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Introduction

Mathematical Tools

General Relativity

Standard Model

Cosmology
Generic Vector Bases 
Basis Change 
Vectors in Curved Geometries 
Tensors, Metric Tensor 
(Riemann) Manifolds 
Connection 
Geodesics and Curvature

Equivalence Principle 
Einstein Equations 

Cosmological Principle 
FLRW Metric 
Friedmann Equations 
Cosmic Distances 
Cosmological Models

Brief History 
Particle Content 
Gauge Principle, CPV, Strong CP 
EW Symmetry Breaking 
Beyond the SM  

Particle Cosmology

Dark Matter (Models + Exp.) 
Dark Energy (Models + Exp) 
Inflationary Models 
Gravitational Waves 
Density Perturbations

Observation
CMB 
Structure Formation 
Red-shift/Distance 
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Plan

Datum Von Bis Raum
1 Di, 17. Apr. 2018 10:00 12:00 05 119 Minkowski-Raum
2 Do, 19. Apr. 2018 08:00 10:00 05 119 Minkowski-Raum
3 Di, 24. Apr. 2018 10:00 12:00 05 119 Minkowski-Raum
4 Do, 26. Apr. 2018 08:00 10:00 05 119 Minkowski-Raum
5 Do, 3. Mai 2018 08:00 10:00 05 119 Minkowski-Raum
6 Di, 8. Mai 2018 10:00 12:00 05 119 Minkowski-Raum
7 Di, 15. Mai 2018 10:00 12:00 05 119 Minkowski-Raum
8 Do, 17. Mai 2018 08:00 10:00 05 119 Minkowski-Raum
9 Di, 22. Mai 2018 10:00 12:00 05 119 Minkowski-Raum
10 Do, 24. Mai 2018 08:00 10:00 05 119 Minkowski-Raum
11 Di, 29. Mai 2018 10:00 12:00 05 119 Minkowski-Raum
12 Di, 5. Jun. 2018 10:00 12:00 05 119 Minkowski-Raum
13 Do, 7. Jun. 2018 08:00 10:00 05 119 Minkowski-Raum
14 Di, 12. Jun. 2018 10:00 12:00 05 119 Minkowski-Raum
15 Do, 14. Jun. 2018 08:00 10:00 05 119 Minkowski-Raum
16 Di, 19. Jun. 2018 10:00 12:00 05 119 Minkowski-Raum
17 Do, 21. Jun. 2018 08:00 10:00 05 119 Minkowski-Raum
18 Di, 26. Jun. 2018 10:00 12:00 05 119 Minkowski-Raum
19 Do, 28. Jun. 2018 08:00 10:00 05 119 Minkowski-Raum
20 Di, 3. Jul. 2018 10:00 12:00 05 119 Minkowski-Raum
21 Do, 5. Jul. 2018 08:00 10:00 05 119 Minkowski-Raum
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Figure from wikipedia

Covariance and Contravariance
See notes
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Tensors

T= stress vector

n= normal to the plane to decompose on e_i

Inertial momentum tensor

Stress Tensor

Li = Iij!j

Ti = �ijnj

Metric tensor

dl

2 = gijdx
i
dx

j
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of a vector transform as

v0µ0
=

∂x0µ0

∂xµ

vµ , (2.25)

while the covariant components (think at dxµ now) transform as

v0
µ

0 =
∂xµ

∂xµ

0 v
µ

. (2.26)

NOTE: In all our discussion about curved spaces, we always assumed
that they can locally treated as flat. A generic surface does not necessar-
ily have this property. This is why the curved surfaces we consider are of
a specific kind, called manifolds. We note also that we discussed generic
"curved" spaces appealing to an intuitive understanding of them and we
have given a clear definition of curvature only for one-dimensional curves
in D=3 space. We will see how the curvature is defined for generic mani-
folds later on.

