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Recap of previous lecture Route 2

» Route 2:
1) Maintain the quantum-mechanical time evolution for the
electrons introducing the separation for the electronic and
nuclear wf function in a time-dependent way
2) Time-dependent self consistent field (TDSCF) approach is
obtained.
3) Ehrenfest dynamics (and as special case Born-Oppenheimer
dynamics)
4) The classical limit leads then to the classical molecular
dynamics for the nuclei.
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Recap of previous lecture Route 2

It is possible to follow an alternative route in order to maintain the
dynamics of the electron.

o({r}. (Ri}, 1) ~ V(i OX({R), Dexpl / E(t)dt] (1)

to

where:
E. = / W({rd O (R, DHV () xR}, H)drdR (2)

Inserting this separation ansatz into

i o({r;}, {R;}; t) = HO({r;}, {Ri}; t)
and multiplying from the left by W* and by x* we obtain
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Recap of previous lecture Route 2

oV R,
ih— = _Z ﬁv v (3)
+{/x*({R/}7t)Vne({ri},{Rf})x({R/}, t)dR}W (4)
ox h? 2,
ho = —Z Wv (5)

+ / ({r} OHe({rih (RDV({ri), drky (6)

This set of time-dependent Schrodinger equations define the basis
of time-dependent self-consistent field (TDSCF) method.

Both electrons and nuclei moves quantum-mechanically in
time-dependent effective potentials.
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Recap of previous lecture Route 2

The classical limit leads to a time-dependent wave equation for the
electrons

ov K2
e == 2 3m:

,haa"t’ He({ri}, {RIDX(Ri}, )W ({ri}, {RI)X({Ri}. 1) (8)

iV + Vae({rit, {R}x({Ri}, )V (7)

» Feedback between the classical and quantum degrees of
freedom is incorporated in both direction, even though in a
mean field sense.

» These equations are called Ehrenfest dynamics in honor to
Paul Ehrenfest who was the first to address the problem of
how Newtonian classical dynamics of point particles can be
derived from Schrodinger time-dependent wave equation.
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Recap of previous lecture Route 2

Difference between Ehrenfest dynamics and Born-Oppenheimer
molecular dynamics:
» In ED the electronic subsystem evolves explicitly in time,
according to a time-dependent Schrodinger equation
» In ED transitions between electronic states are possible.
This can be showed expressing the electronic wavefunction in
a basis of electronic statesOO

V({rih AR} 1) = ) a(t)Wi({ri}, {Ri}, t) (9)
=0

where
o

D ola(®)f =1 (10)
I=0
and one possible choice for the basis functions {W} is obtained
solving the time-independent Schrodinger equation:

He({ri}, {RIDVk({ri}, {Ri}) = Ex({Ri Vi ({ri}, {R/}). (11)
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Recap of previous lecture Route 2

The Ehrenfest dynamics reduces to the Born-Oppenheimer
molecular dynamics if only one term is considered in the sum:

V({ri}, (R}, 0) =D a(t)v({ri}.{Ri}, )
1=0

namely:
V({r;},{R/},t) = Vo ground state adiabatic wavefunction (12)

This should be a good approximation if the energy difference
between Wy and the first excited state Wy is large everywhere
compared to the thermal energy scale Kg T.

In this approximation the nuclei move on a single adiabatic
potential energy surface, Eo({R;}).

Marialore Sulpizi Density Functional Theory: from theory to Applications



Recap of previous lecture Route 2
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Recap of previous lecture Route 2
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Recap of previous lecture Route 2

Surface hopping

The system is propagated in a pure electronic quantum state, transitions
between electronic states are allowed. The probability for a nonadiabatic
surface switch depends on the strength of the nonadiabatic coupling. Small
gaps generally result in high transition probabilities. Surface hops tend to occur

mainly in the vicinity of (avoided) surface crossings.
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Recap of previous lecture Route 2

Classical trajectory calculations on global potential energy
surfaces

In BO one can think to fully decouple the task of generating classical
nuclear dynamics from the task of computing the quantum potential
energy surface.

