STRONGLY DEGENERATE TIME INHOMOGENEOUS SDES: DENSITIES AND
SUPPORT PROPERTIES. APPLICATION TO HODGKIN-HUXLEY TYPE
SYSTEMS.
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ABSTRACT. In this paper we study the existence of densities for strongly degenerate stochastic
differential equations (SDEs) whose coefficients depend on time and are not globally Lipschitz. In
these models neither local ellipticity nor the strong Hérmander condition is satisfied. In this general
setting we show that continuous transition densities indeed exist in all neighborhoods of points
where the weak Hormander condition is satisfied. We also exhibit regions where these densities
remain positive. We then apply these results to stochastic Hodgkin-Huxley models with periodic
input as a first step towards the study of ergodicity properties of such systems in the sense of [31]-[32].

1. INTRODUCTION

This paper belongs to a series of three articles (see also [23], [24]) in which we carry a probabilistic
study of multidimensional strongly degenerate and time inhomogeneous random systems and their
ergodic properties, with a view towards statistical inference in neuroscience. An important step on
the road to ergodicity is to show that such systems possess Lebesgue densities and to address properties
of the support of their law. This is the topic of the present paper. We establish that densities exist,
are smooth and strictly positive, at least on suitable parts of the state space. The coefficients of our
stochastic differential equations (SDEs) depend on time and are not globally Lipschitz. The noise is
degenerate. In the main application we have in mind the noise is actually one dimensional and present
in only few components of the system.

In order to prove existence of densities, is has become classical to use Malliavin Calculus and
the Hérmander condition (cf. [36]). Hormander sufficient condition ensures that the diffusion in the
random system is actually strong enough even if the noise is visible only on a restricted number of
components. It is satisfied when the Lie algebra generated by the coefficients of the SDE has full
dimension and can be found under two forms: the strong form involving the diffusion coefficients only,
and the weak form possibly including the drift coefficient. In our case, we can only hope for the weak
Hormander condition to be satisfied. Moreover in general this condition will hold only locally. SDEs
satisfying local Hormander condition with locally smooth coefficients have been considered recently
in a time homogeneous setting (cf. [2], [3], [14], [18]). In these works the local Hérmander condition
is ensured by a local ellipticity assumption (hence these papers deal with the strong form of this
condition). However in our framework time homogeneity fails and we must work with the weak
form of Hérmander condition, which holds only locally. In this general setting we show that smooth
transition densities indeed exist in all neighborhoods of points where the weak Hormander condition
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is satisfied. We also prove that these densities are lower semi continuous (Isc) w.r.t. the starting
point even if our system does not enjoy the Feller property. In order to do so we extend a localization
argument and estimates of the Fourier transform introduced in [2], [3], [14] and [18].

Our motivation is to describe with probabilistic tools the long time behavior of a neuron embedded
in a network in order to be able to estimate either the parameters of the model or the underlying
network activity or the characteristics of the spike trains generated by the neuron. The network
activity is present via the synaptic stimulation the neuron receives through its dendritic tree. We
describe the neuron by the Hodgkin-Huxley model which is very well known in physiology. This
system is notoriously mathematically difficult and may exhibit a collection of different behaviors
when submitted to a deterministic periodic input. The synaptic stimulation we consider is a random
input carrying a deterministic and periodic signal. We are interested in ergodicity for the process
composed of the neuron on the one hand and the input it receives on the other hand. This results in
a five dimensional (5D) time inhomogeneous random system driven by a one dimensional Brownian
motion present in the first and last component only. This system belongs to the general class of SDEs
mentioned above.

Because of this original motivation we find it natural to introduce an intermediate family of models
that we call SDEs with internal variables and random input which lies in between the general class
of SDEs and our specific 5D-stochastic Hodgkin-Huxley. This family includes all conductance based
models with synaptic input relevant for modeling in neuroscience (the Hodgkin-Huxley system is a
conductance-based model). It is also relevant in biology and physics since it describes on a macroscopic
scale the limit of a population of individuals of different types represented by the internal variables,
coupled by a global variable. In the microscopic model, each individual can occupy two states, active
or inactive. In neuro-physiology, individuals can be ion channels of different types, see e.g. [25]: here
the active state corresponds to open channels, and the inactive state to closed channels. The transition
rates between these two states depend on the global variable only. The deterministic system on which
the SDEs are built is obtained as the limit of a sequence of Piecewise Deterministic Markov Processes
when the number of individuals goes to infinity (cf. [11], [40], [17], [38]) in the sense of the Law of
Large Numbers. When we consider SDEs with internal variables and random input we consider that
the population is infinite, we neglect the intrinsic noise related to finite size effects and we focus on the
external noise received from the environment. For instance, when we model a neuron, the individuals
in the population are the ion channels and the global variable is the membrane potential (see [38]).

For systems in this family we provide an explicit discussion of the Héormander condition that we
later illustrate numerically in the last section devoted to the 5D-stochastic Hodgkin-Huxley model.
Then we exhibit regions where densities, if they exist, remain positive. These regions are related to
neighborhoods of equilibrium points of the underlying deterministic system. The particular structure
of SDEs with internal variables and random input, namely some linearity in the internal equations,
plays a key role for the control argument that we use. We also show that with positive probability, the
solution of these systems can imitate any deterministic evolution resulting from an arbitrary input,
on an arbitrary interval of time. This ‘chamaeleon property’, stated in Theorem 5, is one of the main
results of our paper. It is used in [24] to prove that the 5D-stochastic Hodgkin-Huxley system emits
an infinite number of spikes in the long run almost surely.

We finally apply the general results obtained for SDEs with internal variables and random input
to the 5D-stochastic Hodgkin-Huxley model. In particular, the present paper shows that the 5D-
stochastic Hodgkin-Huxley model possesses smooth Lebesgue densities. The Hérmander condition is
satisfied at certain equilibrium points. Therefore, depending on the starting point, the 5D-stochastic
Hodgkin-Huxley model possesses strictly positive densities in small neighborhoods of such equilibrium
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points. We use this result in two companion papers [23] and [24], where we address periodic ergodicity
and prove limit theorems. To the best of our knowledge, no other probabilistic study has been
presented in the literature before. There are some simulation studies (see e.g. [39] and [45]), but not
much seems to be known mathematically.

The present paper paper is organized as follows. In Section 2 we first present our general SDEs
and assumptions. Section 3 is devoted to proving our first main result, stated in Theorem 1, which
shows the local existence of smooth densities for time inhomogeneous systems with locally Lipschitz
coefficients. In Section 4 we introduce SDEs with internal variables and random input. We explicit
the weak Hérmander condition and address the positivity of densities for such systems. Theorem 5 in
Section 4 states the ‘chamaeleon property’, our second main result. Section 5 of the paper is devoted
to the 5D-stochastic Hodgkin-Huxley model (with some reminders on the deterministic system). In
the appendix (section 6) we provide complementary proofs.

2. THE SETTING

In this section we describe the systems of SDEs to be considered in our paper. Given integers

m > 1 and [ < m, we write x = (x1,...,2,,) for generic elements of IR™. Let
01’1(3?) . Ul’l(fL‘) b1 (t7 LE)
o(x) = and  b(t,z) = :
Om1(T) . Om1(x) b (L, x)

We suppose that ¢ is measurable from IR™ to IR™®! and that b(t,z) is a smooth function from
[0, 00[x IR™ to IR™. For all € IR™, we consider the SDE

t l t
(1) Xiy ::m—|—/ bi(s,Xs)ds+Z/ oip(X)dWE t>0,i=1,...,m,
0 =1 Y0

and assume throughout this paper that a unique strong solution exists (at least up to some lifetime).
Here, W1, ..., W' are independent one-dimensional Brownian motions. Thus the system (1), an
m—dimensional SDE driven by [—dimensional Brownian motion for [ < m, is strongly degenerate.
We write P, for the probability measure under which the solution X = (X;);>0 of (1) starts at . Note
that the time dependence is in the drift only. We assume that (1) satisfies the following assumptions.

(H1) There exists an increasing sequence of compacts K, C K, of the form K,, = [a,,b,] =

[T, [an,i, bn ) where a, = (an1,...,an,m), such that for any = € |J,, K, the unique strong solution
to (1) starting from x at time 0 satisfies that T,, := inf{t : X; ¢ K,,} — oo almost surely as n — oco.
(H2) The coefficients of (1) are locally smooth. Namely we assume that for alln, 0, 5 € Cp° (K, IR)
for all 1 < i < m,1 < k < I. Moreover, we suppose that for every multi-index 3 € {0,...,m}!,l >
1, b(t,x)+ Ob(t,x) is bounded on [0,T] x K, for all T > 0. Here 0 = ﬁ and we identify
Ty O ;
i) with ¢.

Notice that as a consequence of assumption (H1) we could choose as state space of the process
(X¢,t > 0) the set E :={J,, K,,. We will do this in some parts of the paper, e.g. in Sections 4 and 5.

Example 1. Consider the two dimensional damping Hamiltonian system

X = X1 Xm,t = g(Xt)dt
X ’ dXoy = 6(X)dW, +V'(t, X7 ,)dt
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evolving in a time dependent potential V (t,-). Here, W is a one dimensional Brownian motion. We
suppose that g,6 and V' are such that our conditions (H1) and (H2) are satisfied. Systems of the
above form are widely studied in the literature. They serve as models of physical systems subjected to
random perturbations, see e.g. [12] where a chain of rotators is considered whose ends are coupled to
stochastic heat baths. In the last years, the necessity of performing inference about unknown parameters
within such models gave rise to several papers within the statistical literature. We refer the reader to
[42] and to [9] and the references therein. A first step towards statistical inference is the existence, at
least locally, of a transition density. This is the topic of the next section.