2.7 Tensors

Scalars and vectors are not the only objects representing physical quanti-
ties but actually they can be regarded as specialized forms of more gen-
eral objects called tensors. Here we introduce tensors in an informal way,
leaving the more formal algebraic definition to the many existing text-
books on the subject.
As vectors (contravariant, or covariant co-vectors) can be thought as "rows"
of numbers representing their components on a certain basis, we can
build squares of numbers ("matrices") or "cubes" of numbers and so on.
Labeling the components with indices, a vector has one index, matrices
have two and a tensor have in general more indices.
At this point, it is useful to introduce some notation. Contravariant vector
components are written with upper indices (vi) while covariant compo-
nents have lower indices (vi). A tensor with a general number of indices
can have both lower and upper indices: Ta,b,g,..

i,j,k,... . If a tensor has only lower
(upper) indices is called covariant (contravariant), while tensors with both
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Tensor with two covariant indices 

Mixed tensor
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Covariant Differentiation
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then calculating the difference. This procedure does not work in general
in a curved space since we do not have a notion of how to transport vec-
tors from one place to another keeping it "parallel" to its original location.
Therefore we need a notion of parallel transport on a curved space. The
parallel transport is realized by an affine connection on the curved space.
A connection is called like that because it "connects" vectors living in dif-
ferent tangent spaces. Here we avoid a general discussion on connections
which will bring us too far and introduce covariant differentiation in a
more concrete (and less general) way using coordinates.

Consider a basis ei = ∂/∂xi for a tangent space at a certain point P. We
would like to understand how a basis vector ei changes in the direction
given by another basis vector ej. In the notation of directional derivatives,
we would like to calculate rej ei. The result of this calculation will be
another vector and in particular, it will be proportional to another basis
vector ek:

rej ei = Gk
ijek . (2.34)

The three-indices object Gk
ijek is called Christoffel symbol and we antici-

pate here that it is not a tensor (i.e. it does not transform like a tensor).
We know now how a basis vector changes in the direction of another ba-
sis vector: what about the change of a generic vector w in the direction of
another vector v? Let’s calculate it (for the contravariant vector case):

rvw = rvjej
(wiei) = vjrej(wiei) = vjwirej ei + vjeirej w

i (2.35)

= vjwiGk
ijek + vj ∂wi

∂xj ei =

 
vjwiGk

ij + vj ∂wk

∂xj

!
ek (2.36)

The result is interesting: the part containing the Christoffel symbol tells
us how the basis vectors "turn" as we move them in the direction of v,
while the other part tells us how the components of w change along v.
While the Christoffel symbol is not a vector, it can be proved that the com-
bination present in the covariant derivative has the right transformation
properties.
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A general mixed tensor has the following covariant derivative:

(rec T)a1..ar
b1..br

=
∂rec Ta1..ar

b1..bs

∂xc (2.37)

+Ga1
dcTda2..ar

b1..bs
+ ... + Gar

dcTa1..ar�1d
b1..bs

(2.38)

�Gd
b1cTa1..ar

db2..bs
� ... � Gd

bscTa1..ar
b1..bs�1d (2.39)

Notice that the derivation of covariant indices brings a negative sign in
front of G.

2.10 Calculation of the Christoffel Symbols

Having a procedure for calculating derivatives of tensors along a direction
given by a tangent vector, we need now a way to calculate the Christoffel
symbols.
First, we have to know the following property

r
r

g
µn

= 0 . (2.40)

The covariant derivative of the metric tensor is zero. This property is
called metric compatibility and it is always assumed valid in our context,
but nothing prevents to develop covariant derivatives without compati-
bility. A physically appealing property of compatibility is that given two
vectors, their mutual angle does not change if they are parallely trans-
ported along a curve by a compatible derivative. In other words, the
scalar product of two vectors does not change during the parallel trans-
port. From Eq. 2.40, we can write the following three expressions, which
are the same except for a cyclic index permutation (r ! µ ! n)

r
r

g
µn

= ∂

r

g
µn

� Gl

rn

g
ln

� Gl

rn

g
µl

= 0

r
µ

g
nr

= ∂

µ

g
nr

� Gl

µn

g
lr

� Gl

µr

g
nl

= 0

r
n

g
rµ

= ∂

n

g
rµ

� Gl

nr

g
lµ

� Gl

nµ

g
rl

= 0 .

(2.41)

Calculating r
r

g
µn

� r
µ

g
nr

� r
n

g
rµ

= 0 we obtain

∂

r

g
µn

� ∂

µ

g
nr

� ∂

n

g
rµ

+ 2Gl

µn

= 0 , (2.42)

13

How does a basis vector change in the direction of another basis vector?

