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Abstra
t: We 
onsider a parti
ular example of statisti
al inferen
e in null re
urrent one-dimensional di�usions. In a �rst parametri
 model, we prove lo
al asymptoti
 mixed normality(LAMN) and eÆ
ien
y of the sequen
e of maximmum likelihood estimates (MLE): its speed of
onvergen
e is n�=2 with � ranging over (0; 1). In a se
ond semiparametri
 model (where inaddition an unknown nuisan
e fun
tion with known 
ompa
t support is in
luded in the drift), weprove a lo
al asymptoti
 minimax bound and spe
ify asymptoti
ally eÆ
ient estimates for theunknown parameter.Key words: di�usions, null re
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e in null re
urrent di�usionsIntrodu
tion: Problems of statisti
al inferen
e in one-dimensional ergodi
 di�usion modelshave been studied extensively in the last de
ade, see Prakasa Rao (1999) or Kutoyants (2001)for an overview, whereas only few results seem to exist for models where the observed di�usionsare null re
urrent. This is due to the fa
t that existing limit theorems for null re
urrent Markovpro
esses are more 
ompli
ate, with domain of appli
ability delimited by additional and someti-mes really restri
tive 
onditions, and no globally appli
able tool (su
h as the 
lassi
al martingale
onvergen
e theorem in the ergodi
 
ases) exists.The aim of this note is to 
onsider some examples of statisti
al inferen
e in null re
urrent di�u-sions. The observed pro
ess is a di�usiondXt = �# Xt1 +X2t + g(Xt)� dt+ � dWt ; t � 0 ; X0 = 0where # is an unknown one-dimensional parameter of interest; � > 0 is known and 
onstant, and1



g is some fun
tion on IR with �nite integral R jgj(x)dx <1 whi
h is 
onsidered as nuisan
e fun
-tion. We take � = ���22 ;+�22 � as parameter spa
e; this is the maximal open interval on whi
hthe above di�usion is re
urrent null. # is the parameter whi
h determines speed of 
onvergen
eof martingales and integrable additive fun
tionals of X, and is linearly related to the tail index(in the sense of regular variation) of the invariant measure of X (note that this invariant measureis of in�nite total mass on IR), or of life 
y
le length distributions of X between suitably de�nedsu

essive visits of the di�usion to 0.In se
tion 1, we state the basi
 limit theorem (theorem A) from whi
h asymptoti
 propertiesof statisti
al models and of estimates of # in this null re
urrent setting will be dedu
ed. Thislimit theorem puts together results due to Khasminskii (1980) and to Touati (1988); for a proof(general Harris re
urrent Markov pro
esses) see H�opfner and L�o
herba
h (2000).In se
tion 2, we 
onsider the 
ase of the parametri
 model { without nuisan
e fun
tion in thedrift { for the di�usion X, i.e. g � 0. We determine the limit distribution of the maximumlikelihood estimate b#n for # based on 
ontinuous observation of X up to time n: for # 2 �, wehave 
onvergen
e in law(�) n�(#)=2 �b#n � #� ; �(#) := 12 � #�2 2 (0; 1) ; # 2 �to a varian
e mixture of normals(��) Z N (0; j�1)P (J 2 dj) ; J = J(#)where the mixing variable J(#) is stri
ly positive and has { up to 
onstants spe
i�ed in theorem 1below { a Mittag Le�er law of index �(#), i.e. J(#) is a level 
rossing time for the stable in
reasingpro
ess of index �(#) (see Bingham, Goldie and Teugels, 1987, p. 391). Then we dis
uss the lo
alstru
ture of the parametri
 model at �xed referen
e points #: we have lo
al asymptoti
 mixednormality (LAMN) with lo
al s
ale n��(#)=2 at #. For the statisti
al ba
kground on LAMN, werefer to LeCam and Yang (1990), Jeganathan (1988), and Davies (1985). For our problem, we
an apply both the 
onvolution theorem and the lo
al asymptoti
 minimax theorem to see thatthe sequen
e of estimates (b#n)n�1 is asymptoti
ally eÆ
ient for # 2 �. (We mention also a minorbut handsome variant of the 
onvergen
e result, in form of random normingsZ n0 � Xt1 +X2t �2 dt �b#n � #� ! N (0; �2)2