3. EXISTENCE AND SMOOTHNESS OF DENSITIES FOR (1)

Classically, one proves that the solution of an SDE admits a smooth density via Malliavin Calculus,
imposing the Hormander condition. In most of the cases it is assumed that the coefficients of the
SDE are C'*°, bounded, with bounded derivatives of any order and that the Hormander condition
is satisfied all over the state space. However, in our case, the coefficients of (1) are not globally
Lipschitz. Regarding the Hérmander condition there are actually two possibilities: either to work
under the strong Héormander condition or under the weak one which is a less stringent assumption.
The strong degeneracy of (1) imposes to work under the weak form of Hérmander condition, which
moreover may hold only locally. In addition the drift coefficient depends on time. Hence we have to
apply local arguments in a time inhomogeneous setting.

3.1. Local Hoérmander condition in a time dependent setting. In this section we state our
local weak Hérmander condition. The first step is to rewrite (1) in Stratonovich form. This amounts
to replace the drift b(¢, z) by

l m
(2) bilt ) 1= ZZ r) 27k Ao, 1<i<m. e R,
k: j=1

which is still time inhomogeneous. Now we have to take care of time dependence in the drift of (1).
Let us consider the vector fields (or linear differential operators of order one) Ag and Aq,..., A; on
[0, +oo[xIR™ whose coefficients are given by b and o1,...,07, where o} denotes the k—th column of
the matrix o, for any 1 < k <1 :

0 . 0 o -
AO_E—F;bZ(t’x)%_E—Fb? Ak_zalk

Ap and Ay, can be identified respectively with the (m+1)—dimensional function A (t, z) = (bo, . . . , bym)
where by = 1 and Ay (t,z) = (00,k,01,k,---,0mk) Where oo = 0. Actually there is a one-to-one
correspondance between vector fields 7 (¢, z) = To(t,z) & + 7| Ti(t, z) 8%1- and (m+ 1)—dimensional
functions (79, T1,- -, Tm)-

The Lie bracket of two vector fields T (¢, z) = To(t, z) 2 S+ Tt x) -and V(t, ) = Vo(t, x)%—i—
> Vi(t,a:)a%i is defined as

“ oT; oT; - oV, oT;
; e, Vin,) = <’ro —voat )+ (Tigy —Vigy )

Jj=1
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In particular since o in (1) does not depend on time, for all 1 < k <1,

_ “ 6Vz (90'1‘,k
[Ak, V]; = Z(UJJC(TT]_ =V oz, )

j=1

where no time derivative appears. On the contrary a time derivative is present in [Ag, V] since

oV, i, 5 OV ob;
o) Tl lbig, ~Vig,,

[Ao, V]i = ( ).

=1

Notice that whenever Vy vanishes identically, [Ag, V]o = 0 since g is zero and [Ag, V]o = 0 as
well since by is constant equal to 1. In this case the vector fields [Ag, V] and [Ag, V] belong to the
m-~dimensional space generated by the %, 1 <4 < m. In particular [Ax, Ag] belong to this latter

space as well as all Ag,1 < k <, by definition.

Given Ajp,..., A; and Ag we can build two Lie algebras. On one hand the Lie algebra A generated
by the set {4y, A1, ..., A;} including the drift vector. On the other hand, we may define a set Ly of
vector fields by ‘initial condition’ Aq,..., A; € Ly and at most N iteration steps

(3) Lely = [L,Ao},[L,Al},...,[L,Al} eLn,

for any fixed N € IN. Notice that Ly does not contain the drift vector Ay, but the construction
allows to take brackets with Ag in further steps. Write £}, for the closure of £x under Lie brackets
and LA(Ly) for the linear hull of L%, i.e. the Lie algebra spanned by Ly. Finally, we write £ =
LA(Uy £n)- As just noticed the dimension of £(t, z) cannot exceed m whatever (¢, z) € [0, +oo[xIR™.
However the dimension of A(¢,z) can be equal to m + 1. Actually the following result holds.

Proposition 1. For all (t,z) € [0, +oo[xR™, dim A(¢,z) = dim L(¢,z) + 1.

Before giving the proof of this proposition we state the local weak Hormander condition we are
going to work with. Recall £ = |J,, K,, C IR™ from condition (H1).

(LWH) We say that the Hérmander condition is satisfied at (¢, yo) if there exist r €]0,¢[ and R > 0
such that Bsr(yo) C E and dim A(s,y) =m+1, V(s,y) € [t —r,t] X Bsr(yo) (local weak Hérmander
condition).

Proof of Proposition 1. For a fixed integer N, consider the Lie algebra LA(Ly) spanned by £Ly.
Construct also iteratively the set Ax such that it contains Aq,..., 4; and Ay (initialization) and is
stable by Lie brackets with Ag and Ay, 1 < k < (iteration) of order up to N. Then define LA(Ay)
as the Lie algebra spanned by Ay. The difference in the initialization between £y and Ay plays a
key role. Ax \ Ly consists of Ay and the descendance of Ag in the sense of iterated Lie brackets (3).
This implies that Ay C {Ag} ULy U—Ly where we denote by —Ly the set {—L; L € Lx}. Notice
that Lny U —Ly belongs to the m-dimensional space generated by the a%, 1 <i<m,and A is the

only vector field with non trivial coordinate in the direction of %. As a consequence, for all N,

dim Vect(Ay) =1+ dim Vect(Ly), whence dim Vect(U Ay) =1+ dim Vect(U LN).
N N

Since Vect(l|Jy An) = A is the Lie algebra generated by {Ao, A1,...,4;} and Vect(Uy Ln) = £, this
implies the result. O

In the sequel we will check (LWH) at (t,y0) by successive computations of Lie brackets looking
for r €]0,¢] and N € IN such that dim LA(Lxy)(s,y0) = m, Vs € [t —r,t].
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Remark 1. We had to state our local weak Hérmander condition in a time inhomogeneous frame.
Such a time inhomogeneous situation has already been considered in [8] - however supposing that the
weak Hormander condition holds globally. [8] recalls also an example from [44] which points out the
necessity to incorporate the operator % to the original framework via extension of the coefficient b
into Ao described above.

3.2. Local densities for (1). Let us recall that an IR™- valued random vector Z admits a density
with respect to Lebesgue measure or is absolutely continuous on an open set O C IR™, if for some

function p € L(0),
)= [ 1w

for any continuous and bounded function f € C,(IR™) satistying supp(f) C O.

Theorem 1. Assume that (1) satisfies (H1) and (H2). Assume moreover that (LWH) is satisfied
at (t,y0). Fiz x € R™ and denote by (X¢,t > 0) the strong solution of (1) starting from x. Then the
random variable X; admits an infinitely differentiable density on Br(yo), where R is given in (LWH).

Note that this density might be = 0 near yq; so far it is not granted that the process at time ¢
visits such neighborhoods for yg € int(E) for arbitrary choice of a starting point « € IR™ with positive
probability.

Theorem 2. Let us keep the assumptions and notations of Theorem 1 and for x in IR™denote by
po,i(x,-) the density of X; on Br(yo). For any fized y € Br(yo), the map IR™ > x — po(z,y) is
lower semi-continuous.

Given the assumptions (H1)-(H2) on (1), we have to use localization arguments in order to
prove these theorems. Localization arguments have been used in [30] and [14], however in a time
homogeneous framework. Moreover [14] works under the condition of local ellipticity which fails to
hold for (1). We prove below that [30] and [14] can be extended to a time inhomogeneous SDE
satisfying only the local weak Hormander condition (LWH).

Proof of Theorem 1. In this proof we rely on the following criterion based on Fourier transform
which ensures existence and regularity of Lebesgue densities. Let u be a probability measure on IR™
and [i its Fourier transform defined by [i(§) := ﬁ Jom €<Y5> u(y)dy. If fi is integrable, then p is
absolutely continuous and a continuous version of its density is given by

@ o) = G [ e e
If moreover
5) | et < oo

holds for all k € IN, then p is of class C*°.

We use this criterion in our situation in the following way. First, consider R > 0 provided by
(LWH) and let N be such that dim LA(Lx)(s,y) =m, Vs € [t —r,t] and y € B3sg(yo). Denote by @
a localizing function in Cp°(IR™) satisfying 1p,0) < ® < 1p,,(0). Fix 2, t and T with ¢ < T. We put
mo = Ey(®(X: — yo)). If mg = 0, then it is trivially true that X; has a density on Bgr(yo). Indeed,
in this case the density is simply = 0 on Bg(yo). If mg > 0, then we prove below that the probability
measure v defined by

(© [ ) = B (FXDBX - ),

0
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for all f € Cp(IR™), is such that for P(§) = %Em (e'=8Xe> (X, —yo)) , [€]F]2(€)] is integrable for
any fixed k € IN.