» Eq is computed for many different {R;}
» data points fitted to analytical function

» Newton equation of motion solved on the computed surfaces for
different initial conditions

Problem: dimensionality bottleneck. It has been used for scattering and
chemical reactions of small systems in vacuum, but is not doable when
nuclear degrees of freedom increase.
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Recap of previous lecture Route 2

Force Field - based molecular dynamics

One possible solution to the dimensionality bottleneck is the force
field based MD.

N N
VE~VEF =3 u(R) > wRLR) + (13)
1=1 1<J
N
Z V3(R/,R_/,RK)+... (14)
I<J<K

The equation of motion for the nuclei are:
MiR(t) = =V, VEF({R(1)}). (15)

The electrons follow adiabatically the classical nuclear motion and
can be integrated out. The nuclei evolve on a single BO potential
energy surface, approximated by a few body interactions.
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Recap of previous lecture Route 2

Ehrenfest molecular dynamics

To avoid the dimensionality bottleneck the coupled equations:

MiR(t) = =V (He) (16)

:h— Z—V2+Vne({r/},{Rl})x({R/},t) vo(17)

can be solved simultaneously.
The time-dependent Schrodinger equation is solved on the fly as
the nuclei are propagated using classical mechanics.
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Recap of previous lecture Route 2

Using
V({ri} AR} 1) =D a(t)w({ri}, {R}, t)
1=0
the Ehrenfest equations reads:
MiR(t) = —V/Z|ck )[2Ex (18)
= —Zyck PV Ec+ ) cia(Ex — E)df (19)
k,l
ihee(t) = c(t)Ex— k> c(t)D¥ (20)
I

where the non-adiabatic coupling elements are given by

DK = / lll,dr Z R,/\U’LV/\U/ = Z Rd".  (21)
]
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons
Analytic and numerical error estimates

Car-Parrinello molecular dynamics
4 CP vs BO

Car-Parrinello molecular dynamics

Comyrigre imsge - An rigpes reserves IGTP Photo Archives

Description

Roberto Car with Michele Parrinello, during the Stig Lundqvist Research Conference on
the Advancing Frontiers in Condensed Matter Physics, Adriatico Guest House, July 2001

» Combine the advantages of Ehrenfest and BO dynamics

> Integrate the equation of motion on a longer time-step than in
Ehrenfest, but at the same time

» take advantage of the smooth time evolution of the dynamically
evolving electronic subsystem
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons

. . Analytic and numerical error estimates
Car-Parrinello molecular dynamics CP vs BO

VOLUME 55, NUMBER 22 PHYSICAL REVIEW LETTERS 25 NOVEMBER 1985

Unified Approach for Molecular Dynamics and Density-Functional Theory

R. Car
International School for Advanced Studies, Trieste, Iraly

and

M. Parrinello
Dipartimento di Fisica Teorica, Universita di Trieste, Trieste, Italy, and
International School for Advanced Studies, Trieste, Italy
(Received 5 August 1985)

We present a unified scheme that, by combining molecular dynamics and density-functional
theory, profoundly extends the range of both concepts. Our approach extends molecular dynamics
beyond the usual pair-potential approximation, thereby making possible the simulation of both co-
valently bonded and metallic systems. In addition it permits the application of density-functional
theory to much larger systems than previously feasible. The new technique is demonstrated by the
calculation of some static and dynamic properties of crystalline silicon within a self-consistent pseu-
dopotential framework.

Car-Parrinello method just turned 25!
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons
Analytic and numerical error estimates

Car-Parrinello molecular dynamics
4 CP vs BO

Car-Parrinello Lagrangian and equations of motion

CP dynamics is based on the adiabatic separation between fast
electronic (quantum) and slow (classical) nuclear motion.
They introduced the following Lagrangian

1 . oo
Lcp = Z §M’R%+Z“ < ¢ildi > — < Wo|He|Wo > +constraints
I i

(22)
where Wo = 1/v/Nldet{¢;}

and p is the fictious mass of the electrons.
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons
Analytic and numerical error estimates

Car-Parrinello molecular dynamics
y CP vs BO

the associated Euler-Lagrange equations are:

d oL oL
dtor, ~ OR ()
4oL oc (20)

dt a(;s';r o O¢r

from which the Car-Parrinello equations of motion:

M/ﬁ/(t) = aaR < Wo|He| Vo > —i—i{constra/nts} (25)
- ) )
pei(t) = o < Wo|He Vo > +5¢*

