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Introduction

Mathematical Tools

General Relativity

Standard Model

Cosmology
Generic Vector Bases 
Basis Change 
Vectors in Curved Geometries 
Tensors, Metric Tensor 
(Riemann) Manifolds 
Connection 
Geodesics and Curvature

Equivalence Principle 
Einstein Equations 

Cosmological Principle 
FLRW Metric 
Friedmann Equations 
Cosmic Distances 
Cosmological Models

Brief History 
Particle Content 
Gauge Principle, CPV, Strong CP 
EW Symmetry Breaking 
Beyond the SM  

Particle Cosmology

Dark Matter (Models + Exp.) 
Dark Energy (Models + Exp) 
Inflationary Models 
Gravitational Waves 
Density Perturbations

Observation
CMB 
Structure Formation 
Red-shift/Distance 
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Datum Von Bis Raum
1 Di, 17. Apr. 2018 10:00 12:00 05 119 Minkowski-Raum
2 Do, 19. Apr. 2018 08:00 10:00 05 119 Minkowski-Raum
3 Di, 24. Apr. 2018 10:00 12:00 05 119 Minkowski-Raum
4 Do, 26. Apr. 2018 08:00 10:00 05 119 Minkowski-Raum
5 Do, 3. Mai 2018 08:00 10:00 05 119 Minkowski-Raum
6 Di, 8. Mai 2018 10:00 12:00 05 119 Minkowski-Raum
7 Di, 15. Mai 2018 10:00 12:00 05 119 Minkowski-Raum
8 Do, 17. Mai 2018 08:00 10:00 05 119 Minkowski-Raum
9 Di, 22. Mai 2018 10:00 12:00 05 119 Minkowski-Raum
10 Do, 24. Mai 2018 08:00 10:00 05 119 Minkowski-Raum
11 Di, 29. Mai 2018 10:00 12:00 05 119 Minkowski-Raum
12 Di, 5. Jun. 2018 10:00 12:00 05 119 Minkowski-Raum
13 Do, 7. Jun. 2018 08:00 10:00 05 119 Minkowski-Raum
14 Di, 12. Jun. 2018 10:00 12:00 05 119 Minkowski-Raum
15 Do, 14. Jun. 2018 08:00 10:00 05 119 Minkowski-Raum
16 Di, 19. Jun. 2018 10:00 12:00 05 119 Minkowski-Raum
17 Do, 21. Jun. 2018 08:00 10:00 05 119 Minkowski-Raum
18 Di, 26. Jun. 2018 10:00 12:00 05 119 Minkowski-Raum
19 Do, 28. Jun. 2018 08:00 10:00 05 119 Minkowski-Raum
20 Di, 3. Jul. 2018 10:00 12:00 05 119 Minkowski-Raum
21 Do, 5. Jul. 2018 08:00 10:00 05 119 Minkowski-Raum
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The Cosmological Red-shift

Chapter 5 | Observational
Cosmology and the
LCDM Model

5.1 Cosmological Red Shift

Most of the information we gather on earth about the cosmos comes in the
form of electromagnetic radiation. Here we would like to investigate how
the universe’s dynamics can affect a generic light signal of wavelength l

(or frequency n = c/l). According to the Cosmological Principle, we
can place the origin of our coordinate system where we would like to, so
we choose r = 0 and for simplicity we forget about the angular coordi-
nates q and f (equivalently, we can think of keeping them constant). An
electromagnetic wave traveling from a distant star towards us (in the �r
direction) has the following equation of motion in an FLRW universe

dt

2 = dt2 � a2(t)
dr2

1 � kr2 = 0 . (5.1)

If the wave (say, a certain crest of the wave) leaves the star at time t1 and
reaches our telescope at time t0, integrating the last equation we have

Z t0

t1

dt
a(t)

=
Z r1

o

drp
1 � kr2

=

8
<

:

sin�1 r1 k = 1
r1 k = 0
sinh�1 r1 k = �1 .