In the following, we will work for fixed k& € IN. The main step is to prove (12)-(13) below. Although
the form of (12)-(13) is classical, we have to make sure that they hold in our time inhomogeneous
framework. Let 1) € Cp°(IR™) such that

¢(y)—{ y if [y] <4R

SR if |yl > 5R

and [¢(y)| < 5R for all y. Let b(t,y) = b(t,y0 + ¢¥(y — o)) and G(y) = o(yo + ¢¥(y — yo)) be the

localized coefficients of (1). Assumption (H2) ensures that b and & are Cp°—extensions (w.r.t. z) of
b Byr(yo) A 0|8, 5 (yo) With b and its derivatives bounded on [0,T]. Let X satisfy the SDE

(7) dXi s = bi(s, Xs)ds + 6:(Xs)dWs, s<T, 1<i<m,
and Xi,O = Xo = z. If 2 € Byr(yo), the processes X and X coincide up to the first exit time of Byg (o).
For a fixed 0 in |0, t/2Ar A1[, where r is provided by (LWH), define 7y := inf{s > t—6; X € Bsr(yo)}
and 7o := inf{s > 71; X ¢ Byr(yo)}. The set {®(X: — yo) > 0} is equal to the union
{P(X:—yo) >0t—d=m <t<m}U {@(Xt —y0) > 0; iug5 | Xy mas( X)) — Xy | > R} ,
0<s<

where X, ,(z) denotes the value at time v of the solution of (7) satisfying X,, = z at time u when
u < v (classical notation for flows). Note that ®(X; — yo) > 0 implies X; € Bagr(yo). Using the
Markov property in 7, we obtain the following expression of 7,

molA/(f) = B <6i<E,Xt>q)(Xt - yO)l{@(Xt—y0)>0} l{supogsga’ |X71,71+5(X71)*X71\ZR})

+ By (€5 0(Xy — yo) (o (X, —yo) >0} L{t—smm <t<rs}) -

We are looking for upper bounds of |(¢)| to check whether |£|¥|2(€)| is integrable. The latter identity
reads mor(§) = A+ B. We will see shortly that the important contribution comes from |B|. To
control |A| we use the classical estimate

(8) P, <<I)(Xt —yo) > 0; sup | Xpy ris(Xr) — X | > R) < CO(T,q,m,b,0)R™167/2,
0<s<é

It is valid for all ¢ > 0 and holds uniformly in x. The constant C' (T, q,m,b,0) depends on the supremum

norms of b and &, hence by construction, on the supremum norms of o (resp. b) on Bsg(yo) (resp.

Bsr(yo) x [0,T]). Notice that the right hand side of (8) follows from

(9) E, < sup | X, — i,3|q> < C(T,q,m,b,0)(t — )72, forall0 <s<t<T.
us<u<t
Let us now estimate |B|. Thanks to the Markov property at time ¢ — 4,
(10) Bl < sup  |B, (0N 0208, 50(y) — 0) |
yEB3r(yo)

which again holds uniformly in x. As in [14], we take advantage of the relationship between the expo-
nential e!<&*> and its partial derivatives with respect to each component of z. Namely 3§?+k)ei<5vz> =
—ik§?+kei<f’z>. We denote by 03 = 6g+k> e agff’“) the composition of these partial derivatives and

set [[&]] := [Ty~ [€¢|- Then

(1) By (<Xt 0> 0(X, () = 90) ) | < 1€) 727 Ba (9pe SN0t @>0( % 50() = o)) |
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From the integration by parts formula of Malliavin calculus we conclude that for some functional Hy,

(12) B (78X 00> 0( X, _54(y) — y0))| < 16172 B (Hr(Xems.(y), 2(Xi—s4(y) — v0))]).

We show in the Appendix (Section 6) that

(13) ”Hk(Xt 575( ) q)(Xt 5t( ) yO))H;D < C(T7 ]f,p, R7 m, l)(s_m(k+2)kN'

The constant ky depends on the order IV of successive Lie brackets needed to span IR™ at any point of

Bsg(yo) according to (LWH). We deduce from (8) and (13) that, for any ¢ > 1 and any 0 < § < £ A7,
mo|[€*12(€)] < C(Tor k, R, g,m, 1) |[|€FR™I69/2 4 [|¢]| 267 (M +2)kw

In order to bound [|¢]|¥|2(¢)| above by an integrable function we now exploit (as in [14]) the freedom
that still remains in the choice of the pair (J,¢). Indeed, for a given &, we can choose (d, q) such that
€1 R=959/2 + ||€| =26~ ™k +2)kN tends to zero faster than [|€]|~3/2 as ||£]| — oo as follows:

S=t/2Ar ANLA €] T | g = 2m(k + 2)kn (2k + 3).
Then mol|¢]|*|2(¢)| < C(T,r k, R, q,m. 1) €] 2.
The above estimates hold for any fixed k € IN. Therefore the solution of (1) starting from 2 admits
the density
1

(14) porless) = G [ € B R0, — o))

on Bgr(yo). It remains to show that (5) holds for (§) and for any k € IN. We split the integrals
in (5) in two parts, over the bounded set I := {||¢]| < M} and its complement I° for some M > 0.
The modulus of the integrand is bounded on I. On I¢, we use the fact that E,(e?<¢*X+>®(X; — y))
coincides with #(¢) and the inequality just established: mq||||*|2(€)] < C(T,r, k, R,q,m,1) ||€]~2,
which is integrable over €.

Let us finally notice that applying the above arguments with k& = 0, we see that the continuity
of po+(x,y) in y is uniform in x since the upper bounds in (8) and (10), obtained for k = 0, do not
depend on x. This finishes our proof. O

Proof of Theorem 2. We keep the notations introduced in the proof of Theorem 1, in particular
® and v. In order to prove the lower semi-continuity w.r.t. x, it is enough to show that for fixed
y € Br(yo), the function pg (-, y) is the limit of an increasing sequence of continuous functions = —
p((ft) (x,y). We also use localization arguments here but now the approximating sequence is obtained
by considering X before it exits each compact K, (cf. (H1)). Note that continuous dependence
on the starting point holds for each approximating process which enjoys the flow property whereas
this property may fail to hold for X itself. So, given an integer n, let b (¢,z) and ¢(™ (x) denote
C>—extensions (in x) of b(t, |k, ) and 0|, . Let X (™ be the solution of the localized version of (1)
with coefficients b and ¢(™). The first exit time of K, by X is denoted by T}, (cf (H1)). Using that
T, — oo , we can write for any « € K,, and any positive measurable function f,

mo / JW)w(dy) = lim T By (F(X)®(X: — yo) Lz, )

()

Then for all n, since X;" = X; on {T}, > t} almost surely and ® is non negative,

mo / F@)Vdy) = By (F(X)(Xe = 1)Lz, ) = Ba (FX)OX = y0) i, 01)
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We approximate 17, -4} by some continuous functional on Q := C(IR, IR™). The set 2 is endowed
with the topology of uniform convergence on compacts. ]P’gfl), denotes the law of X on (Q, B(Q)),
starting from « at time 0. The family {IP(()ZZ,LE € IR™} has the Feller property, i.e. if z;, — z, then
P ]P’gf) weakly as k — oo. Thanks to this property, F, (f(Xt(n))tb(Xt(n) - y0)> is continuous

0,z x
w.r.t. . Define M;* = max,<; Xs(n) and my = ming< Xs(n) coordinate-wise. Due to the structure of
the compacts K, (see assumption (H1)), we can construct C°°—functions ¢™, ®™ such that Lan_1,00[ <
©" < gy oof a0d 1)_oop, ] < @™ < 1j_o 3, (these inequalities have to be understood coordinate-

wise). Then, since X; equals Xt(n) up to time T,
{Th—1 >t} ={an—1 <m} <M <b,_1} C{p"(m}) >0,9"(M]") >0} C {T,, > t},

and for any f > 0,
o (FMX" = yo) o) = Ba (FOX)DX = yo)@" (M) (m))

Define now a sub-probability measure v,, by
(15) mo [ Fn(dy) = Ex (FXEOX = go)#" (47 )" (7).

The new functional <I>(Xt(”) —yo) @™ (M*)™(m}) satisfies the same hypotheses as the former @(Xt(n) -
Yo). For any f >0,

/ F)m(dy) < / F )i (dy) 1 / F)(dy) as n— oo

If we can show that v, possesses a density, that we shall denote by mg 1pé’ft) (z,y), the following
inequalities will hold true

(16) Py y) < pSs (@, y) < pog(a,y)  foralln>1,

for any fixed x, A(dy) — almost surely. So in a next step we show that indeed v, possesses a density. In
order to indicate explicitly the dependence on the starting point x, we introduce the notation v, (x, &)
for 0, () as follows,

1 4 (m) n n ny, . n n
(0, €) 1= o (SN R(X — )@ (M) ()

and we apply the argument in the proof of Theorem 1. Inequalities (8) and (12)-(13) for & = 0 hold
for movy,(z,€) which also satisfies mg |y, (z, )| < C(T,r, R,q,m) ||€]|"2. Therefore & — ~,(x,£) is
integrable. Hence, mgr,, admits a density that we denote pé?t) (z,y) given by

mo

(1) P = g [ e e

s

From the fact that v, (z,£) — 2(§) as n — oo and that the upper bounds for |7y,| do not depend on n,
we deduce that pé’ft) (x,y) = po,(z,y). Taking into account (16), we conclude that pg ,(z,y) = lim,, 1

5 ().