{constraints} (26)
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons

Analytic and numerical error estimates

CP vs BO

Car-Parrinello molecular dynamics

For the specific case of the Kohn-Sham Theory the CP Lagrangian is:
1 . -
Lep =) S MIRT + > < dildi > — < Vol HES|wg >
I i

+D ON(< dilgy > —=05)  (27)

ij

and the Car-Parrinello equations of motion:

MR(t) = —i<wo|H§5|w0> (28)
IR,
poi(t) = —HSoi+> Mg, (29)
J

The nuclei evolve in time with temperature Z, MIR%;
the electrons have a fictitious temperature o >, 1 < ¢i|di >.
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons

. . Analytic and numerical error estimates
Car-Parrinello molecular dynamics CP vs BO

Why does the CP method work?

» Separate in practice nuclear and ionic motion so that
» electrons keep cold, remaining close to
mingsy < WolHe|Wo >, namely close to the
Born-Oppenheimer surface

il o i
<
Kl
= |
el
0 1000 2000 3000 4000 5000 6000 7000 8000
Frequency (THz)
e . .
flw) = / cos(wt) Z < ¢i; t|pi; 0 > dt (30)
0 -
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons
Analytic and numerical error estimates

Car-Parrinello molecular dynamics
4 CP vs BO

Energy Conservation

7173

7174 E

7173

=

Energy (hartree)

1e-06 [~ T

1 L il L
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1 . oo
Econs = ZEMIR% +ZM < ¢i|¢i >+ < WO‘HeKSNIO > (31)
I i
1 .
Eohys = SMIRi+ < WolHE®[Wo >= Econs — Te (32)
I

Ve = < Wo|HS W, > (33)
Te = > u<oildi> (34)
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons

. . Analytic and numerical error estimates
Car-Parrinello molecular dynamics

CP vs BO

Energy Conservation
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» Electrons do not heat-up, but fluctuate with same frequency as V,

» Nuclei drag the electrons

» Eppys is essentially constant
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons

. . Analytic and numerical error estimates
Car-Parrinello molecular dynamics CP vs BO

Deviation from Born-Oppenheimer surface
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Deviation of forces in CP dynamics from the true BO forces small
and/but oscillating.
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons
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CP vs BO

Car-Parrinello molecular dynamics

How to control of adiabaticity?

In a simple harmonic analysis of the frequency spectrum yields

(35)

where €; and ¢; are the eigenvalues of the occupied/unoccupied orbitals of
the Kohn-Sham Hamiltonian. The lowest possible electronic frequency is:

; E,
wi" x &0 (36)
I
The highest frequency
Ecu
W cut (37)
I

Thus maximum possible time step
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons

Analytic and numerical error estimates

CP vs BO

Car-Parrinello molecular dynamics

In order to guarantee adiabatic separation between electrons and
nuclei we should have

> large wIn — wmax,
w® and Eg,p depend on the physical system, so the parameter to
control adiabaticity is the mass p.
However the mass cannot be reduced arbitrarily otherwise the
timestep becomes too small.

Alternatively if At is fixed and p is chosen
» 1 too small: Electrons too light and adiabacity will be lost

» 1 too large: Time step eventually large and electronic degrees
of freedom evolve too fast for the Verlet algorithm
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons
. . Analytic and numerical error estimates
Car-Parrinello molecular dynamics
CP vs BO

Loss of adiabaticity: the bad cases

e Vacancy in hot 64-atom Si cell

0.08 1400
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—
Q
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0.00 L L L : L 1000

1 2 3
time (10* atu)

Due to the presence of the vacancy there is a small gap in the

system.
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Car-Parrinello Lagrangian and equations of motion
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Car-Parrinello molecular dynamics

Loss of adiabaticity: the bad cases

e Sns: Degeneracy of HOMO and LUMO at short distances
2x107*

K, (hartree)

(=]

d (a.u.)

time (10* atu)

In this system the gap is periodically opened (up to 0.3 V) and
nearly closed at short distances. The electrons gain kinetic energy
in phase with the ionic oscillations.
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons

. . Analytic and numerical error estimates
Car-Parrinello molecular dynamics
CP vs BO