For general vectors and directions

And for a tensor with generic indices
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Christoffel Symbols

CHAPTER 2. GEOMETRICAL TOOLS

A general mixed tensor has the following covariant derivative:

(rec T)a1..ar
b1..br

=
∂rec Ta1..ar

b1..bs

∂xc (2.37)

+Ga1
dcTda2..ar

b1..bs
+ ... + Gar

dcTa1..ar�1d
b1..bs

(2.38)

�Gd
b1cTa1..ar

db2..bs
� ... � Gd

bscTa1..ar
b1..bs�1d (2.39)

Notice that the derivation of covariant indices brings a negative sign in
front of G.

2.10 Calculation of the Christoffel Symbols

Having a procedure for calculating derivatives of tensors along a direction
given by a tangent vector, we need now a way to calculate the Christoffel
symbols.
First, we have to know the following property

r
r

g
µn

= 0 . (2.40)

The covariant derivative of the metric tensor is zero. This property is
called metric compatibility and it is always assumed valid in our context,
but nothing prevents to develop covariant derivatives without compati-
bility. A physically appealing property of compatibility is that given two
vectors, their mutual angle does not change if they are parallely trans-
ported along a curve by a compatible derivative. In other words, the
scalar product of two vectors does not change during the parallel trans-
port. From Eq. 2.40, we can write the following three expressions, which
are the same except for a cyclic index permutation (r ! µ ! n)

r
r

g
µn

= ∂

r

g
µn

� Gl

rn

g
ln

� Gl

rn

g
µl

= 0

r
µ

g
nr

= ∂

µ

g
nr

� Gl

µn

g
lr

� Gl

µr

g
nl

= 0

r
n

g
rµ

= ∂

n

g
rµ

� Gl

nr

g
lµ

� Gl

nµ

g
rl

= 0 .

(2.41)

Calculating r
r

g
µn

� r
µ

g
nr

� r
n

g
rµ

= 0 we obtain

∂

r

g
µn

� ∂

µ

g
nr

� ∂

n

g
rµ

+ 2Gl

µn

= 0 , (2.42)

13

CHAPTER 2. GEOMETRICAL TOOLS

A general mixed tensor has the following covariant derivative:

(rec T)a1..ar
b1..br

=
∂rec Ta1..ar

b1..bs

∂xc (2.37)

+Ga1
dcTda2..ar

b1..bs
+ ... + Gar

dcTa1..ar�1d
b1..bs

(2.38)

�Gd
b1cTa1..ar

db2..bs
� ... � Gd

bscTa1..ar
b1..bs�1d (2.39)

Notice that the derivation of covariant indices brings a negative sign in
front of G.

2.10 Calculation of the Christoffel Symbols

Having a procedure for calculating derivatives of tensors along a direction
given by a tangent vector, we need now a way to calculate the Christoffel
symbols.
First, we have to know the following property

r
r

g
µn

= 0 . (2.40)

The covariant derivative of the metric tensor is zero. This property is
called metric compatibility and it is always assumed valid in our context,
but nothing prevents to develop covariant derivatives without compati-
bility. A physically appealing property of compatibility is that given two
vectors, their mutual angle does not change if they are parallely trans-
ported along a curve by a compatible derivative. In other words, the
scalar product of two vectors does not change during the parallel trans-
port. From Eq. 2.40, we can write the following three expressions, which
are the same except for a cyclic index permutation (r ! µ ! n)

r
r

g
µn

= ∂

r

g
µn

� Gl

rn

g
ln

� Gl

rn

g
µl

= 0

r
µ

g
nr

= ∂

µ

g
nr

� Gl

µn

g
lr

� Gl

µr

g
nl

= 0

r
n

g
rµ

= ∂

n

g
rµ

� Gl

nr

g
lµ

� Gl

nµ

g
rl

= 0 .

(2.41)

Calculating r
r

g
µn

� r
µ

g
nr

� r
n

g
rµ

= 0 we obtain

∂

r

g
µn

� ∂

µ

g
nr

� ∂

n

g
rµ

+ 2Gl

µn

= 0 , (2.42)

13

CHAPTER 2. GEOMETRICAL TOOLS

A general mixed tensor has the following covariant derivative:

(rec T)a1..ar
b1..br

=
∂rec Ta1..ar

b1..bs

∂xc (2.37)

+Ga1
dcTda2..ar

b1..bs
+ ... + Gar

dcTa1..ar�1d
b1..bs

(2.38)

�Gd
b1cTa1..ar

db2..bs
� ... � Gd

bscTa1..ar
b1..bs�1d (2.39)

Notice that the derivation of covariant indices brings a negative sign in
front of G.