It remains to show (by dominated convergence) that for any y € Br(yp), the map x — pg? (z,y)

is continuous. This is a consequence of the continuity of ~,(z,€) in x (which follows from the Feller

property of ]P’(()Zg and the fact that all operations appearing in 7, (z,£) are continuous on ) and the

fact that (8) and (12)-(13) (which we use here for k£ = 0) hold uniformly in x. O
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Example 1 continued Consider again the two dimensional diffusion X; of Example 1, under
the conditions (H1) and (H2). Then X; admits a smooth density locally around each point (x1,x2)

e F)
satisfying 6(x1,22) # 0 and F(x1,22) # 0.
4. DENSITIES FOR SDES WITH INTERNAL VARIABLES AND RANDOM INPUT

4.1. SDEs with internal variables and random input. As a particular subclass of systems (1),
we introduce in (18) below a structure of SDEs that we call ‘SDEs with internal variables and random
input’. This structure contains the stochastic Hodgkin-Huxley systems which we shall study in Section
5. Finally, in (19) and (20), we fix notations for certain deterministic (m — 1)—dimensional systems
which in view of the control theorem do have some relation to systems (18).

In order to model a neuron embedded in a network from which it receives an input through its

dendritic tree, and able to activate ion channels modeled by the internal variables 2,...,m — 1, we
consider systems of the type
(18) dX1, = F(Xui4, - s X—1,)dt +dXo 4,
dXZ‘,t = [—ai(Xl’t)Xi’t + bi<X1’t)]dt, 1=2,....m—1,
de,t = bm (t, Xm’t)dt + O'(met)th .

Note that the last component X,, follows an autonomous equation and represents random external
input to the system.

We shall also consider, for smooth functions ¢ — I(t), deterministic (m — 1)—dimensional systems
(19) where I(t)dt replaces dX,,, of (18) and thus acts as deterministic input to the system:

(19) le’t = F(Zlﬁt,...,melﬁt)dt-l-f(t)dt,

dzi,t = [—ai(zu)zm + bi(Zl’t)}dt, 7= 2, cee, M — 1,
and in particular, corresponding to zero input I(-) = 0, the system
(20) dziy = F(zi4,...,2m—1,t)dt,

dZi’t = [—ai(zl_,t)zi’t + bi(Zlytﬂdt, 7= 27 e, — 1.

Example 2 (FitzHugh-Nagumo with random external input). The well known FitzHugh-Nagumo
system is an important model in neuroscience, see e.g. [25] and [6]. We follow [25] and consider a
FitzHugh-Nagumo system driven by random external input of Ornstein-Uhlenbeck type. It is given by

(21) dX1; = [~Xoi+ f(X1)]dt +dX3;,

dXQ’t [le,t — CXQ,t]dt,

dXs (S(t) = X3 )dt + ~vdWy,
where b, e,y > 0 and where the function f is a cubic polynomial f(x) = x(a—z)(x —1). If a > 0, then
the deterministic system dz1 4 = [—z24 + f(21,0)]dt; dzey = [bz1s — czo,4]dt has a stable equilibrium.
In (21), the first variable X1 ¢+ models the action potential of the membrane of a single neuron at time
t. Xo+ is a summary variable representing the states of the ion channels in the membrane. Xz, is

a random external input of Ornstein-Uhlenbeck type, carrying a deterministic signal S(t). (21) is an
example for (18) with m = 3 and az(x1) = ¢, ba(x1) = bx;.

If for all 2 <i <m — 1, b; and a; — b; are positive, then the system (20) can be interpreted as the
limit of a sequence of stochastic systems, known under the terminology of ‘stochastic hybrid systems’,
in the sense of the Law of Large Numbers or Fluid Limit (cf [38]). Stochastic hybrid systems describe
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a deterministic dynamics which is coupled with jump Markov processes. More precisely, consider a
population of individuals of m — 1 different types, with N individuals of each type. Each individual
is in two states (active or inactive, corresponding to open or closed channels). The individuals are
coupled by a global variable z;: the transition rates between the two states depend on z; only and
are given by b;(z1) for a transition from ‘inactive’ to ‘active’ and by a;(z1) — b;(21) for a transition
from ‘active’ to ‘inactive’ for individuals of type ¢. The variable z; ; denotes the proportion of active
individuals at time ¢, and in the N — oco—limit, 2; ; gives the probability that an individual of type ¢
is active at time t.

Systems (20) arise in various modeling issues. We refer the reader e.g. to Section 2.2.2. of [19] where
the time evolution of the concentration of a molecule X in presence or absence of a rare molecular
species is described by a model of type (20).

The detailed form of the functions F' and a;,b; in the Hodgkin-Huxley system (cf. [20] and [25])
will be provided in Section 5. In this system, well-known in neurophysiology, three types of ‘agents’
are considered which are responsible for opening or closing of K* and Na' ion channels. In this
particular model, we have three equations for internal variables corresponding to m = 5. z; describes
the membrane potential of the neuron, which can be observed. The z;, ¢ = 2,3,4 are the gating
variables associated to specific ion channels located in the membrane, that are not observed. One
may consider models which include still more types of ion channels admitting their specific number
of different types of ‘agents’, hence the interest to consider models (18) with general m.

By the general assumptions associated with (1), the coefficients F' : IR™~! — IR, a;,b; : IR — IR for
2<i<m-—1and by, :[0,00] x R — IR are smooth. In what follows, we suppose that the coefficients
of (18) are such that (H1) and (H2) are satisfied. If we assume moreover that 0 < b;(z1) < a;(z1)
and a;(z1) >0 forall i =2,...,m — 1, for all z; € IR, then

bz(zl)
a; (Zl) ’
are equilibrium points of the internal equations when we keep the first variable fixed at constant value
z1. In particular, introducing

(22) Yioo(21) 1= 21 € IR,

(23) Foo(zl) = F(Zlva,oo(Zl)a s 7ym71,oo(zl)); z21 € Rv
any point (21, Y2,00(21), -+, Ym—1,00(21)) such that F(z1) = 0 is an equilibrium point of the system
(20).

The aim of the next two sections is to make the conditions of Theorem 1 explicit for systems (18).
First, we define some determinant D(z) on the points z of the state space and prove the following:
if D(yo) # 0, then (LWH) holds at (¢,y¢) for every t. Since this determinant can be evaluated
numerically we can check condition (LWH) at (¢,yo). Second, we prove a ‘chamaeleon property’ for
the system (18): on given finite time intervals, the solution of (18) imitates deterministic evolutions
(19) for (almost) any smooth deterministic input ¢ — I(¢) with positive probability, provided both
systems (18) and (19) have the same starting point. For systems (18), we thus do have tools to verify
condition (LWH) of Theorem 1 and to prove positivity of the density.

4.2. Weak Hormander condition for (18). We assume that assumptions (H1)-(H2) are satisfied
as well as the following additional assumption on the autonomous equation for X,,.

(H3) There exists an open interval U C IR such that the m—th equation in system (18)
de,t = bm(t, Xm’t)dt + O'(met)th
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possesses a unique strong solution taking values in U, whenever X,, ¢ € U. Moreover o(-) is strictly
positive on U and its restriction to every compact interval in U is of class C'*°.

The linearity of the equation for dX;, i € {2,...,m — 1}, with respect to X; has an important
consequence that we recall in the following proposition (the proof of this proposition is provided in
the Appendix).

Proposition 2. Fizi € {2,...,m—1}. Suppose that X; o € [0,1] a.s., and also 0 < b;(z) < a;(x),
for all x € R, x denoting the first component of (18). Then ¥Vt >0, X;, € [0,1] a.s.

In view of Proposition 2 we assume for the rest of this section that X; o € [0,1] a.s., and 0 < b;(z) <
a;(z), for all x € IR, for all i € {2,...,m — 1}. We define E,, := IR x [0,1]™"2 x U where U is given
by (H3) and take E,, as state space for systems (18).

Definition 1. For any integer k > 1 denote by a;’f) the partial derivative of order k w.r.t. x1.
For any x € R™ 1 x U consider Jy(x) := F(x1,%2,, " Tm_1) and J;(z) := —a;(x1)z; + b;(11),
2 <i<m-—1. We define D(z) as the determinant of the matriz (8g(clf)Ji(ac) (i,k) € {1,...,m—1}?).

Notice that the above determinant makes only use of the drift vector of the zero input system (20).

Theorem 3. Suppose that (18) satisfies (H1)-(H3). For x = (z1,...,Ty) € int(E,,), the condition
D(z) # 0 implies that (LWH) holds at (t,z) for allt.

We stress that the condition D(z) # 0 is a sufficient condition implying (LWH). D(z) can be
evaluated numerically for given sets of functions F(z1,...,Zm—1), a¢; and b;,2 < i < m — 1, defining
(18), see e.g. Section 5.4 below.

The proof of Theorem 3 will be given below (through Proposition 3). First we state some important
consequences and make some remarks. It is important to note that D(x) actually depends only on
the m — 1 first components of . In particular if the m — 1 first components of two points z and '
coincide, then D(z) = D(z’). This remark will be important in the sequel (see e.g. Proposition 2
below). Moreover the condition in Theorem 3 implies a version of (LWH) uniform w.r.t. time on
every compact interval [0,7]. Let us now define the set

D :={(x1,...,xm) € int(E,,); D(x)#0}.

The set D is an open subset of E,, by continuity of D on IR™~! x U. The following statement is a
direct consequence of Theorems 1 and 2 of Section 3.2.