thanks to the fa
t that the information pro
ess in our model does not depend on the parameter).From an inferen
e point of view, the parametri
 model for our time-
ontinuously observed dif-fusion X (with g = 0) shares all its essential statisti
al features with a 
ertain one-parametri
model for null re
urrent birth-and-death pro
esses 
onsidered earlier in H�opfner (1990 a): �rst,for every value of the parameter #, the pro
ess has i.i.d life 
y
les between suitably de�ned su
-
essive visits to some re
urrent point (e.g. state 0), and the expe
ted amount of information
olle
ted over a full life 
y
le of the pro
ess is �nite; se
ond, tails of the life 
y
le distributionvary regularly at1 with some tail index ��, 0 < � < 1, whi
h depends on # and ranges over thefull interval (0; 1) with varying #. See also H�opfner (1990 b, 1993). The �rst property 
an be re-formulated as follows: all information pro
esses are integrable (in the sense of invariant measure)additive fun
tionals of X. This is the reason why we 
all the parametri
 model under 
onside-ration (here in its di�usion pro
ess version) a referen
e model for null re
urrent Markov pro
esses.In se
tion 3, we turn to the general semiparametri
 model where an unknown nuisan
e fun
tion gis present in the drift of the di�usion X. We suppose that g ranges over the 
lass H
 of boundedmeasurable fun
tions supported by a known 
ompa
t [�
;+
℄, and 
onsider estimates b#
n for #whi
h retain { out of the traje
tory of X observed up to time n { only segments 
orresponding totime intervals where jXj > 
. Models of this type o

ur naturally when we work with measurementdevi
es unable to re
ord 'small' values of the pro
ess, or unreliable below some known threshold 

hara
terizing the measurement devi
e. We prove 
onvergen
e of b#
n in the semiparametri
 model:the speed of 
onvergen
e is again n�(#)=2, and the limit law 
oin
ides with (��) up to a fa
tor ofspread 
(#; 
) > 1:(� � �) n�(#)=2 �b#
n � #� ! Z(#) � 
(#; 
) Z N (0; j�1)P (J(#) 2 dj) :The remarkable point is that 
(#; 
) does not depend on the nuisan
e fun
tion g from 
lass H
.Then we investigate lo
al properties of the semiparametri
 model. For #0 2 � and for nuisan
efun
tions g0 with full support supp(g0) = [�
;+
℄, we 
onsider one-parametri
 submodels in��H
 parametrized by #, passing through (#0; g0) in dire
tion (1; eg), where eg ranges over H
. Inall these, LAMN with lo
al s
ale n��(#0)=2 holds at #0, and b#
n is regular at #0. We spell out oneparti
ular dire
tion whi
h is least informative for #, and in whi
h b#
n is eÆ
ient at #0: in this leastinformative submodel, b#
n is a maximum likelihood estimate for #. As a 
onsequen
e, we have alo
al asymptoti
 minimax theorem at #0. Writing for short Q(#0;g0);n;h;eg for the law of the solution3