2.10 Calculation of the Christoffel Symbols

Having a procedure for calculating derivatives of tensors along a direction
given by a tangent vector, we need now a way to calculate the Christoffel
symbols.
First, we have to know the following property

r
r

g
µn

= 0 . (2.40)

The covariant derivative of the metric tensor is zero. This property is
called metric compatibility and it is always assumed valid in our context,
but nothing prevents to develop covariant derivatives without compati-
bility. A physically appealing property of compatibility is that given two
vectors, their mutual angle does not change if they are parallely trans-
ported along a curve by a compatible derivative. In other words, the
scalar product of two vectors does not change during the parallel trans-
port. From Eq. 2.40, we can write the following three expressions, which
are the same except for a cyclic index permutation (r ! µ ! n)

r
r

g
µn

= ∂

r

g
µn

� Gl

rn

g
ln

� Gl

rn

g
µl

= 0

r
µ

g
nr

= ∂

µ

g
nr

� Gl

µn

g
lr

� Gl

µr

g
nl

= 0

r
n

g
rµ

= ∂

n

g
rµ

� Gl

nr

g
lµ

� Gl

nµ

g
rl

= 0 .

(2.41)

Calculating r
r

g
µn

� r
µ

g
nr

� r
n

g
rµ

= 0 we obtain

∂

r

g
µn

� ∂

µ

g
nr

� ∂

n

g
rµ

+ 2Gl

µn

= 0 , (2.42)

13

CHAPTER 2. GEOMETRICAL TOOLS

A general mixed tensor has the following covariant derivative:

(rec T)a1..ar
b1..br

=
∂rec Ta1..ar

b1..bs

∂xc (2.37)

+Ga1
dcTda2..ar

b1..bs
+ ... + Gar

dcTa1..ar�1d
b1..bs

(2.38)

�Gd
b1cTa1..ar

db2..bs
� ... � Gd

bscTa1..ar
b1..bs�1d (2.39)

Notice that the derivation of covariant indices brings a negative sign in
front of G.

2.10 Calculation of the Christoffel Symbols

Having a procedure for calculating derivatives of tensors along a direction
given by a tangent vector, we need now a way to calculate the Christoffel
symbols.
First, we have to know the following property

r
r

g
µn

= 0 . (2.40)

The covariant derivative of the metric tensor is zero. This property is
called metric compatibility and it is always assumed valid in our context,
but nothing prevents to develop covariant derivatives without compati-
bility. A physically appealing property of compatibility is that given two
vectors, their mutual angle does not change if they are parallely trans-
ported along a curve by a compatible derivative. In other words, the
scalar product of two vectors does not change during the parallel trans-
port. From Eq. 2.40, we can write the following three expressions, which
are the same except for a cyclic index permutation (r ! µ ! n)

r
r

g
µn

= ∂

r

g
µn

� Gl

rn

g
ln

� Gl

rn

g
µl

= 0

r
µ

g
nr

= ∂

µ

g
nr

� Gl

µn

g
lr

� Gl

µr

g
nl

= 0

r
n

g
rµ

= ∂

n

g
rµ

� Gl

nr

g
lµ

� Gl

nµ

g
rl

= 0 .

(2.41)

Calculating r
r

g
µn

� r
µ

g
nr

� r
n

g
rµ

= 0 we obtain

∂

r

g
µn

� ∂

µ

g
nr

� ∂

n

g
rµ

+ 2Gl

µn

= 0 , (2.42)

13

CHAPTER 2. GEOMETRICAL TOOLS

where we used the symmetry Gk
ij = Gk

ji (evident from Eq. 2.34). Multiply-
ing the last equation by gsr we can solve for G:

Gs

µn

=
1
2

gsr

�
∂

µ

g
nr

+ ∂

n

g
rµ

� ∂

r

g
µn

�
. (2.43)

This very nice result tells us that given the metric tensor we can calculate
the Christoffel symbols. Said in another way, the metric tensor is all what
is needed to calculate covariant derivatives of tensors on a curved space.