Theorem 4. Suppose that (18) satisfies (H1)—(H3). Assume that yo € D and take R > 0 such
that Bsr(yo) C D. Then for any © € E,, and t > 0, the random variable X; admits an infinitely
differentiable density po(x, ) on Br(yo). The map y € Br(yo) — po.(x,y) is continuous, and for
any fized y € Br(yo), the map x € E,, — po(x,y) is lower semi-continuous.

Corollary 1. Grant the assumptions of Theorem 4. For all x € E,,, the following holds true. If
there exists y € D and t > 0 such that Py (z,U) > 0 for all sufficiently small neighborhoods U of y,
then there exists § > 0 such that, if K1 (resp. K3) denotes the closure of Bs(x) (resp. Bs(y)),

inf inf "y > 0.
nf  inf po.e(x',y')

The difficulty in practice is to obtain more information on D, in particular to know whether it
coincides with int(E,,). At least one would like to be able to specify open regions included in D. In
general, one can hope to achieve this goal only numerically unless the coefficients of the system are
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very simple. In Section 5 we provide details for a stochastic Hodgkin-Huxley model. The definition of
D comes from a particular choice of successive Lie brackets where we look for the directions in space
which propagate the noise at maximal possible speed according to the following intuition: the noise
in (18) is most rapidly transported through X; and X,,, since they are the only components carrying
Brownian noise explicitly. Accordingly, except for the first Lie bracket [Ag, A;] which involves the
drift Ag, we always use the diffusion coefficient A; in order to compute the brackets of higher order.
The corresponding development of the solution of (18) into iterated Ito integrals for small time steps
0, shows that the speed of the diffusion is of order ¢ 3 in the direction of Aq, of order 5% in the
direction of [Ag, A1] and for the subsequent Lie brackets we add a factor % to the exponent each time
we use Aj, so that the speed of the diffusion is of order 6% in the direction of [[Ag, A;], A1], of order
§13%3 in the direction of [[[Ag, A1], A1], A1] and so on. We refer the reader to [35], in particular
identity (12). Hence it is important to remember that belonging to D is only a sufficient condition for
(LWH) to hold.

We now prove Theorem 3 starting with the following key proposition about the computation of
Lie brackets in this specific case. The proof is a direct consequence of the definition of Lie bracket
recalled in Section 3.1 and is left to the reader.

Proposition 3. Consider on one hand ¢, ¥ and p smooth functions of x,, defined on U and on
the other hand a family of smooth functions y;, 1 < i < m—1, defined on IR™ !, which do not depend
ON Tp,. Let E and Y denote vector fiels on [0, +o0] x IR™ of the following form,

_ B o 0
E(t,r) = ‘P(afm)(aixl"'%)a
m—1
0 0 0
i=1 ' m

The Lie bracket [Z,Y] takes the form

E Y]t x) = o(@m)p(zm) i: Oz, Yi %
i=1 g

i a$1 + 8xm)

9 o . 0
+ o pam)p (@) Y vig—+ (U = ) (em) (5
i=1
Proof of Theorem 3. According to the notations of Section 3.1 with one dimensional driving

}~3rownian motion, hence | = 1, we write A; = J(avm)(a%1 + %) and 4o = & + 37, bi(’)ix,; where
b is given in (2). Let us consider the Lie brackets defined recursively by Ly := [A1, Ao] and Lgy1 =
[A1, Lg]. In order to illustrate the relationship between the Lj and the determinant D(x) introduced
in Definition 1, we compute explicitly L; and Lo. We find first that

Ly :Za(xm)(ab" 4 iy 9 (2 + 2,

pt oxr1  Ox,, Oxy ox1 Oz,

The drift b in (18) satisfies %BTT =0, gx; =0forallie{2,...,m—1}. Moreover gi’i = Oy, J; for
allie€{1,...,m—1}. Hence

m—1 7 7
0 oby 0 ob,, O
L= Z 0 (%) 0s, J; oz, + a(xm)(axm 9. T Oz, 9o

i=1

)= o ()b (o + =),
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We can further reduce the expression of L; using that the drift b in (18) satisfies also gf; = gi—::.
We obtain
m—1 7
0 0b = 0 0
24 L= )0 i 5+ (0(wm) 5o = 0 (@m)b ) (5 + ).
Proposition 3 applies to £ = A; and Y = L; with o(Tm) = p(Xm) = o0(zm), yi = 0y J;, for
1e{l,....m—1} ¥(zy) = (xm)gzz — 0/ (% )bim. Therefore, with this specific choice,
m—1 )
2 5(2
= ) o 0
m ! m a:n Jz a. - m a.. a. /
+ 32 om0 g (o0 = ) ()

Once again, identity (25) coupled with Proposition 3 enables us to work by iteration. We thus obtain
the following expression for Ly, for any k > 1:

m—1 k—1m—1
7] 0 7] 0
— kglk) g =2 0y = = L
(26) L= ; o(om)* O J; 5+ ; ; ewm) 050 s 5=+ ®(om) (5~ + 7).
The explicit expression of ®,, ® are not necessary to conclude. Indeed let us identify these Lie brackets
with the column vectors in IR™ obtained with their coordinates on the basis (%, ie{l,...,m}).
A sufficient condition for (LWH) to be satisfied is that the vector space generated by (A4, Ly, k €
{1,...,m—1}) coincides with IR™. It is sufficient that the determinant formed with these vectors does

not vanish. The definition of 4; and formula (26) imply that this determinant coincides with the deter-
minant obtained with the vectors A; and ik, ke {l,...,m—1} where L= 211_11 o ()" 83(01?:]1' 2

8x,~ :

Since o does not vanish on U (cf. (H3), we conclude that a sufficient condition is that D(z) does not
vanish. 0
Example 2 continued In the situation of Example 3, we have Jy(x1,22) = —x2 + f(x1) and

Jo(x1,me) = by — cxo. It is easy to see that in this case D(x) = —bf" (x1) # 0 for all x1 # “TH by
definition of f. Taking one more derivative, i.e. calculating the Lie bracket [Aq,[A1,[A1, Aol]] leads
actually to the condition f"'(x) # 0 which is always true. This highlights that D(z) # 0 is only a
sufficient condition implying (LWH), and the Fitzhugh-Nagumo system with random external input
of Example 8 actually satisfies the weak Hérmander condition on the whole state space.

4.3. Positivity of densities for models (18). Once we have proved that densities exist for (18),
even if only locally, we look for regions where they are positive. For this purpose we combine control
arguments and the support theorem. We keep the notation E,, = IR x [0,1]™~2 x U introduced in the
previous section. We start by proving an accessibility result for (18) in Proposition 4 below, which
holds without any assumption on the existence of densities and relies on some stability properties of
the underlying deterministic system (20). We refer the reader to [5] for similar ideas in the framework
of Piecewise Deterministic Markov Processes.

Let (X, )u>0 be a solution of (18). We denote by Py .(z,-) the law of X; when Xy = x a.s. Recall
the structure of system (20).

Proposition 4. Grant (H1)-(H3) and assume that U = IR. We keep moreover the assumptions
of Proposition 2 and suppose that 0 < b; < a; for all i € {2,...,m — 1}. Given an arbitrary real

number z1, consider Z := (21, Yioo(21), i € {2,...,m — 1}) in R™™ 1, where y; 0o (21) = bi(z1)

ai(z1) 5 an
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equilibrium point for the i—th equation of (20) when we keep the first variable fized at constant value
2. For all x € E,,, and any neighborhood N of Z in IR x (0,1)™~2 there exists to such that

(27) vVt > to, P()’t(l’, N x R) > 0.

Proposition 5. Let us keep the notations and assumptions of Proposition 4. Consider an arbitrary
real number z1 and the associated point Z == (21, Yioo(21), i € {2,...,m—1}) in R™™1. Assume that
D(z,u) # 0 for some u € IR, where the determinant D has been introduced in Definition 1. Then for
all x € E,,, there is tg > 0 such that for all t > to the following holds true. There exist u =u(t) € IR
and § = §(t) > 0 such that, if Ky (resp. Ks) denotes the closure of Bs(x) (resp. Bs(Z,u)),

zlél[f( ylélf po.t(a’,y") > 0.

Remark 2. Notice that for eachi € {2,...,m—1}, the solution of dy, = (—a;(z1)y:+bi(z1))dt with
z1 as a fized parameter, converges to y; oo (21) whent — +0o and that y; - (21) is globally asymptotically
stable. Proposition 4 holds in particular when F(Z) = 0. In this case Z is an equilibrium point of (20)
and — from (32) in the proof below — we can choose U(t) = U as a constant not depending on time.

Proof of Proposition 4. Let z; € IR and the associated point Z := (21, ¥i 00(21), 1 € {2,...,m—
1}) in IR™~!. As in the proof of Theorem 2 we write Q for C([0, 0o[, IR™) and endow it with its
canonical filtration (F;);>0. Recall that Py, is the law of (X,,),>0 starting from x at time 0. We first
localize the system by a sequence of compacts (K,,) according to (H1) and let T,, = inf{¢t : X; € K5}
be the exit time of K. For a fixed n, let (") (¢,2) and ¢(™)(x) be Cg°—extensions in = of b(t, 1K)
and o, respectively and X (") be the associated diffusion process (here we denote the coefficients of

(18) by b and o for short). For any integer n > 1 and starting point x, we write PE)ZZ for the law of

(qun))uzo on 2 satisfying Xén) = x. We wish to find lower bounds for quantities of the form Py ,(B)
where B={f € Q: f(t) € N x IR} € F, for any t > 0 given . We start with the following inequality
which holds for any ¢ > 0 and n:

(28) Po.(B) > Po,({f € B;T, > t}) = Py)({f € B;T,, > t}).