of dXt = �# Xt1+X2t + g(Xt)� dt+ �dWt when # = #0 + n��(#0)=2h and g = g0 + n��(#0)=2heg,supeg2H
 " supd<1 lim infn!1 supjhj<d E(#0;g0); n; h;eg �l�n�(#0)=2 �e#n � (#0 + n��(#0)=2h)���# � E (l (Z(#0)))for arbitrary sequen
es of Gn-measurable estimates e#n for #, with Z(#0) of (���); the bound isattained for e#n := b#
n. This is - with exa
t 
onstants et
 spe
i�ed there { theorem 2 in se
tion 3.
1 A limit theorem under null re
urren
eA one-dimensional di�usion dXt = b(Xt)dt+ �(Xt)dWt(with drift b : IR ! IR and di�usion 
oeÆ
ient � : IR ! (0;1) satisfying Lips
hitz and lineargrowth 
onditions) is re
urrent if and only if the following fun
tion SS(x) := Z x0 s(y)dy ; s(y) := exp�� Z y0 2b�2 (v)dv�is a spa
e transformation on IR, i.e.limx!�1S(x) = �1 ; limx!+1S(x) = +1(Khasminskii, 1980, example 2 in se
tion 3.8). In this 
ase, there is a unique (up to multipli
ationwith a 
onstant) invariant measure � for X�(dx) := 2�2(x) exp�Z x0 2b�2 (v)dv� dx ; x 2 IRand the pro
ess eX := (S(Xt))t�0 is a di�usion without drift, with di�usion 
oeÆ
ient e� andinvariant measure e� given bye� = (s � �) Æ S�1 ; e�(dx) = 2e�2(x)dx ; x 2 IRwhere S�1 is the inverse of the spa
e transformation S (with S(0) = S�1(0) = 0). A re
urrentpro
ess X is termed positive (ergodi
) if � is a �nite measure, and null else.In ergodi
 
ases, it well known that for measurable fun
tions F with 0 < �(F 2) < 1, pairs oftype (martingale, angle bra
kett)� 1n1=2 Z tn0 F (Xs)dWs ; 1n Z tn0 F 2(Xs)ds�t�04



under linear 
hange of time t ! tn and pn-renormalization 
onverge weakly as n ! 1 in theSkorohod spa
e D(IR+; IR2) to the limit pro
ess�p�(F 2)Bt ; �(F 2) t�t�0where B is standard Brownian motion. Limit theorems for martingales and integrable additivefun
tionals of X in null re
urrent 
ases require an additional 
ondition: tails P (R > �) of suitablyde�ned life 
y
le length distributions of X have to vary regularly at in�nity with some index ��,0 < � < 1, or integrated tails t ! R t0 P (R > r)dr have to vary slowly at 1 (
ase � = 1). SeeKhasminskii (1980, 2001) for (one-dimensional marginals of) integrable additive fun
tionals of X,see Touati (1988) for weak 
onvergen
e of martingales, see also H�opfner and L�o
herba
h (2000,se
tion 3). (In 
ase � = 0, limit theorems of di�erent type arise, see Kasahara (1986). The 
aseof non-integrable additive fun
tionals - known only partially up to now, see Khasminskii (2000) -also leads to di�erent types of limit results. Index � = 1 arises under ergodi
ity and in some nullre
urrent 
ases on the frontier to ergodi
ity.) We are interested in limit theorems if 0 < � < 1.The following theorem is a 
ombination of results of Khasminskii (1980) and Touati (1988), seeH�opfner and L�o
herba
h (2000, Cor. 3.2 and Ex. 3.5).The following pro
esses appear in the limit theorem. For 0 < � < 1, the stable in
reasing pro
essS� of index � is the PIIS (pro
ess with stationary independent in
rements) withE �e��S�t � = e�t �� ; � � 0 ; t � 0 ; S�0 � 0and with 
�adl�ag nonde
reasing paths; the Mittag Le�er pro
ess W� of index �W�t := inffs > 0 : S�s > tg ; t � 0is the pro
ess inverse of S�, with 
ontinuous nonde
reasing paths; for standard Brownian motionB whi
h is independent of W�, we writeB(W�) = (B (W�t ))t�0for B time 
hanged by t!W�t .Theorem A : Assume that � has in�nite total mass, and that for e� as above2e�2(x) � A�jxj� ; x! �1(1) 5



