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JG|U Brief History of GR

1907: While working at the Bern’s Patent Office, A. Einstein realized how to start
generalizing special relativity to generic reference frames.

1908: First paper about acceleration and relativity by A. Einstein. In this paper he
states the Equivalence Principle and derives time dilation caused by
gravitational fields.

1911: Second paper by A. Einstein on time dilation by gravitational fields where
also light deviation by massive bodies was approximately derived. o

1912: Einstein consults with M. Grossman about non-euclidean geometry. vff&i'ﬁyydg#;..

October 1915: First guess: Rij = T;; o

November 1915: Einstein publishes the General Theory of Relativity as we know it

today. D. Hilbert obtained the same equations almost at the
same fime.

1919: Eddington confirms the deviation of light formula from GR using a solar

eclipse in Brazil.

1959: Pound-Rebka Experiment (gravitational red shift)

1971: Hafele-Keating Experiment (time dilation)

1974: Hulse-Taylor binary pulsar.

2004: Gravity Probe-B and frame dragging (published in 2011)

2016: Direct detection of gravitational waves by LIGO
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The Equivalence Principle

Observer in an
uniform gravitational field

——

Accelerated Observer

How do you tell the difference?
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The Equivalence Principle

What about this case?

Sommersemester 2018 Luca Doria, JGU Mainz 4



JG|U The Equivalence Principle

Strong Equivalence Principle:

At every space-time point in a gravitational field, it is possible to choose a
locally inertial coordinate system such that in a sufficiently small
neighbourhood of that point, the laws of nature can be expressed in the same
form as in an unaccelerated coordinate system.

Weak Equivalence Principle:
Change “laws of nature” with “laws of motion of free-falling
bodies” (gravity).
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JG|U Free-Falling Bodies

d>zH

772 0 Equation of motion for a free-falling body

Changing to a generic coordinate system:

~ o d? | avhaxt dr dt ¢

d (o dxt\  oftdixt  0%g* dxMdxV
dt \ox¥ dt

Equation of motion:

d?x _ dxtdx?

dr2 L dr dt =0
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JG|U Metric and Geodetics

Metric

Gives the “distance” between two points.
. o 2 2 2

In cartesian coordinates: d° = (xo — x1)° + (y2 — y1)” + (22 — 21)

In a general space: d* = g;;w;7;

Geodesic

Shortest path between two points

d?x? Y dx¥ dxV
dr2

=0

Geodesic equation —
. PV dt dt

‘..
=7 ER |

1
Christoffel Symbols Iy, = 7 g7 (0ugvp + vgou — Qp&uv)

The metric is the only information needed!

Sommersemester 2018 Luca Doria, JGU Mainz 7



Einstein Equations
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JG|U Einstein Equations

Requirements:
1) It should be a tensor equation (the same in any coordinate system).

2) In analogy to other situations known in physics, it should be of second order at
most in the relevant variable (the gravitational potential, or in this case the metric
tensor).

3) The equation must reduce to the Poisson equation in the non-relativistic limit.

4) The source of the gravitational field should be the energy-momentum tensor T.

5) If T=0, space-time must be flat

First time the Riemann tensor appears in Einstein’s notebooks.
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JG|U Einstein Equations

Raﬁ = gOé@R — Tag

The Ricci tensor depends from the metric and its derivatives. Again, the metric is
all what we need (together with T) for calculating the equations.

Einstein equations are non-linear! Unlike the Maxwell equations case,
specifying the sources is not sufficient for calculating the fields. In this case, the
energy-momentum tensor determines the geometry and the geometry modify
the energy momentum tensor: very complex problem in the general case.

Properties:

1) ltis a tensor equation (the same in any coordinate system).

2) In analogy to other situations known in physics, it is of second order at most in the
relevant variable (the gravitational potential, or in this case the metric tensor).

3) The equation must reduce to Newtonian gravity in the non-relativistic limit.

4) The source of the gravitational field is the energy-momentum tensor T.
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The Cosmological Principle

The Universe is spatially homogeneous and isotro
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JG|U

The FLRW Metric

From the Cosmological Principle

we obtain the Friedmann-Lemaitre-Robertson-Walker metric:

ds® = dt* — R*(t)

dr?

1 — kr?

r’d6* + r* sin” fd¢?

Noting the rescaling invariance

we can always choose k=+1,0,-1.

R can be scaled to e.g. 1 for t=today. Usually R(t) is called a(t): the scale factor.