In the sequel we show that for some integer ng and any fixed x € K,,,, the quantity IP’ ({f e B;T, >
t}) is indeed positive provided that n is sufﬁciently large. We are therefore mterested in the support
of P{"). Fix t and let C := {h : [0,£] — IR : h(s = [y b(u)du, Vs_tf0h2 Jdu < oo} be the

T
Cameron-Martin space. Given h € C, consider X (h ( ) e R™ the solution of the differential equation

(29) X(h), =2+ / o™ (X (h),)h(u)du + / b (u, X (h),)du, s <t.
0 0

If (29) were time homogeneous, the support theorem would imply that the support of P( ) in restriction
to F is the closure of the set {X(h) : h € C} with respect to the uniform norm on [O,t] (see e.g.
[33] Theorem 3.5 or [4] Theorem 4). To conclude in our situation as well, it is enough to replace the
m—dimensional process X (™) by the (m+1)—dimensional process (t, Xt(")) which is time-homogenous.
In order to proceed further we construct a control h so that X (h) remains in K, during [0, t] provided n
is sufficiently large. We start by exploiting stability properties of the underlying deterministic system
(20). The main idea of our proof is to choose a a smooth function v : IR — IR satisfying v(7) := 21
for all 7 > 1. Once 7 is fixed, consider ys € IR™2 solving dy; s = [—a;(v(s))yi,s + bi(v(s))]ds, i =
2,...,m—1. Then for all t > 1,

t
Yit = Yio€ I3 ai(v(s))ds + / bi(/y(u))e_ M ai(Y(r)dr go, — yiJe_ai(Zl)(t_l) + yi,oo(zl)(l _ e—ai(zl)(t—l))_
0
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This formula expresses the fact that on [1,400[, the coefficients a;(y(s)) (resp. b;(v(s))) are constant
equal to a;(z1) (resp. b;(z1)). It shows that y;, — whenever 21 acts as a fixed parameter — converges
t0 Yico(z1) When ¢t — +o0o and that y; oo (21) is globally asymptotically stable. Hence for any € > 0
there exists tg > 1 such that |y;¢ — ¥i,00(21)] < € for all t > ¢y and all 2 < ¢ < m — 1. Now take ¢
so small that B.(Z) C N. Then for all ¢t > t; > 1, the vector (y(t),y2,t,---,Ym—1,+) belongs to B.(Z)
(remember that for ¢ > 1, v(t) is fixed at z1).

Fix an integer ng and x in K,,,. We are now able to construct a control h € C such that the solution
of (29) remains in K, during finite time intervals for all n large enough. Choose a function ~ as above
satisfying moreover v(0) = x1. Define (Z;),>09 € IR™, the deterministic path starting from = such that

(30) Zl,s = ’Y(S) )
dZi’s = [_ai(Zl,s)Zi,s+bi(Z1,s)]d57 i:2,...,m— ].7
Zms = &m—x1+7(s)— / F(Z,)du.
0
Conditionally on Z; s, ..., Z,,—1,s, the last component Z,, s plays the role of an integrated determin-

istic input s — [ I(u)du in (19).

Note that (Zs, s € [0,¢]) is bounded and therefore remains in K, for all n large enough. Now fix
t > to and consider a function h defined by

; — Y(s) = F(Zs) = bn(s, Zim,s) + l‘T(Zm,S)U/(Zm,S)
(31) h(s) = o Zo) 2 )

Since by assumption o(-) > 0 on IR (we have assumed that U = IR), the expression (31) is well-defined.
This assumption also provides that h € L2([0,¢]), hence h € C. Hence, with such a choice of h, the
solution X (h) of equation (29) coincides with the solution Z of system (30). As explained previously,
we can choose n such that (Zs, s € [0,¢]) remains in K.

Consider now, for § > 0, the tubular neighborhood Ts of (Zs, s € [0,t]) in Q of size §, namely the
set {f € Q :sup,<, |f(s) — Zs| < 0}. By the support theorem ]PE)ZZ (T5) > 0. Remember that we have
chosen € and tg in order to satisfy T5 C {f € Q: f(t) € B.(Z) x IR} as well as B.(Z) C N. Choosing
d < e/2 such that Ty C {f € Q: T,,(f) > t}, we conclude as announced that

Poy(x. N x R) > P,(X, € B:(2) x R) > B{")(T5) > 0.
O
Proof of Proposition 5. The fact that D(Z, u) # 0 for some u € IR implies that D(Z, @) # 0 for
all u € IR, by Theorem 3. The attainability at time ¢ is proven as in the proof of Proposition 4. For
x € E,,, 11 and ty as there, tg > 1, we define for ¢ > ¢,

(32) u(t) =am —x1+21— | F(Z5)dseU=R.

S~

Then there is some 6(t) > 0 such that Py ¢(z, Bs)(Z,u(t))) > 0. Applying Corollary 1 toy = (2, u(t)) €
D finishes the proof. (

We are now able to prove the main result of this section which shows that, during any arbitrary
long period, with positive probability, the stochastic system (18) is able to reproduce the behavior of
(dz, I(t)) € IR™ where z(t) is a solution of (19) with I(¢) an arbitrary smooth input applied to (20).
Note that by comparing (18) and (19) we see that the m—the component X, of the stochastic system
(18) has to be compared to a deterministic control path (19) to which we add an m—th coordinate

given by t — X, 0 + fg I(s)ds.
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Remember Bs(z) denotes the open ball of radius ¢ centered at z. In the following, U C IR is again
the open interval of Assumption (H3).

Theorem 5. Suppose that (18) satisfies (H1)-(H3). Fiz x € E,, and t > 0. Let I be a smooth
deterministic input such that x,,+ [ I(r)dr € U for all s <t. Define X2 := (Y2, 2+ [ I(r)dr, s < t)
where Y® is the deterministic path solution of (19) starting from % := (x1,...,%m_1). We denote by
Py, the law of the solution of (18) starting at x. Then for any € > 0 there exists 6 > 0 such that for
all 2" € Bs(x)
Py o ({f € Q:sup|f(s) —XI| < 6}) > 0.
s<t

Proof of Theorem 5. We keep the notations introduced in the proof of Proposition 4. In the
course of this proof we have shown that the support theorem applies to inhomogeneous diffusions
like the one obtained after localizing (18). We will prove the positivity we are looking for through
inequalities (28) and paths solving (29) for h € C, that remain in K, during [0,¢] for n sufficiently
large. So the system we work with is the localized one. Consider I a deterministic input such that
Ty + fos I(r)dr € U for all s <t. Define x5 := T + fos I(r)dr for all s <t and

(33) h(s) — I(S) — bm(S,Xm;()X':Li;(Xm,s)U (Xm,s)

By definition (xm,s,s < t) lies in a compact interval included in U. Then, the expression (33) is well-
defined by assumption (H3). This assumption also provides that h € L?([0,]) hence h € C. Moreover,
with such a choice of h, the controlled path X (h), solution of (29), coincides with (Y%, Xy, s < t)
where Y is the deterministic path solution of (19) starting from & = (21,...,Zm_1). We can choose
n large enough such that (YZ, x,,.s, s € [0,1]) remains in K,,. We write X2 for (YZ, X, s). Remember
that Q = C([0,00[; IR™) and for § > 0, consider the tubular neighborhood Ty of X* on [0,t] namely
the set {f € Q : sup,«, |f(s) — XZ| < 6}. By the support theorem ]P’gfgz (Ts) > 0. Choose now ¢ such
that T5 C {f € Q: T,,(f) > t}. Taking Tj as the set B in (28) yields the first statement of Theorem 5.

The second one follows from the Feller property of ]P’gla): which enables us to extend the first statement
to a small ball around =z. g

We close this section with the following consequence of Theorem 5 from which we borrow the
notations. We focus on equilibria for deterministic systems (19) under a particular choice of time-
constant input:

Associated to z* € IRx(0,1)™!, we have I(:) = ¢* := —F(z*),

where we write 2* := (27, y1,00(27), - - -, Ym—1,00(27)) for 2§ € R, and Foo(2]) = F(z*) as in (22) and
(23). The following improves on Proposition 5.

Corollary 2. Assume that (18) satisfies (H1)-(H3), and consider z* and c¢* as above. Assume
that D(z*,u) # 0 for some uw € U. Consider x,, € U and t > 0 such that x,, + c¢*s € U for all
0<s<t. Then for x := (2*,xm) and y := (2*, 2, + c*t), there exists § > 0 such that

inf inf 2,y)>0.
x’EBa(x)y/EBs(y)poyt( V)

Proof of Corollary 2. For z* and I(t) = ¢* = —F(z*) as above, the deterministic path solution
to (19) with starting point z* is constant in time. Attainability of y at time ¢ follows from Theorem
5. D(y) # 0 follows from D(2*,u) # 0 for some u € U, thus (LWH) holds at (¢,y) for all ¢t > 0 by
Theorem 3. O
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The following specializes to equilibria under zero input I(-) = 0:

Corollary 3. Assume that (18) satisfies (H1)-(H3). If equation (20) admits equilibria, i.e. points
2* € Rx(0,1)™" ! such that Fuo(27) = F(2*) = 0, and if D(2*,u) # 0 for some u € U, then the
assertion of Corollary 2 holds with y = x := (2%, xy,) for arbitrary x,, € U and arbitrary t > 0.

