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1 Local properties

We have seen together the definition of locally noetherian scheme. Being locally noetherian is
a “local property”, i.e. the property is defined for an open affine cover, but it actually holds
for any open affine subset.

1. Read the definition of morphism locally of finite type, morphism of finite type and finite
morphism on page 84.

2. (?) Give a (non-trivial) example of a ring homomorphism A → B so that the induced
morphism SpecB → SpecA is finite.

3. (?) Give an example of a morphism f : X → Y which is is of finite type, but not finite.
4. Recall that the affine line over a field k is A1 = Spec k[x]. Let X be the affine line A1

with the origin doubled and consider the morphism f : X → A1 given by the identity on
each of the two copies of A1 in X. (??) This morphism is not finite: why? (??) Is it of
finite type?

5. (??) Give an example of a morphism locally of finite type, but not of finite type.
6. A closed point P on the affine line A1 corresponds to a maximal ideal p = (x−α), α ∈ k.

The local ring of A1 at P is the localization Rp of the ring R = k[x] at p. The canonical
map R → Rp induces a morphism of affine rings. (??) Is this morphism of finite type?
(??) Is this morphism locally of finite type?

2 Open and closed subschemes

1. Read the definition of open subscheme, open immersion, closed immersion and closed
subscheme on page 85.

2. Read Example 3.2.3 and prove that the morphism f : Y → X defined there is a closed
immersion. In particular, (??) prove that the map of structure sheaves OX → f∗OY is
surjective by looking at the stalks.

3. Look at Example 3.2.4. Let A = k[x, y] and a = (x2, xy). Let Y = SpecA/a. (?)
Compute the local rings OY,p at p = (x, y) and p = (x, y − α), α 6= 0. (?) Which local
rings contain nilpotent elements?

3 Fibres of morphisms

1. Read the definition of fibre of a morphism on page 89.
2. Read Example 3.3.1. (?) Consider the point y = (0) ∈ Y = Spec k[x]. (?) What is the

residue field k(y)? The fibre of f : X → Y over y is defined as X0 = X ×Y Spec k(y).
You can compute X0 explicitly as the spectrum of some ring A: (?) which ring is it? (??)
What are the fibres of f over other points in Y ?

3. Read Example 3.3.2. (?) Compute explicitly the fibres of the morphism f : X → Y as in
the previous example.