2.11 Geodesics

As straight lines are the shortest lines in flat space, we can ask which
curve connecting two points in a curved space is the shortest. These par-
ticular curves are called geodesics and in this sense are the "straight lines"
in curved spaces. One way to see the problem of finding the geodesics
is the following: the most "straight line" between two points is the one
where a tangent vector T on the first point does not change (remains par-
allel to itself) if transported in the direction pointed by the vector itself.
Translating in mathematical language the previous statement:

rTµ Tn = Tµr
µ

Tn = 0 , (2.44)

and substituting the definition of covariant derivative

dTµ

dt
+ Gµ

ab

TaTb = 0 . (2.45)

The components of a tangent vector to a curve parameterized by a param-
eter t are just Tµ = dxµ/dt, therefore we obtain the equation a geodesic
curve must satisfy

d2xµ

dt2 + Gµ

ab

dxa

dt
dxb

dt
= 0 . (2.46)

The last result is a coupled system of second order linear differential
equations and we know that there exists an unique solution given initial
values for x and dx/dt.
Another way to obtain the geodesic equation is to directly calculate what

14

Metric compatibility condition:

implies cycling the indices:

and summing to zero:

we have

and solving for Gamma multiplying by the metric tensor
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�
∂
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nr
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n
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� ∂

r
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�
. (2.43)
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Characterization of a geodesic: the change while 
transported along its own direction must be zero:

Introducing coordinates and a parameterized curve:

Writing the covariant derivative:
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is the shortest path between two points in a curved space. The squared
distance is given by

L =
Z t2

t1
gij ẋi ẋjdt (2.47)

where t is a parameter describing the curve and ẋ = dx/dt for a more
compact notation. The shortest path is the one with vanishing variation
dL = 0:

dL =
Z t2

t1

⇣
dgij ẋi ẋj + 2gijd(ẋi)ẋj

⌘
dt = 0 , (2.48)

where we used the symmetry of gij for the second term in the integrand.
Again in the second term, exchanging d with d/dt and integrating by
parts

dL =
Z t2

t1

✓
∂gij

∂xk ẋi ẋj
dxk + 2gij ẋi d

dt
dxj

◆
dt = (2.49)

Z t2

t1

✓
∂gij

∂xk ẋi ẋj � 2
d
dt

h
gij ẋi

i◆
dxkdt + gij

dxi

dt
dxj|t2

t1
= 0 .

The last term calculated at the start and end points of the curve vanishes
because the curve has no variation there (the extrema are kept fixed). The
last integral must vanish, and this happens when the integrand is zero:

∂gij

∂xk ẋi ẋj � 2
d
dt

h
gij ẋi

i
(2.50)

=

✓
∂gij

∂xk � 2
∂gij

∂xk

◆
ẋi ẋj � 2gij

d2xi

dt2

=
d2xk

dt2 +
1
2

gkl
✓

∂gil
∂xj +

∂gil
∂xi � ∂gij

∂xl

◆
ẋi ẋj

=
d2xk

dt2 +
1
2

gklGk
ij ẋ

i ẋj = 0

We obtained again the geodesic equation as the shortest path between
two points on a curved space. On a side-note, we can observe that if
our space is compact, for every couple of points in it, there is always a
geodesic connecting them.
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ẋi ẋj

=
d2xk

dt2 +
1
2

gklGk
ij ẋ
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ẋi ẋj � 2gij

d2xi

dt2

=
d2xk

dt2 +
1
2

gkl
✓

∂gil
∂xj +

∂gil
∂xi � ∂gij

∂xl

◆
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Geodesics as extremal curves

Squared curve length

Variation:
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values of the coordinates (see Fig.X)

Vµ(AB) = �
Z b+db

b
dfVbGµ

fb

|
q=a . (2.52)

A similar calculation can be done for the other three segments:

Vµ(BC) = �
Z a+da

a
dqVbGµ

qb

|
f=b+db ,

Vµ(CD) = �
Z b

b+db
dfVbGµ

fb

|
q=a+da ,

Vµ(DA) = �
Z a

a+da
dqVbGµ

qb

|
f=b .