5. APPLICATION TO PHYSIOLOGY

In this section we apply the above results to a random system based on the Hodgkin-Huxley model
well known in physiology. This random system belongs to the family of SDEs with internal variables
and random input presented in Section 4. We start by some reminders on the deterministic Hodgkin-
Huxley model that we call (HH) for short.

5.1. The deterministic (HH) system. The deterministic Hodgkin-Huxley model for the membrane
potential of a neuron (cf [20] and [25]) has been extensively studied over the last decades. There seems
to be a large agreement that it models adequately many observations made on the response to an
external input, in many types of neurons. This model belongs to the family of conductance-based
models. It features two types of voltage-gated ion channels responsible for the import of Na™ and
export of KT ions through the membrane. The time dependent conductance of a sodium (resp.
potassium) channel depends on the state of four gates which can be open or closed; it is maximal
when all gates are open. There are two types of gates m and h for sodium, one type n for potassium.
The variables n;, m;, h; describe the probability that a gate of corresponding type be open at time
t. Then, the Hodgkin-Huxley equations with deterministic input I which may be time dependent, is
the 4D system

(34) v, = I(t)dt — [gxni (Vi — Ex) + Gnami e (Vi — Ena) + g1 (Vi — EL)] dt,
dne = [an(V) (1 —ny) — Bu(Vi)ne]dt,
dmy = [an(Vi) (1 —my) — Bm(Vi)m]dt,
dhy = [an(V)) (1 = he) — Bu(Vi) heldt,

where we adopt the notations and constants of [25]. The functions oy, Bn, Qm, Bm, @n, B take values
in (0,00) and are analytic, i.e. they admit a power series representation on IR. They are given as
follows:

an(v) = %, Bn(v) = 0.125exp(—v/80),
(35) am(v) = Eronyar  Bm) = dexp(-v/18),
ap(v) = 0.07exp(—v/20), Bn(v) = m,

Moreover if we set a,, := ap + By, bn := ay, and analogously for m and h, we see that (HH) can be
written as a particular case of (20) with F' given by

(36) F(v,n,m h) = —[ggn® (v— Ex) +gGnam’h (v — Exa) +7;, (v = Ev)]
= —[36n*(v+12) +120m>h (v —120) + 0.3 (v — 10.6)] .
The parameter Gy, (resp. gx) is the maximal conductance of a sodium (resp. potassium) channel

while g7, is the leak conductance. The parameters Ex, Ena, E1, are called reversal potentials. Their
values gk = 36, gy, = 120, g, = 0.3, Fx = —12, En, = 120, Er, = 10.6 are those of [25].

If the variable V is kept constant at v € IR, the variables ng, m, h; converge when ¢t — +o0
respectively towards

(37) Neo (V) 1= oza%ﬁ

O

an
Am + Bm ©).

(v), hoo(v) := o v

(V) Moo (v) :=
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The Hodgkin-Huxley system exhibits a broad range of possible and qualitatively quite different
behaviors, depending on the specific input I. In response to a periodic input, the solution of (34)
displays a periodic behavior (regular spiking of the neuron on a long time window) only in special
situations. Let us first mention that there exists some interval U such that time-constant input in U
results in periodic behavior for the solution of (34) (see [41]). For an oscillating input, there exists
some interval J such that oscillating inputs with frequencies in J yield periodic behavior (see [1]).
Periodic behavior includes that the period of the output can be a multiple of the period of the input.
However, the input frequency has to be compatible with a range of preferred frequencies of (34), a
fact which is similarly encountered in biological observations (see [25]). Indeed there are also intervals
I and J for which time-constant input in I or oscillating input at frequency f € J leads to chaotic
behavior. Using numerical methods [16] gives a complete tableau.

5.2. (34) with random input. It has been shown in [38] that conductance-based models like (34)
are fluid limits of a sequence of Piecewise Deterministic Markov Processes. Such limit theorems enable
to study the impact of channel noise (also called intrinsic noise) on latency coding. Our setting is
different. The noise here is external coming from the network in which the neuron is embedded,
through its dendritic system. This system has a complicated topological structure and carries a large
number of synapses which register spike trains emitted from a large number of other neurons within the
same active network. We model the cumulated dendritic input as a diffusion of mean-reverting type
carrying a deterministic signal S. The resulting system that we consider is the following particular
case of (18):

(38) aV; = d& —[gxn! (Vi— Ex) + Gnamihe (Vi — Ena) + Gy (Vi — Ev)] dt,
dng = [on(Ve) (1 —=ny) — Ba(Ve)n]dt,
dmy = [am(Vi) (1 —me) — Bm(Vi)me]dt,
dhy = [an(Vi) (1 = he) — Bu(Vi) bt ] dt,
dé, = (S(t)—&)rdt + vq(&)VTdWy,

parametrized in terms of 7 (governing speed) and v (governing spread). For instance ¢ can be of
Ornstein-Uhlenbeck (OU) type (then U = IR, ¢(-) = 1) or of Cox-Ingersoll-Ross (CIR) type (then

U= (-K,) =/(x+ K) V0 for z € U, and K is chosen in | 22 +sup | S|, +o0[). Such a choice
builds on the statlstlcal study [21] When the deterministic signal S is periodic, it is shown in [22]
that £ of OU type admits a periodically invariant regime under which the signal S(-) is related to
expectations of ¢ via the formula s — E ¢(&s) = fo Z)e~"dr. In the companion papers [23]
and [24] we address the periodic ergodicity of the bOhlthn to (38). Ergodicity properties when ¢ is of
OU type are the topic of [23]. The case of CIR is covered in [24] where also limit theorems are proved.
Below we will conduct a numerical study of (LWH) for (38), based on Theorem 3. In this theorem, the
specific nature of £ plays no role in the definition of the determinant D provided that the SDE satisfied
by ¢ satisfies assumption (H3), cf. Proposition 6 below. Therefore, the results of this numerical study
apply to general random (HH) where we replace the last line in (38) by d&; = b5(t, &)dt + o(&)dWs.

5.3. Weak Hérmander condition for (38).

5.3.1. The determinant A. Applying Theorem 3 and Definition 1 we have to consider points where
the 4D determinant, whose columns are the partial derivatives of the coefficients of (34) with respect
to the first variable v from order one to order four, does not vanish. Since in this case the function

F given in (36) is linear in v, we obtain that O F =0for ke {2,3,4}. Moreover 0, F(v,n,m,h) =
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—(gg n* + gna, m> b+ g1,) never vanishes on [0, 1]2. So actually in this case, it is sufficient to consider
a 3D determinant extracted from D.

Proposition 6. Assume that o remains strictly positive on U. Let us introduce the notation
dp(v,n) == —an(v)n + by (v) and analogous ones for m and h. Then (LWH) for (38) is satisfied at
any point (t,v,n,m,h,¢) € [0,00[ x IR x (0,1)% x U where A(v,n,m,h) # 0 with

oPd, oPd, oVd,
(39) A(v,n,m,h) = det | 0Pd, 0Pd, 0 d,n
oPd, od, oMa,

Proposition 7. The set of points in (v,n,m, h,() € IR x (0,1)% x U where A does not vanish has
full Lebesgue measure.

Proof. We say that a set has full Lebesgue measure if its complement has Lebesgue measure
zero. Firstly it can be shown numerically that indeed there exists points (v,n,m,h,() such that
A(v,m,m,h) # 0 (see Section 5.4 below). Moreover, for any fixed v € IR, the function (n,m,h) —
A(v,n,m,h) is a polynomial of degree three in the variables n,m, h. In particular, for any fixed v,
either A(v,.,.,.) vanishes identically on (0,1)3, or its zeros form a two-dimensional sub-manifold of
(0,1)3. Finally, since A is a sum of terms

(some power series in v) - n°»m ™ h"

with epsilons taking values 0 or 1, it is impossible to have small open v-intervals where it vanishes
identically on (0,1)3. We conclude the proof by integrating over v and using Fubini’s Theorem. [

Although the condition A # 0 is only a sufficient condition ensuring that (LWH) is satisfied locally,
it is convenient since it is possible to evaluate A(v,n,m,h) numerically. This is done in section 5.4
below.

5.4. Numerical study of the determinant A. We compute numerically the value of A at points
of the form (v, neo(V), Moo (V), oo (v)) as in (37). The function Fuo(v) := F (v, Moo (V), Moo (V), heo (V)
is strictly increasing at least on an interval Z containing Zy = (—15,430) hence it defines a bijection
between the constant input I(¢) = ¢ in (34) and the solution of the equation Fi (v) = ¢ that we denote
by v.. Therefore for any v € Z, the point (v, neo(v), Moo (v), hoo(v)) is the equilibrium point of (34)
submitted to the constant input ¢ = Fi,(v). We use this fact below since it may be more convenient to
work with v than with ¢ even if classically one considers c as the parameter of interest. For instance the
point (0, ne(0), Moo (0), hoo (0)) corresponds to ¢ = F(0,7100(0), Mo (0), hoo(0)) &= —0.0534. We found
that A(0, 1700 (0), Moo (0), hoo(0)) < 0 and moreover the function v — A (v, Mo (V), Moo (V), heo(v)) has
exactly two zeros on the interval Zy = (—15,+30) located at v &~ —11.4796 and v ~ +10.3444. As
a consequence, for all values of ¢ belonging to |F(—10), Fio (410)[=] — 6.15,26.61[, the determinant
A(Vey Moo (Ve), Moo (Ve), oo (Ve)) Temains strictly negative.

