj:’t;ol\@goz/@,f}
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Classical trajectory calculations on global potential energy
surfaces

In BO one can think to fully decouple the task of generating classical
nuclear dynamics from the task of computing the quantum potential
energy surface.

» Eq is computed for many different {R;}
» data points fitted to analytical function

» Newton equation of motion solved on the computed surfaces for
different initial conditions

Problem: dimensionality bottleneck. It has been used for scattering and
chemical reactions of small systems in vacuum, but is not doable when
nuclear degrees of freedom increase.
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Force Field - based molecular dynamics

One possible solution to the dimensionality bottleneck is the force
field based MD.

N N
VERVEF =Y wi(R)+ D w(R,Ry)+ (63)
=1 1<J
N
Z V3(R/,RJ,RK)—|-... (64)
I<J<K

The equation of motion for the nuclei are:
MiR(t) = =V, VEF({R(1)}). (65)

The electrons follow adiabatically the classical nuclear motion and
can be integrated out. The nuclei evolve on a single BO potential
energy surface, approximated by a few body interactions.
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Ehrenfest molecular dynamics

To avoid the dimensionality bottleneck the coupled equations:

MR (t) = —=V,(He) (66)

ov

oY —meev%vne({rf},{Rl})x({R,},t) vo(67)

can be solved simultaneously.
The time-dependent Schrodinger equation is solved on the fly as
the nuclei are propagated using classical mechanics.
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Unifying molecular dynamics and electronic structure

Using
[o¢]
V({rih AR}, 6) =D a()Vi({ri}, {Ri}, 1)
I1=0
the Ehrenfest equations reads:

MR (t) = —vlzrck( t)Ex (68)
= —Z’Ck ‘V/Ek—FZCkCI Ek_E/)d (69)
k,l

ihee(t) = Ek—/hch t)D¥ (70)

where the non-adiabatic coupling elements are given by

Dk’:/ 5, Vidr = ZR,/wW,w,:ZR,d“. (71)
)
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