(5.2)

If our star belongs to a galaxy (as basically always it is the case), it has
fixed coordinates, so

R t0
t1

dt
a(t) is a time-independent function, as it is clear
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Light ray in the FLRW space-time:

Separating the variables:

a(t) does not vary much between two crests

t1

Emission
Observation

t0
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from Eq. 5.2. This means that if we consider another crest of the elec-
tromagnetic wave leaving the star at a slight different time t + dt we will
find the same result as before for the integral

R t0+dt0
t1+dt1

dt
a(t) . Subtracting the

two integrals and assuming that a(t) does not vary much between the
two crests,

Z t0+dt0

t1+dt1

dt
a(t)

�
Z t0

t1

dt
a(t)

=
1

a(t)

Z
dt1

dt0
=

dt0
a(t0)

� dt1
a(t1)

= 0 (5.3)

and therefore
dt0

a(t0)
=

dt1
a(t1)

(5.4)

Frequencies and times are inversely proportional, so

dt1
dt0

=
a(t1)
a(t0)

=
n0
n1

=
l1
l0

. (5.5)

We can now introduce the red-shift parameter and relate it to the scale
factor

z =
l0 � l1

l1
=

a(t0)
a(t1)

� 1 . (5.6)

The wavelength l1 is the original one emitted from the star, as measured
by a nearby observer, while l0 is what we will observe on the earth (at
r = 0 of our coordinate system).
If z > 0, then l0 > l1 : this is called red-shift and corresponds to an
expanding universe.
If z < 0, then l0 < l1 : this is called blue-shift and corresponds to a
contracting universe.

5.2 Age of the Universe

We would like to use the Friedmann equations for determining how old
the universe is as a function of the curvature and of the matter/enegy
content. The scale factor has no dimension and can be thought as the
ratio of two lenghts, or "radii": R(t) at a time t, and R(0) at t = 0 which is
a reference time, for example "today". For t = 0 we have therefore a(0)=1.
Multiplying and dividing the second Friedmann equation by the critical
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density rc = 3H2
0/8pG (H0 is the Hubble parameter’s value today) we

have

H2 =
8pG

3
rc

"

Â
i

ri
rc

+
rk
rc

#
, (5.7)

where we have defined rk = k/(a2) which looks like a density due to the
global curvature of the universe.
Strictly speaking, this is just a formal analogy, and we should not think at rk
as a contribution to the energy density: this definition just helps in writing the
equations in a more appealing way.
Remembering how the different energy densities scale (r(t) =µ a�(1+3w))
and introducing the present-day density factors W0

x = r

0
x/rc, Eq. 5.7 be-

comes

H2 = H2
0

"
W0

m
a3 +

W0
r

a4 +
W0

k
a2 + W0

L

#
. (5.8)

For making better contact with measurements, we can introduce the red-
shift parameter z = a0/a � 1 (a0 = 1 in our convention):

H2 = H2
0

h
W0

m(1 + z)3 + W0
r (1 + z)4 + W0

k(1 + z)2 + W0
L

i
. (5.9)

The last equation can be further simplified with the following steps

• We can rewrite H = ȧ/a using the red-shift parameter, obtaining
H = � 1

1+z
dz
dt .

• Approximate W0
r ⇡ 0 since the era when the universe was radiation-

dominated was much shorter than the matter domination and vacuum-
energy domination.

• Remember that the sum of all the density parameters is equal to 1
by definition, so we set W0

k = 1 � W0
m � W0

L.

obtaining after some algebra

Dt =
1

H0

Z z

0

dz0

1 + z0
1q

(1 + W0
mz0)(1 + z0)2 � z0(2 + z0)W0

L

. (5.10)

The integral over the red-shift factor extends from today (z = 0) to some
era when the factor was equal to z. For obtaining the total age of the
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The previous formula can be rewritten using the red-shift parameter
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where we have defined rk = k/(a2) which looks like a density due to the
global curvature of the universe.
Strictly speaking, this is just a formal analogy, and we should not think at rk
as a contribution to the energy density: this definition just helps in writing the
equations in a more appealing way.
Remembering how the different energy densities scale (r(t) =µ a�(1+3w))
and introducing the present-day density factors W0

x = r

0
x/rc, Eq. 5.7 be-
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For making better contact with measurements, we can introduce the red-
shift parameter z = a0/a � 1 (a0 = 1 in our convention):
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The last equation can be further simplified with the following steps

• We can rewrite H = ȧ/a using the red-shift parameter, obtaining
H = � 1

1+z
dz
dt .

• Approximate W0
r ⇡ 0 since the era when the universe was radiation-

dominated was much shorter than the matter domination and vacuum-
energy domination.