for some 0 < � < 1, with � := �2 + 1� and nonnegative 
onstants A� su
h that A+ + A� > 0.Then for measurable fun
tions F with 0 < �(F 2) <1, pairs� 1n�=2 Z tn0 F (Xs)dWs ; 1n� Z tn0 F 2(Xs)ds�t�0
onverge weakly as n!1 in the Skorohod spa
e D(IR+; IR2) to the limit�K(�;A�; F )1=2B(W�) ; K(�;A�; F )W��where standard Brownian motion B and Mittag Le�er pro
ess W� are independent, andK(�;A�; F ) = �(1 + �)�(1� �)�2� 1A�+ +A�� �(F 2) :Proof : We de�ne life 
y
les jointly for X and eX = S(X) byRn = infft > rn : Xt = 0g ; rn = infft > Rn�1 : Xt = S�1(1)g ; R0 = 0 :Khasminskii 
onsidered the pro
ess eX = S(X) and proved (Khasminskii, 1980, theorem 11.2,
orollary, remark 3, theorem 11.3, see also Khasminskii, 2001, theorem 1.1) that 
ondition (1)implies P (R2 �R1 > t) � �2� �A�+ +A����(1 + �) t�� ; t!1 :(2)Note also that for f 2 L1(�)E �Z R2R1 f(Xs)ds� = E �Z R2R1 (f Æ S�1)( eXs)ds� = e�(f Æ S�1) = �(f)(3)by (Khasminskii, 1980, lemma 10.5). Combining (2) { viewed as tail 
ondition for the pro
ess X{ with (3), theorem A is a dire
t appli
ation of H�opfner and L�o
herba
h (2000, Cor. 3.2), a resultobtained �rst by Touati (1988). 2Remark : Theorem A together with the ratio limit theoremh; g 2 L1(�) ; �(g) > 0 : limt!1 R t0 h(Xs)dsR t0 g(Xs)ds = �(h)�(g) P�a:s:yields joint 
onvergen
e of martingales and arbitrary integrable additive fun
tionals of X.
6



2 A referen
e model for null re
urrent di�usionsWe 
onsider a statisti
al modeldXt = # Xt1 +X2t dt+ � dWt ; t � 0 ; X0 = 0(4)where # is a one-dimensional parameter of interest; � > 0 is known and 
onstant. Let Q# denotethe law of X under #: Q# is a probability measure on the 
anoni
al path spa
e C := C(IR+; IR)endowed with �-�eld and �ltration generated by the 
anoni
al pro
ess � = (�t)t�0:IG = (Gt)t�0 ; Gt = \r>t�f�s : 0 � s � rg ; C = �f�s : s � 0g :Then the likelihood ratio pro
ess L�=# of Q� with respe
t to Q# relative to IG isL�=#t = exp � � #�2 Z t0 �s1 + �2s dM#s � 12 (� � #)2�2 Z t0 � �s1 + �2s �2 ds! ; t � 0where M# is the Q#-martingale part of � (see Liptser and Shiryaev, 1978, Ja
od and Shiryaev,1987, Kutoyants, 1994). ObviouslyL�=#t = exp � � #�2 Z t0 �s1 + �2s d�s � 12 �2 � #2�2 Z t0 � �s1 + �2s�2 ds! ; t � 0 ;so the s
ore fun
tion martingale at # is�t(#) := 1�2 Z t0 �s1 + �2s dM#sand the information pro
ess isIt := 1�2 Z t0 � �s1 + �2s�2 ds ; t � 0 :Note that I does not depend on #. The pro
ess of maximum likelihood estimates (MLE)b#t = Z t0 �s1 + �2s d�s = Z t0 � �s1 + �2s�2 ds ; t � 0has the representation b#t � # = �t(#) = It ; t � 0 :Cal
ulating s#, S# as in the beginning of se
tion 1, we see that the 
anoni
al pro
ess � under Q#is re
urrent if and only if 2#�2 � 1, with invariant measure given by�#(dx) = 2�2 p1 + x2 2#�2 dx ; 2#�2 � 1 :(5) 7



