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Statement of the PCP

Example:

“Domino Tile”



PCP Theorem:
The Post Correspondence Problem is undecidable, meaning there is no algorithm 
(Turing machine) that, given an arbitrary PCP instance, always halts and correctly 
decides whether a solution exists.

NOTES:

- It does not mean that you cannot solve certain instances, but that a general 

algorithm does not exist.

- Some instances are indeed “easy”, some others can be checked by brute force in 

finite time.

- PCP is a finite combinatorial system where searching for a match can always be 

extended, and there is no computable bound on how long you may need to search 
before knowing that no solution exists.


- Remember: an instance has a finite number of “tiles”, but you could re-use 
many times any of them! 



“Difficulty of PCP”

shortest solution has 44 tiles (!)The instance’s 

A “brute-force” algorithm for an N-tiles instance would be equivalent to trying all 
the possible sequences up to a length L.

There are:

- N sequences with length 1

- N2 sequences with length 2 … and so on up to NL


Therefore we have to test the matching on 
L

∑
i=1

Ni =
NL+1 − N

N − 1
→ O(NL)strings.

The problem is not the exponential (time) complexity, but the fact that L is never 
known in advance. There is no computable upper bound for L.



Proof

Proof ideas:


1. We will try to link PCP to a Turing machine

2. The core of the proof is constructing a Turing machine which represent an instance of 

PCP. 

3. The idea is to encode the strings of a “domino tile” with the configuration (state, tape 

content, head position) of the Turing machine. 

4. The full instance (sequence of tiles) will be encoded as a “computational history” of 

the machine, i.e. the sequence of configurations traversed during the computation.

5. If PCP were decidable, we can decide if M halts (M is a PCP decider), but this is not 

possible…



Proof

Example Computational history of a TM: q0101#1q401#11q21#1q810.

q0101#Encoding of as state:

Characters for indicating states.

The head is where this character is.

Character for dividing steps

q0101#               1q401#
- Head in q0

- Reads 1

- Writes 1 (no change)

- Moves Right

- Enter state q4

Accept stateStart state



Intermezzo: Modified PCP



start-state + input string

Proof
Translate the computational history of the the TM into Post “tiles”



Proof



Example
Computational history of a TM: q0101#1q401#11q21#1q810.

#

q0101#

q01

1q4

PART 1

Start

use PART 2

Move right

…..




#

q0101#

q01

1q4

use PART 4:copy

Example
Computational history of a TM: q0101#1q401#11q21#1q810.

0

0

1

1

#

#



Example
Computational history of a TM: q0101#1q401#11q21#1q810.

#

q0101#

q01

1q4

0

0

1

1

#

#

1

1

q40

1q2

PART 4

copy

PART 2

move right



Example
Computational history of a TM: q0101#1q401#11q21#1q810.

#

q0101#

q01

1q4

0

0

1

1

#

#

1

1

q40

1q2

PART 4

copy

1

1

#

#

1

1



Example
Computational history of a TM: q0101#1q401#11q21#1q810.

#

#q0101#

q01

1q4

0

0

1

1

#

#

1

1

q40

1q2

1

1

#

#

1

1

1q21

q810

PART 3

Move Left



Example
Computational history of a TM: q0101#1q401#11q21#1q810.

#

#q0101#

q01

1q4

0

0

1

1

#

#

1

1

q40

1q2

1

1

#

#

1

1

1q21

q810

Matching strings so far:


#q0101#1q401#11q21

  q0101#1q401#11q21#1q810 This string is longer: 


use the other rules to “catch up”…



Example
Computational history of a TM: q0101#1q401#11q21#1q810.

q01

1q4

0

0

1

1

#

#

1

1

q40

1q2

1

1

#

#

1

1

1q21

q810

#

#

1q8

q8

PART 5
 PART 6


1

1

0

0

PART 4

copy

#

#

PART 5


q80

q8

PART 6


Note: PART6 puts more characters on top

#

#q0101#



Example
Computational history of a TM: q0101#1q401#11q21#1q810.

q01

1q4

0

0

1

1

#

#

1

1

q40

1q2

1

1

#

#

1

1

1q21

q810

#

#

1q8

q8

1

1

0

0

#

#

q81

q8

PART 6


0

0

#

#

q80

q8

#

#

q8##

#

PART 7


Final matching ?


#q0101#1q401#11q21#1q810#q810#q80#q8##

#q0101#1q401#11q21#1q810#q810#q80#q8##

#

#q0101#

See notes on how to go from the modified PCP to PCP.



Final Matching Tiles 

q01

1q4

0

0

1

1

#

#

1

1

q40

1q2

1

1

#

#

1

1

1q21

q810

#

#

1q8

q8

1

1

0

0

#

#

q81

q8

0

0

#

#

q80

q8

#

#

q8##

#

#

#q0101#

For reconstructing 4 computational steps we used 22 “tiles”.

Again: the number of usable tiles is not fixed by the instance of the PCP.



Summary
- A PCP instance is constituted by pairs of strings.

- The solution is a rearrangement (repetitions allowed) of the string pairs such that 

the two strings (on top and bottom) match.

- Mathematically: a valid reshuffling of the indices labelling the strings.

- We showed the equivalence between a TM computational history and PCP.

- Solution of PCP implies TM halting: undecidable.


- Note: PCP can encode a TM computation, therefore it is Turing-complete (TC).

- TC: what a TM can compute, also PCP can.

- Interesting: PCP is a kind of computation where there are no machines or 

particular mathematical constructions: just a combinatorial problem with string 
matching.


- PCP: captures the “essence” of computation with very simple rules.

- Why PCP is so difficult?

- Global constraint (matching) with local rules (local matching).



Another Undecidable Problem: Wang Tiles

Given a set of tiles like: can we tile the plane? 

The problem turns out to be undecidable: no generic algorithm exists.

Again, the proof consists in mapping the tiles into a Turing machine.