Adding together all the four parts of the closed path and using the defi-
nition of partial derivative

DVµ =
Z b+db

b
df

h
VbGµ

fb

|
q=a+da � VbGµ

fb

|
q=a

i
(2.53)

�
Z a+da

a
dq

h
VbGµ

qb

|
f=b+db � VbGµ

qb

|
f=b

i

= �
Z a+da

a
dqdb

∂

∂f

⇣
VbGµ

qb

⌘ Z b+db

b
dfda

∂

∂q

⇣
VbGµ

fb

⌘�

= �dadb


∂

∂f

VbGµ

qb

� ∂

∂q

VbGµ

fb

�
. (2.54)

Substituting again the covariant derivative formula and noting that dA =
dadb is the small area enclosed in the loop

DVµ = �dA

 
∂Vb

∂f

Gµ

qb

+ Vb

∂Gµ

qb

∂f

� ∂Vb

∂q

Gµ

fb

� Vb

∂Gµ

fb

∂q

!
(2.55)

= �dA

 
�VnGb

fn

Gµ

qb

+ Vb

∂Gµ

qb

∂f

+ VnGb

qn

Gµ

fb

� Vb

∂Gµ

fb

∂q

!

= dAVb

 
Gn

fb

Gµ

qn

�
∂Gµ

qb

∂f

� Gn

qb

Gµ

fn

+
∂Gµ

fb

∂q

!
.

We discovered that the variation in the vector components after a parallel
transport around a closed loop is proportional to the enclosed area, times
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�
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i
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∂

∂f

⇣
VbGµ
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∂
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�
. (2.54)

Substituting again the covariant derivative formula and noting that dA =
dadb is the small area enclosed in the loop

DVµ = �dA

 
∂Vb

∂f

Gµ

qb

+ Vb

∂Gµ

qb

∂f

� ∂Vb

∂q

Gµ

fb

� Vb

∂Gµ

fb

∂q

!
(2.55)

= �dA

 
�VnGb

fn

Gµ

qb

+ Vb

∂Gµ

qb

∂f

+ VnGb

qn

Gµ

fb

� Vb

∂Gµ

fb

∂q

!

= dAVb

 
Gn

fb

Gµ
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Gµ
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!
.
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dq
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i
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�
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dq
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VbGµ

qb
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i

= �
Z a+da

a
dqdb

∂

∂f

⇣
VbGµ
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∂
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�
. (2.54)

Substituting again the covariant derivative formula and noting that dA =
dadb is the small area enclosed in the loop
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qn
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fb
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fb
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!

= dAVb
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Gµ

qn

�
∂Gµ

qb
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qb
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+
∂Gµ

fb

∂q

!
.

We discovered that the variation in the vector components after a parallel
transport around a closed loop is proportional to the enclosed area, times
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values of the coordinates (see Fig.X)
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i
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Z a+da

a
dqdb

∂

∂f
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VbGµ
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�
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Substituting again the covariant derivative formula and noting that dA =
dadb is the small area enclosed in the loop
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We discovered that the variation in the vector components after a parallel
transport around a closed loop is proportional to the enclosed area, times
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We discovered that the variation in the vector components after a parallel
transport around a closed loop is proportional to the enclosed area, times

17

CHAPTER 2. GEOMETRICAL TOOLS

a combination of Christoffel symbols (depending at the end from the
metric tensor). The quantity in parentheses in the last line of the last
equation is actually a tensor and if we generalize it, replacing q and f

with the N coordinates xa of a space of dimension N, we can rewrite it as

Rµ

bgl

= Gn

lb

Gµ

gn

�
∂Gµ

gb

∂xl

� Gn

gb

Gµ

ln

+
∂Gµ

lb

∂xg

(2.56)

The quantity Rµ

bgl

is called the Riemann Tensor and it characterizes the
curvature of a generic multidimensional space. In the obtained form, it
has one contravariant and three covariant indices. If a space is flat, then
all the components of R vanish (and vice-versa), so this is a necessary and
sufficient condition for flatness, with the caveat that we do not have any
information about the topology of the space. In the next section, we will
see how this new tensor is connected with the Gaussian curvature.

