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Introduction

• Until now: Propositional Logic and Predicate Logic (PL1) 

• Atomic sentences can be: True XOR False. 

• Fuzzy logic: assume a “graded” transition between True and False 

• Fuzzy sets and Fuzzy Logic 

• Reasoning with Fuzzy Logic
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Motivation

• What about sentences like: “Jack is very tall”? 

• How can we feed this information into a computer without specifying the 

hight exactly? 

• A real life sentence like: “It takes a lot of work to get a CS M.Sci” is fine. 

• How do we translate for a computer “very tall” and “a lot of work”?
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L. Zadeh (1965): new way of looking at the old notions of: set, containment, and 
subset. His goal was to describe more ”vague” concepts. 
Same example as before:  

                              Jack is very tall.  

If we know that Jack is 1.65m tall, we could be not so sure about the truth of the 
sentence. 
Classically, we have to decide if Jack is in the set of the tall people or not.  
In the fuzzy set theory we can express to what degree 1.65m makes Jack tall.  

A new set theory: fuzzy sets
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Membership Functions
We can express the membership of an element x to a set A through the 
membership function 

This function is called crisp or definite.  
We further define a fuzzy membership function

<latexit sha1_base64="fObX3LdDl/sF22A9s2nYRO3VHYE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIqLiqunFZwT4gCWEynbRDZzJhZqKUUHDjr7hxoYhbf8Kdf+O0zUJbD1w4nHMv994TpYwq7Tjf1tz8wuLScmmlvLq2vrFpb203lcgkJg0smJDtCCnCaEIammpG2qkkiEeMtKL+9chv3ROpqEju9CAlAUfdhMYUI22k0N71eRZeXsA29CXt9jSSUjxAzzlyg9CuOFVnDDhL3IJUQIF6aH/5HYEzThKNGVLKc51UBzmSmmJGhmU/UyRFuI+6xDM0QZyoIB//MIQHRunAWEhTiYZj9fdEjrhSAx6ZTo50T017I/E/z8t0fB7kNEkzTRI8WRRnDGoBR4HADpUEazYwBGFJza0Q95BEWJvYyiYEd/rlWdI8rrqnVef2pFK7KuIogT2wDw6BC85ADdyAOmgADB7BM3gFb9aT9WK9Wx+T1jmrmNkBf2B9/gDykZZu</latexit>

µA : X ! [0, 1]

If x : , then the set A is a fuzzy set.∃ 0 < μA(x) < 1
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Membership Functions
An example provided already from Zadeh is the following function which 
summarises the concept: “a real number near zero”:

<latexit sha1_base64="lcF1MYKRWHBmaUVzIpv9YNGKWN0=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkKZKaJuhKIblxXsAzq1ZNJMG5pkhiQjLcO48VfcuFDErX/hzr8xbWeh1QMXDufcy733+BGjSjvOl5VbWFxaXsmvFtbWNza37O2dhgpjiUkdhyyULR8pwqggdU01I61IEsR9Rpr+8GriN++JVDQUt3ockQ5HfUEDipE2Utfe83hcGh3BC+gFEuHETRP3eHRXSbt20Sk7U8C/xM1IEWSode1PrxfimBOhMUNKtV0n0p0ESU0xI2nBixWJEB6iPmkbKhAnqpNMP0jhoVF6MAilKaHhVP05kSCu1Jj7ppMjPVDz3kT8z2vHOjjvJFREsSYCzxYFMYM6hJM4YI9KgjUbG4KwpOZWiAfIJKFNaAUTgjv/8l/SqJTd07Jzc1KsXmZx5ME+OAAl4IIzUAXXoAbqAIMH8ARewKv1aD1bb9b7rDVnZTO74Besj295YJWh</latexit>

µ(x) =
1

1 + x2

Near

Far
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Membership Functions

<latexit sha1_base64="62L6mPig1eDiA4hcXz0NqOqfB6g="></latexit>

µ(x) =

8
><

>:

0 x  125

1 x � 185
x�125

185�125 125  x  185

A possible fuzzy function for the previous “height problem”.