• Remember that the sum of all the density parameters is equal to 1
by definition, so we set W0

k = 1 � W0
m � W0

L.

obtaining after some algebra
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so

we obtain the approximate formula

where the integral extends from today (z=0) to some epoch characterized by z.
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Age of the Universe
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extend to 1

This integral is O(1), so Age of the Universe       1/H0         14 Gyr⇡ ⇡
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universe, we have to extend the integration to z ! •. Since the integral
in Eq. 5.10 is of order one, a quick estimate of the age A of the universe
is A ⇠ 1/H0 ⇡ 14 Gyr.
The exact calculation can be carried out only numerically, but it is inter-
esting to investigate the simple analytic result were the universe is flat
(k = 0 ) W0

L = 1 � W0
m) and just dust-filled (W0

L = 0):

A =
1

H0

Z •

0

dz0

(1 + z0)5/2 =
2

3H0
⇠ 10 Gyr . (5.11)

5.3 Measurement of Cosmological Distances

Measuring distances at the cosmic scale requires different methods, each
of which is appropriate in a certain range. If the various methods partially
overlap, it is possible to construct a distance ladder which calibration can
be checked.
The distance has to be put in correspondence to the cosmological param-
eters and variables we studied so far.
Considering a light source at a certain distance d from us emitting a flux
F (power/surface), it scales with the distance as

F =
L

4pd2 =
L

4p(a0r)2 =
L

4pa2
0r2(1 + z)2 , (5.12)

where we introduced the actual distance as a function of the FLRW vari-
able r. In the last step, we used the definition of red-shift parameter
(1 + z = a0/a) and the scaling of the flux with the distance. The flux
has dimensions Energy/(time⇥surface): the energy is red-shifted by a
factor a/a0, while the time by a0/a. We can now introduce the so-called
luminosity distance dL

dL = a0r(1 + z) =

r
L

4pF
. (5.13)

Knowing the absolute luminosity of an astronomical object and measur-
ing the flux on earth, the distance can be calculated. Now we would like
to know how the distance depends from the cosmological parameters.

48

Simple analytical case: flat Universe with no cosmological constant:
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Cosmological Distances

Astrometric  
Methods

Parallax

Cepheids

Type Ia Supernovae
Ex

tra
ga

lac
tic

W
ith

in 
the

 M
ilky

 w
ay

Main Sequence Fitting

An (incomplete) list of distance estimation methods

The Cosmic Distance Ladder

Galactic Properties

AU range

up to 20000 ly 
with space telescopes

Close galaxies, ~107 ly

~1010 ly

3Gpc

Hubble Law
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Luminosity Distance

Power received

True luminosity 
(i.e. power)

Detector Area

Photon Energy redshift

Distance taking 
into account expansion

P = L ·

R2

1

R2
0

�
·


A

4⇡R2
0r

2
1

�

l =
P

A
Apparent luminosity

In Euclidean space

We can thus define the  
luminosity distance dL =

R2
0

R2
1

r1

l =
L

4⇡d2L

r0

r1

= (z + 1)r1R0

Ri = R(ti)
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Cosmological Distances
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Defining the following expansion coefficients

H(t) =
1
a

da
dt

Hubble Parameter

q(t) = �1
a

d2a
dt2 /

✓
1
a

da
dt

◆2
Deceleration

j(t) =
1
a

d3a
dt3 /

✓
1
a

da
dt

◆3
"Jerk"

s(t) =
1
a

d4a
dt4 /

✓
1
a

da
dt

◆4
"Snap" (or Jounce)

c(t) =
1
a

d5a
dt5 /

✓
1
a

da
dt

◆5
"Crackle"

p(t) =
1
a

d6a
dt6 /

✓
1
a

da
dt

◆6
"Pop"

...

(5.16)

we can write the scale factor as

a(t) = a0


1 + H0(t � t0) � 1

2
q0H2

0(t � t0)
2 +

1
6

j0H3
0(t � t0)

3 + ...
�

(5.17)

The red-shift is (here we keep c 6= 1)

1 + z =
a(t0)

a(t0 � D/c)
, (5.18)

where D/c is the time at which the light signal was emitted and D is
the distance travelled since the emission. Substituting the expansion in
Eq. 5.17 in Eq. 5.18 and expanding it in the parameter x = H0D/c with

1
1 + x + ax2/2 + bx3/6 + cx4/24 + ...

