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Datum Von Bis Raum
1 Di, 17. Apr. 2018 10:00 12:00 05 119 Minkowski-Raum
2 Do, 19. Apr. 2018 08:00 10:00 05 119 Minkowski-Raum
3 Di, 24. Apr. 2018 10:00 12:00 05 119 Minkowski-Raum
4 Do, 26. Apr. 2018 08:00 10:00 05 119 Minkowski-Raum
5 Do, 3. Mai 2018 08:00 10:00 05 119 Minkowski-Raum
6 Di, 8. Mai 2018 10:00 12:00 05 119 Minkowski-Raum
7 Di, 15. Mai 2018 10:00 12:00 05 119 Minkowski-Raum
8 Do, 17. Mai 2018 08:00 10:00 05 119 Minkowski-Raum
9 Di, 22. Mai 2018 10:00 12:00 05 119 Minkowski-Raum
10 Do, 24. Mai 2018 08:00 10:00 05 119 Minkowski-Raum
11 Di, 29. Mai 2018 10:00 12:00 05 119 Minkowski-Raum
12 Di, 5. Jun. 2018 10:00 12:00 05 119 Minkowski-Raum
13 Do, 7. Jun. 2018 08:00 10:00 05 119 Minkowski-Raum
14 Di, 12. Jun. 2018 10:00 12:00 05 119 Minkowski-Raum
15 Do, 14. Jun. 2018 08:00 10:00 05 119 Minkowski-Raum
16 Di, 19. Jun. 2018 10:00 12:00 05 119 Minkowski-Raum
17 Do, 21. Jun. 2018 08:00 10:00 05 119 Minkowski-Raum
18 Di, 26. Jun. 2018 10:00 12:00 05 119 Minkowski-Raum
19 Do, 28. Jun. 2018 08:00 10:00 05 119 Minkowski-Raum
20 Di, 3. Jul. 2018 10:00 12:00 05 119 Minkowski-Raum
21 Do, 5. Jul. 2018 08:00 10:00 05 119 Minkowski-Raum
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JG|U Cosmological Models

The Cosmological Principle
The FLRW metric
Friedmann Equations

Cosmological Models and Parameters

LambdaCDM
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The Cosmological Principle

The Universe is spatially homogeneous and isotro
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JG|U

The FLRW Metric

From the Cosmological Principle

we obtain the Friedmann-Lemaitre-Robertson-Walker metric:

ds® = dt* — R*(t)

dr?

1 — kr?

r’d6* + r* sin” fd¢?

Noting the rescaling invariance

we can always choose k=+1,0,-1.

R
R — —
A

r — Ar

k
k—>ﬁ

R can be scaled to e.g. 1 for t=today. Usually R(t) is called a(t): the scale factor.

Sommersemester 2018
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FLRW

Georges Lemaitre (1894-1966)

AN Belgian Catholic Priest and Astronomer

Alexander Friedmann (1888-1925)
Russian Physicist and Mathematician

Howard P. Robertson (1903-1961) Arthur G. Walker (1909-2001)
USA physicist and mathematician UK Mathematician
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Comoving Coordinates
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Einstein/Ricci Tensor for FLRW metric

goo =1
: 2(1),2
Non-zero components of the FLRW metric tensor o = — a”(t)r
1 — kr?
g0 = —a*(t)r’
¢33 = —a*(t)r* sin®
Non-zero components of the Non-zero components of the
FLRW Christoffer symbols Ricci tensor
r(l)l T 12 _ac;{rz ; ng = aar® l"g3 = aar® sin” 6 Roo = _35
p aii + 24° + 2k
o = Ty = Tgp = T3 = Tgg = T30 = p Rip = 1 — k12
— >
I, =—r(1—kr*) ; Ti = —r(1—kr?*)sin’6 Ry = r*(aii + 24° + 2kr)
2, =12 =13, = T3, — - Rss = r2(aii + 24% + 2kr) sin? 6
r
5, = —sinfcos® ; T5; =I3, =cotf |, \

Ricci curvature scalar| R = %(aa +24% + k)

a

Sommersemester 2018 Luca Doria, JGU Mainz
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JG|U Energy-Momentum Tensor

1

l

Calculated in the previous slide

Still missing...but we can use
again the cosmological principle:

