
D. Festi,
D. Veniani Algebraic Geometry Sommersemester 2017

Reading guidelines 5
June 20, 2017

1 A criterion for affineness (Ex. II.2.16-17)

Let X be a scheme and A = Γ(X,OX). For f ∈ A define Xf to be the subset of points x ∈ X
such that the stalk of f at x is not contained in the maximal ideal of Ox.

(i) (?) If X is affine, i.e. X = SpecA, prove that Xf = D(f).
(ii) (?) If U = SpecB is an open affine subscheme of X and if f̄ ∈ B = Γ(U,OX |U) is the

restriction of f , show that U ∩Xf = D(f̄). (Hint: just use the definitions.)
(iii) (?) Conclude that Xf is an open subset of X. (Hint: this follows from (ii) for topological

reasons.)
(iv) (?) Assume that X is quasi-compact. If a ∈ A is element such that its restriction to Xf

is 0, then show that fna = 0 for some n > 0. (Hint: use an open affine cover of X.)
(v) (??) Assume that X has a finite cover by open affines Ui such that each intersection

Ui ∩ Uj is quasi-compact. Let b ∈ Γ(Xf ,OXf
). Show that for some n > 0, fnb is the

restriction of an element of A. (Hint: again, use an open affine cover.)
(vi) (?) Under the hypothesis of (v), conclude that Γ(Xf ,OXf

) is isomorphic to Af . (Hint:
use the restriction map A → Γ(Xf ,OXf

). Prove that the image of f is a unit, then use
(iv) and (v).1)

(vii) (?) Let f : X → Y be a morphism of schemes and suppose that Y can be covered by
open subsets Ui, such that for each i, the induced map f−1(Ui)→ Ui is an isomorphism.
Then f is an isomorphism. (Hint: glue the inverse morphisms, cf. Step 3 in the proof of
Theorem II.3.3.)

(viii) (??) A scheme is affine if and only if there is a finite set of elements f1, . . . , fr ∈ A such
that the open subsets Xfi are affine, and f1, . . . , fr generate the unit ideal in A. (Hint:
one direction is trivial. For the other direction, consider the morphism X → A, which
exists by (Ex. II.2.4), and prove that it is an isomorphism using (vi) and (vii).)

2 Schemes of finite type over a field (Ex. II.3.14)

(i) (?) Show that a point x of a topological space X is closed if and only if there exists an
open cover Ui of X such that x is closed in each Ui.

(ii) (??) If R and S are finitely generated k-algebras, ϕ : R→ S is a k-algebra homomorphism,
and n is a maximal ideal in S, prove that ϕ−1(n) is a maximal ideal in R. (Hint: show
that K = S/n is a finite algebraic extension of k,2 and recall that if A ⊆ B are integral
domains, B integral over A, then A is a field if and only if B is a field.3)

(iii) (??) If X is a scheme of finite type over a field, show that the closed points of X are
dense.

(iv) (?) Give an example to show that this is not true for arbitrary schemes.

1Atiyah-MacDonald, Corollary 3.2.
2Atiyah-MacDonald, Corollary 5.24
3Atiyah-MacDonald, Proposition 5.7.
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3 Adjoint functors (Ex. II.1.18 and 5.3)

Look up the definition of functor of categories and adjoint functor. The following exercises
are mere applications of the definitions. They are not difficult, but they might be a little
cumbersome.

(i) (?) Let f : X → Y be a continuous map of topological space. Show that for any sheaf F
on X there is a natural map f−1f∗F → F , and for any sheaf G on Y there is a natural
map G → f∗f

−1G. Use these maps to show that there is a natural bijection of sets, for
any sheaves F on X and G on Y ,

HomX(f−1G,F) = HomY (G, f∗F).

(ii) (?) Let X = SpecA and affine scheme. For any A-module M , and for any sheaf of
OX-modules F , there is a natural bijection (which is even an isomorphism of A-modules)

HomA(M,Γ(X,F)) = HomOX
(M̃,F).