2.12.2 Properties of the Riemann Tensor

It turns out that the Riemann tensor is the only tensor that can be con-
structed using the metric tensor and its derivatives: in this sense the Rie-
mann tensor is unique. Another characterization of the Riemann tensor
is the following

rcrbVa � rbrcVc = [rc, rb]Vc = Rd
abcVd . (2.57)

Therefore, the tensor describes the non-commutativity of covariant deriva-
tives. In a flat space the covariant derivatives are directional derivatives
which commute, so all the tensor components are zero. Other useful
properties are

Rabcd = �Rbacd = �Raabdc = Rbadc (symmetry) (2.58)
Rabcd + Radbc + Racdb = 0 (antisymmetry) (2.59)

Rabcd + Radbc + Racdb = 0 (cyclicity) (2.60)

Another key property of the Riemann tensor is the so-called Bianchi iden-
tity

reRabcd + rdRabec + rcRabde = 0 (2.61)
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2.12 Curvature

Up to now we always referred to a generic curved space, but now we have
the tools for clearly defining what the curvature is. We remind that we
defined it for a one-dimensional curve on three-dimensional euclidean
space. It can be showed, that the curvature at a point P is the inverse
of the radius of a circle tangent to P. In this sense, the curvature is also
often called "radius of curvature". The idea is that if the curve is indeed
very "curved" in the neighborhood of a point, the tangent circle will be
"small". A small radius corresponds to a high curvature. Rising the di-
mension by one, a similar concept can be thought about bidimensional
surfaces. In this case the curvature is characterized by two principal curva-
tures, as famously demonstrated by C.F. Gauss in his Theorema Egregium
(1827). The theorem is indeed egregium, since it shows that the curva-
ture is an intrinsic property of a surface and as such it can be calculated
measuring properties on it (like angles and distances), without referring
to an external embedding. In other terms, we do not need to know that
the earth is a sphere immersed in a three-dimensional space: we can just
make measurements on its surface for discovering that it is not flat! In
the following we would like to characterize the concept of curvature to
spaces of arbitrary dimension.

2.12.1 Parallel Transport in Closed Loops

We start investigating what is happening to a tangent vector transported
on a closed loop. For simplifying the discussion, let’s think about a two-
dimensional surface (e.g. a sphere) where we have two coordinates (lon-
gitude q and latitude f). In a small neighborhood, let’s consider a closed
loop which resembles a square with sides AB, BC, CD, and DA. We would
like to transport a vector Vµ from A to B and consider its difference:

Vµ(AB) = Vµ(B) � Vµ(A) =
Z B

A
df

∂Vµ

∂f

|
q=a . (2.51)

The vector is parallel transported along AB, so its covariant derivative is
zero: riVµ = ∂Vµ

∂xi + Gµ

ib = 0 (x1,2 = q, f). Using the last formula and the
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Contracting (summing) the indices a and c and remembering that the
covariant derivative of the metric tensor is zero

reRbd + rdRbe + rcRc
bde = 0 (2.62)

Contracting again b and d

reRbd + rdRbe + rcRc
bde = rb(Rb

e � 1
2

d

b
e R) = rbGb

e = 0 (2.63)

Let’s rewrite the last equation with other indices’ names and introducing
the metric tensor for having only covariant indices

r
µ

G
µn

= r
µ

(R
µn

� 1
2

g
µn

R) = 0 (2.64)

The tensor G
µn

is called Einstein Tensor and has the interesting prop-
erty of having zero covariant derivative. This is a central result in the
development of the general theory of relativity.

2.13 A Worked-out Example

If the material covered up to now might have looked too abstract, then it is
time to try a direct application of it to a simple case. Let’s consider a two-
dimensional surface as case study. A further simplification is to consider a
surface of constant curvature, i.e. a surface where the curvature does not
depend from the point where it is calculated. We are going to consider
the surface of a sphere with fixed radius R. The sphere is a manifold
(although we never really discussed its exact definition) and as such it
can be mapped in a smooth way on a flat plane with the aid of at least
two maps (which, in the language of manifolds, form an atlas). The usual
map is

x = R cos q sin f

y = R sin q sin f

z = R cos f ,

with q 2 [0�, 180�] and f 2 [0�, 360�). Inverting the map

q = tan�1 y
x

f = cos�1(z/R) .
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2.13 A Worked-out Example

If the material covered up to now might have looked too abstract, then it is
time to try a direct application of it to a simple case. Let’s consider a two-
dimensional surface as case study. A further simplification is to consider a
surface of constant curvature, i.e. a surface where the curvature does not
depend from the point where it is calculated. We are going to consider
the surface of a sphere with fixed radius R. The sphere is a manifold
(although we never really discussed its exact definition) and as such it
can be mapped in a smooth way on a flat plane with the aid of at least
two maps (which, in the language of manifolds, form an atlas). The usual
map is
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Bianchi Identities:
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with the N coordinates xa of a space of dimension N, we can rewrite it as