E/m tensor for an isotropic homogeneous “fluid”:

w = (p+ P) U0y — Pguy

wod

Pressure  4-velocity
Note this!
The “fluid” is at rest wrt the co-moving coordinates: GRis in general "hard” fo solve:
—(1000 the metric shows up on BOTH
v=(1,0,0,0) sides of the Einstein Equations..
10
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JG|U

The Friedmann Equations

Putting together the previous calculations, we can obtain the Friedmann equations:

Acceleration equation:

Hubble par. equation:

hi 4G
E — 3 (P —|—3P)
3\ 2 ~ 8nG k
— 3 P

The Friedmann equations are the Einstein equations for the FLRW metric and

an isotropic homogenous fluid.

How to solve them for the scale factor a(t)2 We need to know pressure and
density of the “fluid”, or at least a relation between then: an equation of state.

Sommersemester 2018
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JG|U

Equation of State

Energy-momentum conservation: Vny = BP,TK + 1 TP 1P TV = 0

up=v g

For the O-th component: dpo(t) 3a(t) (o(t) +P(t)) =0

Choose the generic equation of state: P = wp

b= 31+w)"
Y a

o(t) eca(t) 21+

Sommersemester 2018
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Cosmological Parameters

H(t) = %% Hubble Parameter

q(t) = —%%/ (%%)2 Deceleration
j(t) = 122, (%)3 Terk”

s(t) = %% (%%)4 "Snap" (or Jounce)
c(t) = %%/ (%%)5 "Crackle"
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Hubble’s Law

+1000 KM

500KM

-“——

) 0¥ PARSECS 2»10* PARSECS
FIGURE 1 :

Velocity-Distance Relation among Extra-Galactic Nebulae.

d o< v = g:H = a= Ha
a

Edwin Hubble (1889 - 1953)
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JG|U Simplest Cosmological Models

: 4G A
_ — 2 — -
Friedmann Equations a i+ H 3 (0+3P) + 3
with Cosmological Constant Term 2 811G ko |A
I
1 " "
w=0=p~ 3 Dust
: 1
Equations of state w=1/3=p~ — "Radiation"
a
P — wp " "
w = —1= p ~ const. "Vacuum
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JG|U Matter-Dominated Universe

“Dust”: 1w = ()

. dn 1
Define the Conformal Time = _
a

dt

The 2nd Friedmann equation becomes i

With solutions

47TGA
k=1=a 7(3G (1 —cosn)
k=0=a= 27'(514172
47TGA
k=—-1=a= S (coshy — 1)

= p-a(t)’ = A

8t

— = Ag — ka?

3

 47GA

(7 —sinn)
_ 2nGA 5

G

\O
Q

B 47GA

(sinhy — 1)

G
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JG|U

Radiation-Dominated Universe

Radiation:

o, 8nGA

Sommersemester 2018
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JG|U

Vacuum-Dominated Universe

Vacuum:

. Aa?

k

With solutions

kléa\/icosh(

k=0=a= iexp(

k—1:>a\//3\sinh(

Sommersemes ter 2018
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Summary (1)

“ T T I 1
Dark Matter + Dark Energy

4 effect the expansion of the universe

-

9 Q, Q,

€ 3+ 0.3 0.7

s 0.3 0.0
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o 2 — 5.0 0.0 1
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= 4 L . 2]
29 ki,
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z -

Z7 N

-10 Now 10 20 30
Billions of Years
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JG|U The Density Parameter

Remember the Hubble parameter: H(t) — @

8tG

The 2nd Friedmann Equation becomes H? — 3P

Introducing the Critical Density 0, — TTe

And the Density Parameter () = P/,Oc we have:

P<p=0< 1= k=-1
and therefore p=p, <= QO =1<= k=0
P>pc= ON>1<4<=k=1

(Open)
(Flat)
(Closed)

Sommersemester 2018 Luca Doria, JGU Mainz
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JG|U Mixed Models

If more than a component is present pTQT(ﬂ) — Zpi(a) = 0C ZQiﬂl_3(1+w1)
1 1

k

The Friedmann equation is then — = Hz(QTOT —1)
a

And introducing the today’s observed density parameters

k

a_ZZHO(Qm+Qr+QA_1)
0
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Summary 2

F
f \

. 1.0

g 2 J/\
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