R
R — —
A

r — Ar

k
k—>ﬁ
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FLRW
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Alexander Friedmann (1888-1925)

Georges Lemaitre (1894-1966)
Belgian Catholic Priest and Astronomer

Russian Physicist and Mathematician

Howard P. Robertson (1903-1961) Arthur G. Walker (1909-2001)
USA physicist and mathematician UK Mathematician
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Comoving Coordinates
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Einstein/Ricci Tensor for FLRW metric

goo =1
: 2(1),2
Non-zero components of the FLRW metric tensor o = — a”(t)r
1 — kr?
g0 = —a*(t)r’
¢33 = —a*(t)r* sin®
Non-zero components of the Non-zero components of the
FLRW Christoffer symbols Ricci tensor
r(l)l T 12 _ac;{rz ; ng = aar® l"g3 = aar® sin” 6 Roo = _35
p aii + 24° + 2k
o = Ty = Tgp = T3 = Tgg = T30 = p Rip = 1 — k12
— >
I, =—r(1—kr*) ; Ti = —r(1—kr?*)sin’6 Ry = r*(aii + 24° + 2kr)
2, =12 =13, = T3, — - Rss = r2(aii + 24% + 2kr) sin? 6
r
5, = —sinfcos® ; T5; =I3, =cotf |, \

Ricci curvature scalar| R = %(aa +24% + k)

a
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JG|U Energy-Momentum Tensor

1

l

Calculated in the previous slide

Still missing...but we can use
again the cosmological principle:

E/m tensor for an isotropic homogeneous “fluid”:

w = (p+ P) U0y — Pguy

wod

Pressure  4-velocity
Note this!
The “fluid” is at rest wrt the co-moving coordinates: GRis in general "hard” fo solve:
—(1000 the metric shows up on BOTH
v=(1,0,0,0) sides of the Einstein Equations..
16
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JG|U

The Friedmann Equations

Putting together the previous calculations, we can obtain the Friedmann equations:

Acceleration equation:

Hubble par. equation:

hi 4G
E = 3 (P —|‘3P)
3\ 2 ~ 8nG k
— 3 P

The Friedmann equations are the Einstein equations for the FLRW metric and

an isotropic homogenous fluid.

How to solve them for the scale factor a(t)2 We need to know pressure and
density of the “fluid”, or at least a relation between then: an equation of state.
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JG|U

Equation of State

Energy-momentum conservation: Vny = BP,TK + 1 TP 1P TV = 0

up=v g

For the O-th component: dpo(t) 3a(t) (o(t) +P(t)) =0

Choose the generic equation of state: P = wp

b= 31+w)"
Y a

o(t) eca(t) 21+
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Cosmological Parameters

H(t) = %% Hubble Parameter

q(t) = —%%/ (%%)2 Deceleration
j(t) = 122, (%)3 Terk”

s(t) = %% (%%)4 "Snap" (or Jounce)
c(t) = %%/ (%%)5 "Crackle"
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Hubble’s Law

+1000 KM

500KM

-“——

) 0¥ PARSECS 2»10* PARSECS
FIGURE 1 :

Velocity-Distance Relation among Extra-Galactic Nebulae.

d o< v = g:H = a= Ha
a

Edwin Hubble (1889 - 1953)
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JG|U Simplest Cosmological Models

: 4G A
_ — 2 — -
Friedmann Equations a i+ H 3 (0+3P) + 3
with Cosmological Constant Term 2 811G ko |A
I
1 " "
w=0=p~ 3 Dust
: 1
Equations of state w=1/3=p~ — "Radiation"
a
P — wp " "
w = —1= p ~ const. "Vacuum
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JG|U Matter-Dominated Universe

“Dust”: 1w = ()

. dn 1
Define the Conformal Time = _
a

dt

The 2nd Friedmann equation becomes i

With solutions

47TGA
k=1=a 7(3G (1 —cosn)
k=0=a= 27'(514172
47TGA
k=—-1=a= S (coshy — 1)

= p-a(t)’ = A

8t

— = Ag — ka?

3

 47GA

(7 —sinn)
_ 2nGA 5

G

\O
Q

B 47GA

(sinhy — 1)

G
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JG|U

Radiation-Dominated Universe

Radiation:

o, 8nGA
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JG|U

Vacuum-Dominated Universe

Vacuum:

. Aa?

k

With solutions

kléa\/icosh(

k=0=a= iexp(

k—1:>a\//3\sinh(
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JG|U The Density Parameter

Remember the Hubble parameter: H(t) — @

8tG

The 2nd Friedmann Equation becomes H? — 3P

Introducing the Critical Density 0, — TTe

And the Density Parameter () = P/,Oc we have:

P<p=0< 1= k=-1
and therefore p=p, <= QO =1<= k=0
P>pc= ON>1<4<=k=1

(Open)
(Flat)
(Closed)
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JG|U Mixed Models

If more than a component is present pTQT(ﬂ) — Zpi(a) = 0C ZQiﬂl_3(1+w1)
1 1

k

The Friedmann equation is then — = Hz(QTOT —1)
a

And introducing the today’s observed density parameters

k

a_ZZHO(Qm+Qr+QA_1)
0
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Summary (1)

“ T T I 1
Dark Matter + Dark Energy

4 effect the expansion of the universe
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Summary 2

F
f \

. 1.0

g 2 J/\
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