Zero or small electronic gaps: thermostatted electrons

» One way to (try to) overcome the problem in coupling of
electronic and ionic dynamics is to thermostat also the
electrons (Blochl & Parrinello, PRB 1992)

» Thus electrons cannot heat up; if they try to, thermostat will
adsorb the excess heat

> Target fictitious kinetic energy Ej, o instead of temperature

» Mass of thermostat to be selected appropriately:
Too light: Adiabacity violated (electrons may heat up)
Too heavy: lons dragged excessively

» Note: Introducing the thermostat the conserved quantity
changes
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons

Analytic and numerical error estimates

CP vs BO

Car-Parrinello molecular dynamics

. ) .

MR(t) = ~7R; < Wo|HES Wy > — MR xk (39)

poi(t) = —HEgi+> Njd—ndixe (40)
J

in blue are the frictious terms governed by the following equations:

Qeke = 2 [Z 16” = Exino (41)
Qrin = 2| MR- IgksT (42)
; 2 2
The masses Q. and Qr determines the time scale for the thermal
fluctuations. The conserved quantity is now:
1 . .o
Eror = ) 5 MIRT + D 1 < il > + < WolHS | Wo >
I i
+§ Qexz + 2EsinoXxe + 5 Qrxg + gKs Txr (43)
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Car-Pa llo Lagrangian and equations of motion
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Car-Parrinello molecular dynamics

Thermostat on the electrons: examples

e Example: Aluminium

e Dependence of the heat transfer on the choice of Ekino in solid Al

a

T ! i

ES

N

—_

Heat Transfer (eV/psec)
w
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Car-Parrinello molecular dynamics

Thermostat on the electrons:

Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons

Analytic and numerical error estimates

CP vs BO

e 64 atoms of molten aluminium
e (a): Without thermostat

e (b): With thermostat

examples

016 T T T T
< 012 -
)
=~ o8l (a) -
Z
X 04} _
W= (b)
0 I 1 1 |
0 02 04 06 0.8 10
t (psec)
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons

Analytic and numerical error estimates

CP vs BO

Car-Parrinello molecular dynamics

Thermostat on the electrons: examples

e Check: Radial pair correlation function
— Solid line: CP-MD with thermostat

— Dashed line: Calculations by Jacucci etal
T T
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons
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Car-Parrinello molecular dynamics
4 CP vs BO

Analytic and numerical error estimates

» The CP forces necessarily deviate from the BO
» The primary effect of ;. makes the ions " heavier”

» No effect on the thermodynamical and structural properties, but
affect the dynamical quantities in a systematic way (vibrational

spectra)
¢i(t) = 7 (t) + 0¢i(t) (44)
Inserting this expression into the CP equations of motions:
8|¢ >0 < ¢
cP 2
FEL(E) = FER0) + Do (< il g = S5 16 =) + O06h) (49

the additional force is linear in the mass i so that it vanishes properly as
w—0.

Marialore Sulpizi Density Functional Theory: from theory to Applications



Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons

Analytic and numerical error estimates

CP vs BO

Car-Parrinello molecular dynamics

The new equations of motion:
(My + A MR = F (46)
where, in the isolated atom approximation,

2
3

2 me

h2
A M = SpEf, = 372 Z < j| - RV?WJ" >>0  (47)
j

is an unphysical mass, or drag, due to the fictitious kinetics of the
electrons

» for a system where electrons are strongly localized close to the
nuclei there more pronounced renormalization effect
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nello Lagrangian and equations of motion
at on the electrons

Car-Parrinello molecular dynamics

CP vs BO

and numerical error estimates

Example: Vibrations in water molecule

7
mode harmonic BOMD 50 100 200 400 dM/M [%]
bend 1548 1543 1539 1535 1529 1514 0.95x107 3
sym. 3515 3508 3494 3478 3449 3383 1.81x10 3.
asym. 3621 3616 3600 3585 3556 3498 1.71x10 3u

To correct for finite-p effects:

» Perform simulation for different u-values and extrapolate for

w—0.