Tall

Small
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Membership Functions
A possible fuzzy function for the temperature comfort:

<latexit sha1_base64="+uUhJiUmV5HGgcqlZ1gAmGXV2/o="></latexit>

µ(x) =

(
x�20
40 + 1 �20  x  20

�2x�20
40 + 1 20  x  40

Comfortable

Not confortable
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Height
The height of a fuzzy set is defined as

<latexit sha1_base64="kLxpswvpHOdNWmQ0Cy8m9M205GM=">AAACCnicbVDLSgMxFM3UV62vUZduokVoN2VGREUQioJ0WcE+oDOUTJq2oUlmSDLSMnTtxl9x40IRt36BO//GtJ2Fth4IOTnnXm7uCSJGlXacbyuztLyyupZdz21sbm3v2Lt7dRXGEpMaDlkomwFShFFBappqRpqRJIgHjDSCwc3EbzwQqWgo7vUoIj5HPUG7FCNtpLZ9WCncFuEV9DgaQi8xd1wYFuElNC8qYNMbt+28U3KmgIvETUkepKi27S+vE+KYE6ExQ0q1XCfSfoKkppiRcc6LFYkQHqAeaRkqECfKT6arjOGxUTqwG0pzhIZT9XdHgrhSIx6YSo50X817E/E/rxXr7oWfUBHFmgg8G9SNGdQhnOQCO1QSrNnIEIQlNX+FuI8kwtqklzMhuPMrL5L6Sck9Kzl3p/nydRpHFhyAI1AALjgHZVABVVADGDyCZ/AK3qwn68V6tz5mpRkr7dkHf2B9/gCROpes</latexit>

H(F ) = max{µ(x) : x 2 X}

For uniformity with standard logic, we usually assume H=1, like in the previous 
examples.
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Attaching words to functions

Very Cold Cold Cool Warm Hot

[0,3 ; 0,3 ; 0 ; 0 ; 0]

Temperature (0C)-20 -10 0 10 20

We can attach significance (words) to different functions (5 in this case)

-15
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Example of Inference 
How to translate the modus ponens in fuzzy logic?

<latexit sha1_base64="oTKQNflB7tUl/GyPPBTmrm3Weyg=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFcSElE1GXRjctU7AOaUCbTSTt0MhNmJkoJWbjxV9y4UMStH+HOv3HaZqGtBy4czrmXe+8JE0aVdpxva2l5ZXVtvbRR3tza3tm19/ZbSqQSkyYWTMhOiBRhlJOmppqRTiIJikNG2uHoeuK374lUVPA7PU5IEKMBpxHFSBupZ1f8SCKcef4tHQw1klI8wMYJ9PKskffsqlNzpoCLxC1IFRTwevaX3xc4jQnXmCGluq6T6CBDUlPMSF72U0UShEdoQLqGchQTFWTTJ3J4ZJQ+jIQ0xTWcqr8nMhQrNY5D0xkjPVTz3kT8z+umOroMMsqTVBOOZ4uilEEt4CQR2KeSYM3GhiAsqbkV4iEyqWiTW9mE4M6/vEhapzX3vOY0zqr1qyKOEqiAQ3AMXHAB6uAGeKAJMHgEz+AVvFlP1ov1bn3MWpesYuYA/IH1+QNFfpfZ</latexit>

P ) Q,P

Q

1) Fuzzification:   
2) Apply the implication:  
3) De-fuzzification: find a value for the pressure (note that  is not in general invertible)

μT(25) = 0.8
μP(X) = 0.8

μP

Let’s take as example: “If the temperature is high, then the pressure is high”. 
Supposing that T=25

De-fuzzification can be done in many ways. One of the most used: 

Centroid method:
<latexit sha1_base64="GeZC3iJC911meiC6QbjPFYjhRJk=">AAACE3icbVDLSgMxFM34rPU16tJNsAjVRZkRUTdC0Y3LCvYBnaFkMpk2NMkMSUZahv6DG3/FjQtF3Lpx59+YtrOorQcCJ+fcy733BAmjSjvOj7W0vLK6tl7YKG5ube/s2nv7DRWnEpM6jlksWwFShFFB6ppqRlqJJIgHjDSD/u3Ybz4SqWgsHvQwIT5HXUEjipE2Usc+rcFr6EUS4cyjQkOPp+XBCRzAcDCaVcy3Y5ecijMBXCRuTkogR61jf3thjFNOhMYMKdV2nUT7GZKaYkZGRS9VJEG4j7qkbahAnCg/m9w0gsdGCWEUS/PMFhN1tiNDXKkhD0wlR7qn5r2x+J/XTnV05WdUJKkmAk8HRSmDOobjgGBIJcGaDQ1BWFKzK8Q9ZALSJsaiCcGdP3mRNM4q7kXFuT8vVW/yOArgEByBMnDBJaiCO1ADdYDBE3gBb+DderZerQ/rc1q6ZOU9B+APrK9fHUadFQ==</latexit>