=

1 � x + (1 � a
2
)x2 + (a � b

6
� 1)x3

+
1

24
(6a2 � 36a + 8b � c + 24)x4 + O(x5) ,

(5.19)
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We can substitute the same expansion which lead to Eq. 5.20 (multiplying
and dividing by a0) and obtain

Z t0

t0�D/c
A(t)dt =

D
a0

"
1 +

1
2

H0D
c

+
2 + q0

6
H2

0 D2

c2 + ...

#
. (5.25)

Combining Eq. 5.21, 5.22, 5.24, and 5.25 we can express the luminosity
distance as a function of the redshift

dL(z) =
cz
H0

"
1 +

1
2
(1 � q0)z � 1

6

 
1 � q0 � 3q2

0 + j0 +
kc2

H2
0 a2

0

!
z2

+
1
24

 
2 � 2q0 � 15q2

0 � 15q3
0 + 5j0 + 10q0 j0 + s0 +

2kc2(1 + 3q0)

H2
0 a2

0

!

+... .

(5.26)

The last expression relates two measurable quantities (z and dL) without
specifying the energy-momentum tensor (the matter-energy content of
the universe). Fitting distance data with Eq. 5.26 allows the estimation
of the Hubble parameter, the deceleration parameter and if the dataset is
precise enough, even higher-order terms (j0,...). Note that if we keep only
the term linear in z, we have the original Hubble law dL ⇠ H0z, where
the red-shift is proportional to the distance.

5.5 The LCDM Model

With LCDM Model, we intend the current Standard Cosmological Model
which best fits the available observations. An important source of exper-
imental information is the Cosmic Microwave Background (CMB), which
we will discuss later on. Since up to now we discussed cosmic distances,
we mention here the most important experimental method which lead to
the estimate of the density parameters.

5.5.1 Type Ia Supernovae
As we have seen, the calculation of the luminosity distance requires the
knowledge of the absolute luminosity of an object. Astronomical objects
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we obtain

z(D) =
H0D

c
+

2 + q0
2

H2
0 D2

c2 +
6(1 + q0) + j0

6
H3

0 D3

c3

+
24 � s0 + 8j0 + 36q0 + 6q2

0
24

H4
0 D4

c4 + ... ,
(5.20)

and inverting it we can write the distance as a function of the red-shift

D(z) =
cz
H0

"
1 �

⇣
1 +

q0
2

⌘
z +

 
1 + q0 +

q2
0

2
� j0

6

!
z2

�
✓

1 +
3
2

q0(1 + q0) +
5
8

q3
0 � 1

2
j0

5
12

qo j0 � s0
24

◆
z3 + ...

� (5.21)

What is usually measured, is the luminosity distance defined in Sec. 5.3,
so we have to convert the physical distance D to dL. Using Eq. 5.12, the
luminosity distance can be written as

dL =
a2

0r0

a(t0 � D/c)
. (5.22)

where r0 is the "radious" at the detection point (r=0 is the emission point).
The radial coordinate r0 is given by inverting Eq. 5.2 for the three possible
values of the curvature k:

r0(D) =

8
>>>>>>><

>>>>>>>:

sin
Z t0

t0�D/c
A(t)dt k = 1

Z t0

t0�D/c
A(t)dt k = 0

sinh
Z t0

t0�D/c
A(t)dt k = �1

(5.23)

with A(t) = cdt/a(t). The last expression can be expanded in Taylor
series with the integral as parameter. Remembering that sin x ⇠ x �
1
3! x

3 + 1
5! x

5 � ... and sinh x ⇠ x + 1
3! x

3 + 1
5! x

5 + ... we can write

r0(D) =

✓Z t0

t0�D/c
A(t)dt

◆
� k

3!

✓Z t0

t0�D/c
A(t)dt

◆3
+ ... . (5.24)
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Expand the scale factor

Relation to redshift

Luminosity distance

Fit to the dL / z data:

Measurable

+...
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Discovery of the Accelerated Expansion
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Type 1a Supernovae

 Image from : NASA, ESA and A. Feild (STScI)

Type 1a supernovae are used as 
standard candles.

SNe Ia occur in binary systems 
where one of the two stars is a 
carbon-oxygen white dwarf. 

The efficiency of the explosion after 
accretion is determined by the core 
temperature and ultimately by the 
mass of the star 

The peak luminosity can be used as 
standard candle, since this type of 
stars have similar masses.
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Recent Data
Rebinned version of the data from arxiv-1401.4064