5.5. Positivity regions for (38). In this section we apply the results of section 4.3 to (38). Re-
member that by comparing (18) and (38) we see that & — & corresponds to fot I(s)ds.

Consider first suitable constant I(t) = ¢, fix ( € U and t > 0, and consider
(40) Te 1= (Vey Moo (Ve)s Moo (Ve)s oo (Ve), €)1 24 1= (Vey Moo (V) Moo (Ve) oo (Ve), € + ct)

where v, is the unique solution of F(ve, Moo (Ve), Moo (Ve), hoo (Ve)) = ¢ (see section 5.4). Let us de-
note by Ps .(-,-)s<¢ the semigroup of the process (X;);>o which satisfies (38). Then Theorem 5 and
Corollary 2 read as follows.
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Proposition 8. Assume that ( +cs € U for all 0 < s < t. Consider x. and x., defined in (40).
1. Then for all e > 0, there exists § > 0 such that for all 2" € Bs(x.), Pot(z”, B<(x])) > 0.
2. If moreover A(ve, Moo (Ve), Moo (Ve), hoo (Ve)) # 0, then there exists § > 0 such that for K. = Bs(z.)
and K! = Bs(z.),

. . /
SR S o5 7) >0

Remember that the assumption A(ve,noo(Ve), Moo (Ve), hoo(ve)) # 0 ensures that (LWH) holds
both at z. and z,. We have checked numerically in section 5.4 that this assumption is satisfied for
¢ €] — 6.15,26.61[. Hence for this range of ¢ the above proposition applies.

6. APPENDIX

6.1. Simple properties of (18). Proof of Proposition 2. Given the trajectory of X7, the variation
of constants method yields

t
(41) X,y = X, ge Jo ai(Xro)ds +/ bi( Xy e Ju i (Xundrgy,
0

However note that (41) does not provide an explicit formula for X, since X7 depends on X; (the

system is fully coupled). Writing fg bi(X1,u)e” JuaiXadr gy, — g Zig(?ﬁai(leu)ei JuaiXaw)dr gy,

the assumptions on a;(-) and b;(-) imply that
t
(42) 0< X5 <X, 0e” Jo a:(Xn,5)ds +/ a;(X1,u)e” JuaiXandr gy,
0

By straightforward integration it follows that
0< Xy < (X +elo sXundr _qye=Joanods - 1 4 (x5 — 1)e™ o @:(X1.0)ds,

The statement follows. O

6.2. Proof of (13). We keep the notations introduced in the proof of Theorem 1 as well as in section
3.1. In order to establish (13) we extend the argument of [14], Theorem 2.3. To sum up this argument
we can say that by an iterative procedure on the Sobolev norms of H(X;—s+(y), ®(Xi—s5.:(y) — v0))
(in the sense of Malliavin calculus) of different indices, it is proved that estimating these Sobolev
norms amounts to estimate the Sobolev norms of X and of the inverse of the Malliavin covariance
matrix (I'g,);; =< DX, 4, D)_(j’t >r2004), 1 <4,j < m, where D denotes Malliavin derivative. Since
by a classical identity this inverse can be written using the inverse of det I'g, and the coefficients
of T' itself, the key ingredient is to estimate the Sobolev norms of X and expressions of the form

E. (|det I'g, |_p)1/p. We show below that no difficulty comes from the Sobolev norms of X and we
prove that for any p > 1 and ¢ < 1, for any N € IN and z such that dim LA(Ly)(s, z) =m, Vs € [0,t],

(43) E. (|det Tg,|™")"" < C(p,m, N, z) ¢+,

Formula (43) is the main step to obtain (13). Indeed it suffices to apply it to the process X; s, on
an interval of length 6 instead of ¢ in (43). A particular version of (43) obtained by taking N = 0
is proved in [14] where the restriction to N = 0 is possible due to the fact that local ellipticity is
assumed to hold. However local ellipticity fails to hold in our framework. This is why we prove the
general version of (43).

We proceed in three steps. In the first step we check that the usual upper bound for the Sobolev
norms of X is still valid and at the end of this step we obtain an expression of a key term of I'g, that
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involves the successive Lie brackets introduced in section 3.1. The scheme of this argument is classical
(cf. [30]) but we have to take care of the time dependence in the drift. We describe its main points for
the sake of completeness. In the second step we prove (43) where N is the order of the successive Lie
brackets that we need to generate IR™ according to (LWH). When local ellipticity holds, the diffusion
coefficients themselves generate IR™ and it is not necessary to compute Lie brackets (N = 0). Finally,
in the third step, we show how the arguments of the proof of Theorem 2.3 of [14] allow to obtain (13)
from (43), with t = 4. Since § < 1, when stating the following estimates, we will always concentrate
on the case t < 1.

Step 1. Let gi(tax) = bi(t,x) — %Ei;:l Z;nzl 7jk() 99ik (1), 1 < i < m, be the Stratonovich drift

E)wj
for (7) and Ay := % +0b, Ay, == 4,1 < k < [, the corresponding vector fields, where &}, denotes the
k—th column of the matrix . Define (Y3);; := 6(;3? ,1 < 4,7 < m. Then Y satisfies the following
J

linear SDE with bounded coefficients w.r.t. time and space,
t B l t B
Y, = I, +/ Ab(s, X,)Yds + Z/ 051 (Xs)Y, 0 dWE,
0 = 70

where I,,, is the m x m—unity matrix and 9b and 95 are the m x m—matrices having compo-

nents (0b); ;(t,x) = gg? (t,x) and (0G%); ;(x) = ‘{ng”“(x) In the above formula, odW, denotes the
J J
Stratonovich integral. By means of Itd’s formula, one shows that Y; is invertible. Its inverse Z;

satisfies the linear SDE (again with bounded coefficients w.r.t. time and space) given by

t l t
(44) Z, = I, 7/ Ab(s, X) Zyds — Z/ 064(X,)Zs 0 AW,
0 =170

In this framework, the following estimates are classical (see e.g. [30]) and will be sufficient for our
purpose. For all 0 < s <t < T, for all p > 1,

(45) SupE(l(Zé)l,jlp) S C(Tap7ma 67 6)’ 1 S Zv] S m,
s<t

)

o T oNk/2 (41)2 (k+1)p
(46) sup B (|Dy,. p XislP) < C(T,p,m, k, b,5)t" (t /2 4 1)
T1y.,TE <t
where the constants C(T', p,m, k,b,5) depend only on the bounds of the space derivatives of b and &.
Up to this point, the fact that the drift coefficient depends on time did not play an important role
since all coefficients are bounded, uniformly in time.

Step 2. It is well known (see for example [36], page 110, formula (2.40)) that
t
I's, =Y (/ ZS(T(XS)&*(XS)Z:ds) Yy
0

In order to prove_(43) one has to evaluate the latter integral and therefore to control expressions of
the form Z;V (s, X;), where V (¢, x) is a smooth function. This is done by iterating the formula,

l t t
47 ZV(HX) = V(O,x)—l—Z/ Zs[ﬁk,V](s,)_(s)odWS’“—i—/ ZS[%+B,V](S,)_(S)ds
k=170 0

l t t
= Vo) +Y / 2o A4, V](s, Xy) 0 dWE + / 2.1 Ao, V](s, Xo)ds,
k=170 0
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starting with V' = 6y, for 1 < k <, where we identify functions with vector fields (cf. [36], formula
(2.42)). Here, the fact that the drift coefficient is time dependent is important and gives rise to
the extra term % within the second integral of the first line. In particular with V = &, for a fixed

1 < ¢ <k, we obtain (cf. (1.9) of [8])

l t t
Zot, X) = o)+ 3 / 2, Ayl (s, X2) 0 WP + / 24y, Al (s, Xs)ds.
k=1,k#e”0 0

Iterating (47) we see that Z;5(X,) can be written as the sum of two terms. The first term is a finite
sum of iterated It6 integrals where the integrands are Ay, 1 < k < [, and the successive Lie brackets
of order at most N obtained with /_lk, 1< k<1!land Ay. The second term is a remainder Ry (this is
analogous to Theorem 2.12 of [30]). The most important feature is that the behavior of Ry depends
only on the supremum norms of derivatives with respect to time and space of b and with respect to
space of &. Based on (47), (43) follows by Theorem (2.17), estimate (2.18) of [30].

Step 3. Once (43) is established, (13) follows by a straightforward adaptation of the proof of Theorem
2.3 of [14], replacing the number of derivatives k there by m(k + 2) which is the number of derivatives
to be considered in our context to handle dz. For completeness let us note that (46) is the same bound
as (2.17) in [14] whereas (43) plays the role of (2.20) in [14]. For t close to zero, the right-hand side of
(2.20) in [14] is of order t~™ due to the local ellipticity condition, while our bound is of order ¢~ +N)
due to our condition (LWH). Plugging (43) and (46) in (2.25) of [14] (cf. the proof of (2.23)) replaces

the r.h.s. obtained there for (2.23) by O (t’(%“v)) for small £. With such changes, the argument

developed there goes through. In our framework we end up with O (t*m(k+2) kN ) as a control for
(2.21) of [14], for small ¢ as r.h.s., with some positive constant kn depending on (LWH). Here k + 2
is the number of derivatives to be considered in our case. g
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