P =

R
µ(x)xdxR
µ(x)dx
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Application: Systems Control
<latexit sha1_base64="9gAB9KzZ1ywvzo8yhDw/sWSDdr0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhNnJbDJmdmaZ6RVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdBUreSg2nSSR5MxreTv3mEzdWaPWAo5SHCe0rEQtG0UmNDg440m6p7Ff8GcgyCXJShhy1bumr09MsS7hCJqm17cBPMRxTg4JJPil2MstTyoa0z9uOKppwG45n107IqVN6JNbGlUIyU39PjGli7SiJXGdCcWAXvan4n9fOML4Ox0KlGXLF5oviTBLUZPo66QnDGcqRI5QZ4W4lbEANZegCKroQgsWXl0njvBJcVvz7i3L1Jo+jAMdwAmcQwBVU4Q5qUAcGj/AMr/Dmae/Fe/c+5q0rXj5zBH/gff4ApZ2PLQ==</latexit>

✓ An unstable pendulum can be equilibrated with a moving 
cart  which is controlled with an electric current. 

Two detected variables:  and  
Control variable: current I.

θ ω = ·θ

Iθ
<latexit sha1_base64="v4qJ296KTc9v1sSm++m56GWsnhw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BunbRbaemDgcM493DsnTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbSS7w8SzH0ccaTTfrXm1t05yCrxClKDAs1+9cvGWRZzhUxSY3qem2KQU42CST6t+JnhKWVjOuQ9SxWNuQny+c1TcmaVAYkSbZ9CMld/J3IaGzOJQzsZUxyZZW8m/uf1MoxuglyoNEOu2GJRlEmCCZkVQAZCc4ZyYgllWthbCRtRTRnamiq2BG/5y6ukfVH3ruruw2WtcVvUUYYTOIVz8OAaGnAPTWgBgxSe4RXenMx5cd6dj8VoySkyx/AHzucPi7iSBA==</latexit>

✓̇

NL NM Z PM PLNL NM Z PM PL NL NM Z PM PL

NL: negative large , NM: negative medium, Z: zero, PM: positive medium, PL: positive large
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Application: Systems Control. Rules Definition

NL NM Z PM PL

NL NL

NM NM NM

Z PL PM Z NM NL

PM PM PM

PL PL

Table of rules designed by 
expert/experience. 

Example: 
If  is NM and  is Z then the 
current is PM

θ ·θ

θ·θ
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Step by Step Procedure
1. Control variables  measurement:  
2. Fuzzyfication:   ;  

The function is multidimensional and we obtain different results, e.g.: 
NL( ) = 0 
NM( ) = 0 
Z( ) = 0 
PM( ) = 0.8 
PL( ) = 0.1.       and similarly for  . 

3. Evaluate the rule table (see slide before) calculating: min(F1, F2) 
4. Aggregation: take all the non-zero values of 3. 
5. De-fuzzyfy with the current function I and e.g. the centroid method.

θ, ω θ̄, ω̄
μθ(θ̄) = a μω(ω̄) = b

θ̄
θ̄

θ̄
θ̄

θ̄ ω

“min” represents the AND operation 
between the two variables. Other 
choices are possible.
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Numerical Example (1)

Angle 
• Negative Large (NL): Peak at -30, zero at -15 and -45
• Negative Small (NS): Peak at -15, zero at -30 and 0
• Zero (Z): Peak at 0, zero at -15 and 15
• Positive Small (PS): Peak at 15, zero at 0 and 30
• Positive Large (PL): Peak at 30, zero at 15 and 45

Angular Velocity 
• Negative Large (NL): Peak at -10, zero at -5 and -15
• Negative Small (NS): Peak at -5, zero at -10 and 0
• Zero (Z): Peak at 0, zero at -5 and 5
• Positive Small (PS): Peak at 5, zero at 0 and 10
• Positive Large (PL): Peak at 10, zero at 5 and 15

