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Problem 6.1 Let τ1, τ2, . . . be i.i.d., � Exppρq, put T0 :� 0, Tn :� τ1 � � � � � τn, n P N and let

Nt :�
8̧

n�1

1pTn ¤ tq, t ¥ 0 (1)

(pNtqt¥0 is a Poisson point process with rate ρ). Check that

L pNt�h �Ntq � Poiρh for t, h ¥ 0 (2)

and that for any s ¥ 0,

Ñt :� Nt�s �Ns, t ¥ 0 is a Poisson point process with rate ρ and is indep. from pNr : r ¤ sq.
(3)

[Hint. The crucial property is the memorylessness of the exponential distribution: Check that

Ppτi ¡ t� s | τi ¡ sq � Ppτi ¡ tq �

» 8
t

ρe�ρx dx � e�ρt. (4)

Now let s ¥ 0, m P N0, consider the event

Aps,mq :� tNs � mu � tTm ¤ s   Tm�1u � tTm ¤ su X tτm�1 ¡ s� Tmu.

Argue that on Aps,mq, Nr �
°m
k�1 1pTk ¤ rq for 0 ¤ r ¤ s and the jump times of pÑtq are

T̃1 � τm�1 � ps � Tmq, T̃n � Tn�m � s, n ¥ 2. Use this and (4) to verify that for every m P N0,
conditioned on Aps,mq, the sequence T̃1, T̃2� T̃1, T̃3� T̃2, . . . is i.i.d., � Exppρq. This proves claim
(3) (why?).

To check (2) note that it su�ces to consider t � 0 (why?), use the fact that Tm � Γm,ρ and
tNh � mu � tTm ¤ h, τm�1 ¡ h� Tmu.

Problem 6.2 a) Let E be a �nite set, Q � pQx,yqx,yPE a generator matrix, i.e., Qx,y ¥ 0 for all

x � y and
°
y Qx,y � 0 for all x. Then P ptq :� expptQq �

°8
k�0

tk

k!Q
k, t ¥ 0 de�nes a semigroup

of stochastic matrices. Check that P ptq solves

B

Bt
P ptq � P ptqQ, i.e., @x, y P E :

B

Bt
Px,yptq �

¸
z

Px,zptqQz,y � Px,yptqQy,y �
¸
z�y

Px,zptqQz,y,(5)

B

Bt
P ptq � QP ptq, i.e., @x, y P E :

B

Bt
Px,yptq �

¸
z

Qx,zPz,yptq �
¸
z

Qx,z
�
Pz,yptq � Px,yptq

�
, (6)

with initial condition P p0q � IE , where IE is the identity matrix on E.

[Remark. (5) are known as Kolmogorov forward equations, (6) as Kolmogorov backward equations.]

b) Let E � t0, 1u, pXtqt¥0 a Markov chain on E with generator matrix Q �

�
�a a
b �b



, where

a, b P p0,8q. Check that

P0pXt � 0q � e�pa�bqt �
�
1� e�pa�bqt

� b

a� b
, (7)

P1pXt � 1q � e�pa�bqt �
�
1� e�pa�bqt

� a

a� b
. (8)

[Hint. Solve for example the Kolmogorov backward equations.]

Please turn over



Problem 6.3 (Discrete martingale problems) Let E be (at most) countable, p � ppx,yqx,yPE
a stochastic matrix. For bounded f : E Ñ R de�ne Pf : E Ñ R via Pfpxq :�

°
yPE px,yfpyq.

a) If pXnqnPN0 is a Markov chain with transition matrix p then for every bounded f : E Ñ R, the
process

M0 :� 0, Mn :� fpXnq � fpX0q �
n�1̧

k�0

�
Pf � f

�
pXkq, n P N (9)

is a martingale (w.r.t. the �ltration Fn � σpX0, X1, . . . , Xnq) under each Px0
, x0 P E.

b) The following converse holds: Let X � pXnqnPN0
be a stochastic process with values in E and a

family of distributions Px0 , x0 P E with Px0pX0 � x0q � 1 so that for every bounded f : E Ñ R,
(9) de�nes a martingale under each Px0 . Check that then X is a Markov chain with transition
matrix p.

[Hint. Use (9) with functions f � 1tyu.]

Problem 6.4 Let X1, X2, . . . be i.i.d. Z-valued, ppxq :� PpX1 � xq   1 for all x P Z. Put
S0 :� 0, Sn :� X1 � � � � � Xn, Fn :� σpS1, . . . , Snq, Mn :� max0¤j¤n Sj , Zn :� Mn � Sn,
n � 0, 1, 2, . . . . Check that:

a) pMnqn�0,1,2,... is not a Markov chain (with respect to any �ltration).

b) pMn, Snqn�0,1,2,... is a Markov chain with values in Z2 (w.r.t. pFnqn�0,1,2,...). Compute its
transition probabilities P

�
pMn�1, Sn�1q � px1, y1q

�� pMn, Snq � px, yq
�
, x, y, x1, y1 P Z.

c) pZnqn�0,1,2,... is a Markov chain with values in Z� w.r.t. to pσpZk : k ¤ nqqn�0,1,2,....
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