Rµ

bgl

= Gn

lb

Gµ

gn

�
∂Gµ

gb

∂xl

� Gn

gb

Gµ

ln

+
∂Gµ

lb

∂xg

(2.58)

The quantity Rµ

bgl

is called the Riemann Tensor and it characterizes the
curvature of a generic multidimensional space. In the obtained form, it
has one contravariant and three covariant indices. If a space is flat, then
all the components of R vanish (and vice-versa), so this is a necessary
and sufficient condition for flatness, with the caveat that we do not have any
information about the topology of the space 1. In the next section, we will see
how this new tensor is connected with the Gaussian curvature.

2.12.2 Properties of the Riemann Tensor
It turns out that the Riemann tensor is the only tensor that can be con-
structed using the metric tensor and its derivatives: in this sense the Rie-
mann tensor is unique. Another characterization of the Riemann tensor
is the following

rdrcVa � rcrdVa = [rd, rc]Va = Ra
bcdVb (2.59)

Therefore, the tensor describes the non-commutativity of covariant deriva-
tives. In a flat space the covariant derivatives are directional derivatives
which commute, so all the tensor components are zero. Other useful
properties are

Rabcd = �Rbacd = �Rabdc = Rbadc (symmetry) (2.60)
Rabcd + Radbc + Racdb = 0 (antisymmetry) (2.61)

Rabcd + Radbc + Racdb = 0 (cyclicity) (2.62)

Another key property of the Riemann tensor is the so-called Bianchi iden-
tity

reRabcd + rdRabec + rcRabde = 0 (2.63)

1Although a connection to the topology of the manifold can be provided under cer-
tain requirements through the Gauss-Bonnet theorem, which links the integral of the
curvature over the manifold to the Euler characteristic (or the genus) of it.
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The Riemann tensor is unique in the following sense: 
it is the only tensor which can be constructed using only the metric tensor and its first 
and second derivatives (ant it is linear in the second derivatives). 
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a small sphere more curved than a large one. From another point of view:
if R is very large, the spherical surface looks like a plane and this is what
we experience every day on earth. As a side-note, the Ricci scalar is the
equivalent to the curvature of surfaces found by Gauss in his research
on bidimensional spaces. The Riemann formalism presented here is just
more general and applicable to curved spaces of any dimension.

2.14 A Flatness Test

In his famous book, S. Weinberg proposes a flatness test for Tolkien’s Mid-
dle Earth. In Fig. 2.13, we can try a similar exercise applied to the country
where this course was first given. On the map there are four points corre-
sponding to the cities A=(München), B=(Bremen), C=(Rostock), D=(Dresden).
The distances from each other are:

AB = 584 km
AC = 664 km
AD = 360 km
BC = 245 km
BD = 406 km
CD = 365 km

One way to check if the usual euclidean geometry works, is to calcu-
late one of the distances, for example AC, using the available data and
then confront it with the value AC=664 km. For example, we can calcu-
late the angle at the corner D between the segments AD and DC (without
using AC). After obtaining the angle, we can try to calculate AC with
the Cosines’Theorem and see if it agrees with the data. A more formal
approach is based on the formula for calculating the (square) volume of
a tetrahedron in three dimensions where each side corresponds to one of
our city distances

V2 =
1

288
det

0

BBBBB@

0 1 1 1 1
1 0 ĀB2 ĀC2 ĀD2

1 ĀB2 0 B̄C2 ¯BD2

1 ĀC2 B̄C2 0 ¯CD2

1 ĀD2 ¯BD2 ¯CD2 0

1

CCCCCA
(2.73)
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A= Muenchen 
B= Bremen 
C = Rostock 
D= Dresden

Exercise: Try to calculate AC with the available data and confront with AC=664 km
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A more elegant way: 
calculate the volume of the tetrahedron in 3D space

with the Cayley-Menger determinant. 
If the determinant vanishes, the tetrahedron “collapses” on a plane  
—> condition for the 4 points to lie on a plane (can you explain why?). 

If Germany is not flat, how could you estimate the curvature radius?

For a crude estimate, you can gather some ideas from  
https://en.wikipedia.org/wiki/Horizon 

For a better calculation, use spherical trigonometry. 

https://en.wikipedia.org/wiki/Horizon