θ

·θ

Current to be applied to the electric motor
• Negative Large (NL): Peak at -20, zero at -10 and -30
• Negative Small (NS): Peak at -10, zero at -20 and 0
• Zero (Z): Peak at 0, zero at -10 and 10
• Positive Small (PS): Peak at 10, zero at 0 and 20
• Positive Large (PL): Peak at 20, zero at 10 and 30

Inputs (“triangular” functions)

Outputs
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Numerical Example (2)

Fuzzy Rules definitions (similar to the matrix seen before) 

R1: if  is PL and  is PL then I is NL 
R2: if  is PL and  is Z then I is NL 
R3: if  is PL and  is NS then I is NS 
R4: if  is Z and  is PL then I is NL 
R5: if  is Z and  is Z then I is Z 
R6: if  is Z and  is NL then I is PL

θ ·θ
θ ·θ
θ ·θ
θ ·θ
θ ·θ
θ ·θ
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Numerical Example (3)
Fuzzyfication 

The sensors measure:  (deg) and  (deg/s)θ = 20 ·θ = − 3

Inserting the values in the previous functions, the non-zero values are: 
 

 

 

μPL,θ(20) = 0.3

μPS,θ(20) = 0.7

μNS, ·θ(−3) = 0.6

μZ, ·θ(−3) = 0.4



Luca Doria, KPH Mainz Introduction to AI 18

Numerical Example (4)
Rule Evaluation 

Evaluate each rule with the minimum operator (AND) and 
aggregate using the maximum operator (OR): 

R1:  
R2:  
R3:  
R4:  
R5:  
R6: 

min(μPL(20), μPL(−3)) = 0
min(μPL(20), μZ(−3)) = min(0.3,0.4) = 0.3
min(μPL(20), μNS(−3)) = min(0.3,0.6) = 0.3
min(μZ(20), μPL(−3)) = 0
min(μZ(20), μZ(−3)) = 0
min(μZ(20), μNL(−3)) = 0

LN current input
NS current input
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Numerical Example (5)
Defuzzyfuction (with the Centroid Rule) 

For LN (current) the centroid is -30 
For LS (current) the centroid is -10

I =
(0.3 × −30) + (0.3 × −10)

0.3 + 0.3
≈ − 20

Current to be applied:
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Automotive Systems:

• Automatic Transmission Control: Fuzzy logic is used in automatic transmissions to determine the optimal gear shift points based on inputs like throttle position, and speed. 
• Anti-lock Braking Systems (ABS): Fuzzy logic controllers help in regulating the braking force. 

Home Appliances:

• Washing Machines: Fuzzy logic is used to optimize washing cycles based on the load size, fabric type, and dirt level.
• Air Conditioners: Fuzzy logic controllers in air conditioners adjust the cooling or heating output based on factors such as room temperature and humidity. 
• Microwave Ovens: Fuzzy logic is used to determine cooking times and power levels based on the type and quantity of food. 
• Refrigerators: Fuzzy logic helps in maintaining optimal temperature and humidity levels inside the refrigerator by adjusting the compressor and fan speeds. 

Industrial Automation:
• Process Control: Fuzzy logic controllers are used in various industrial processes such as chemical manufacturing, water treatment, and oil refining to maintain desired levels of 

temperature, pressure, flow rate, etc. 
• Robotics: Fuzzy logic is used in robotic systems for tasks like path planning, obstacle avoidance, and decision making. 

Healthcare:
• Medical Diagnosis: Fuzzy logic is applied in diagnostic systems to interpret complex medical data and assist in diagnosing diseases. 
• Prosthetics Control: Fuzzy logic is used to control prosthetic limbs, allowing for smoother and more natural movements.

Transportation:

• Train Control Systems: Fuzzy logic is used in automatic train operation systems to control acceleration and braking.
• Traffic Management: Fuzzy logic is applied in traffic signal control systems to optimize the flow of traffic based on real-time data.

Financial Services:

• Credit Scoring: Fuzzy logic is used in credit scoring systems to evaluate the creditworthiness of individuals and businesses based on various financial indicators. 
• Investment Decision Making: Fuzzy logic is applied in investment management to assess market conditions and make portfolio allocation decisions.

Some real applications
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Summary

• Fuzzy logic successfully applied to many problems (in particular controlling). 

• Try to model uncertainty of the real world. 

• It is not probabilistic. 

• Characterised by the membership function. 

• Examples seen: 

- Inference. 

- Control problem. 