» use mass renormalization according to:

A M
= WJ1 H
WBO = WcP + M

(48)
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Car-Parrinello Lagrangian and equations of motion
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. . Analytic and numerical error estimates
Car-Parrinello molecular dynamics
CP vs BO

Car-Parrinello vs Born-Oppenheimer dynamics

Born-Oppenheimer MD Car-Parrinello MD

Exactly on BO surface Always slightly off BO surface

At 2~ ionic time scales, At < ionic time scales,

maximum time step possible (much) shorter time step necessary
Expensive minimisation Orthogonalisation only,

at each MD step less expensive per MD step

Not stable against deviations Stable against deviations

from BO surface from BO surface

= Energy/temperature drift,
thermostatting of ions necessary

Same machinery in zero-gap systems | Thermostatting of electrons
to prevent energy exchange

Most applications in solids Superior for liquids
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons

Analytic and numerical error estimates

CP vs BO

Car-Parrinello molecular dynamics

CP vs BO: energy conservation

At, convergence
Top:
solid line v ER; Bl
open circ. : CP, 10 a.u.;
filled squar. : BO, 10 a.u., 1076.

1e-05

08+00

-18-05

Middle:

open circl. : CP, 10 a.u.;

filled squar. : BO, 10 a.u., 107¢;
filled trian. : BO, 100 a.u., 10~%
open diam. : BO, 100 a.u., 1075.

1e-04
02400

-1e-04

Bottom:

open circ. : CP, 10 a.u.;

open diam. : BO, 100 a.u., 10-3;
dashed line : BO, 100 a.u., 10~*

5e-03

0e+00

-58-03
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons
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Car-Parrinello molecular dynamics
4 CP vs BO

CP vs BO: timing

STABILITY OF BO AND CP MD COMPARED
CPMD results for the 8 Si atom maodel systam

Timings in cpu seconds and energy conservation in a.u. / ps for
CP and BO Molecular dynamics simulations for 1 ps of trajectory
on an IBM RS6000 / model 390 (Power2) workstation

Method | Time step | Convergence | Conservation (au/ps) | Time (s)
CP 5 —_— 6x10°¢8 3230
CP 7 e 1x10 7 2310
CP 10 — 3x10~7 1610
BO 10 10—° 1%x10-° 16590
BO 50 10-% 1x10°° 4130
BO 100 10— 6x107" 2250
BO 100 10-° 1x103 1660
BO 100 101 13103 1060




Car-Parrinello Lagra 1 and equations of motion

Thermostat on the eleclmns

. . Analytic and numerical error estimates
Car-Parrinello molecular dynamics
CP vs BO

CP of liquid water: Energy conservation

LN N N B L B L B B B L

-17.195 = -

Etm [a.u]

-17.200 -

o R I N T T N T TN T T O T

CPMD-800-NVE-64
CPMD-400-NVE-128

CPMD-800-NVT-64 J. Phys. Chem. B 2004, 108, 12990.
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Car-Parrinello Lagrangian and equations of motion
Thermostat on the electrons
Analytic and numerical error estimates

Car-Parrinello molecular dynamics
4 CP vs BO

CP of liquid water: structure

Oxygen-oxygen radial
distribution

BOMD-NVE (solid line)
CPMD-NVE

CPMD-NVE-400-64
CPMD-NVE-400-128

CPMD-NVT-400
CPMD-NVT-800
CP2K-MC-NVT

3 4 5

r [A]
The radial distribution functions are correct and independent of
the method used.

J. Phys. Chem. B 2004, 108, 12990.

=1
ST

*
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Car-Parrinello Lagrangian and equations of motion
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. . Analytic and numerical error estimates
Car-Parrinello molecular dynamics
CP vs BO

Car-Parrinello method: Summary

» Molecular dynamics can be used to perform real-time dynamics in
atomistic systems

» Verlet algorithm yields stable dynamics (in CPMD implemented
algorithm velocity Verlet)

» Born-Oppenheimer dynamics: Max time step 1 fs (highest ionic
frequency 2000-3000 cm~1)
Car-Parrinello dynamics: Max time step 0.1 fs

» Car-Parrinello method can yield very stable dynamical trajectories,
provided the electrons and ions are adiabatically decoupled

» The method is best suited for e. g. liquids and large molecules with
a wide electronic gap

» The speed of the method is comparable or faster than using
Born-Oppenheimer dynamics and still more accurate (i. e. stable)

» One has to be careful with the choice of u!
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