Here �# has in�nite total mass if j#j � 2�2 . We restri
t attention to the maximal open nullre
urrent submodel � := (��22 ;+�22 ) :Proposition 1 : De�ne �(#) := 12 � #�2 2 (0; 1) ; # 2 � :With notation f(x) := x1 + x2 , we have for every # 2 � weak 
onvergen
e of� 1n�(#)=2 Z tn0 f(�s)dM#s ; 1n�(#) Z tn0 f2(�s)ds�t�0under Q# as n!1 in D(IR+; IR2) to�� eK(#; f)1=2B(W�(#)) ; eK(#; f)W�(#)�where the 
onstants eK(#; f) are given byeK(#; f) = �(1 + �)�(1� �)�2� 1A�+ +A�� �#(f2) ; � = �(#)(6)with A+ = A� = A(#) := 2�2 �1� 2#�2� 4#�2�2# :(7)Proof : Pro
eeding as in se
tion 1, the fun
tions S and s as there are given byS#(x) = Z x0 s#(y)dy ; s#(y) = exp��2#�2 Z y0 v1 + v2dv� =p1 + y2 � 2#�2 ;For # 2 �, write
(#) := 2#�2 ; �(#) = 1� 
(#)2 ; �(#) := �2 + 1�(#) = 2
(#)1� 
(#) = 4#�2 � 2# :We have to 
al
ulate the di�usion 
oeÆ
ient e�# of e� = S#(�) under # 2 �. ObviouslyS#(x) � sgn(x) 11� 
(#) jxj(1�
(#)) ; �S#��1 (x) � sgn(x) ((1� 
(#)) jxj)(1�
(#))�1for x! �1; thus the di�usion 
oeÆ
ient e�# = (� � s#) Æ �S#��1 of e� behaves ase�#(x) � � j �S#��1 (x)j�
(#) � � ((1� 
(#)) jxj) �
(#)1�
(#)as x! �1. We arrive at2(e�#)2 (x) � 2�2 ((1� 
(#)) jxj) 2
(#)1�
(#) = A�(#)jxj�(#)8



with notation A+(#) = A�(#) := 2�2 (1� 
(#)) 2
(#)1�
(#) = 2�2 �1� 2#�2� 4#�2�2# :Finally, we note that the fun
tion f(x) = x1+x2 belongs to L2(�#) for all # 2 � (this is not aharmless 
ondition in general, and is violated in our setting for #0 := + 2�2 2 �, � the 
losure of�, on the frontier to transien
e). We have 
he
ked all the 
onditions of theorem A in se
tion 1,from whi
h proposition 1 now follows. 2Theorem 1 : For every # 2 �, we have the following:a) the MLE under Q# 
onverges to a 'mixed normal' limitn�(#)=2 �b#n � #� ! � eK(#; f)�1=2 B(W�(#)1 )W�(#)1(weak 
onvergen
e in IR, as n!1), with eK(#; f) given by (6).b) the sequen
e of statisti
al models�C ;Gn ; fQ#jGn : # 2 �g� ; n � 1is lo
ally asymptoti
ally mixed normal (LAMN) at # 2 �, with lo
al s
ale n��(#)=2, and (b#n)nis asymptoti
ally eÆ
ient at # in the sense of the 
onvolution theorem (i.e. in the 
lass of allasymptoti
ally at # regular estimator sequen
es).
) for arbitrary sequen
es of Gn-measurable estimates e#n, for sub
onvex and bounded loss fun
-tions l, one has the lo
al asymptoti
 minimax boundsupd<1 lim infn!1 supjhj<d E#+n��(#)=2h �l�n�(#)=2 �e#n � (#+ n��(#)=2h)���� E l � eK(#; f)�1=2 B(W�(#)1 )W�(#)1 !!whi
h is attained by the MLE sequen
e.Proof : Part a) follows from proposition 1 and representation of MLE errors. We prove b).From the representation of the likelihood ratio in our model, we have lo
al representations insmall neighbourhoods of points # 2 � with radius n��(#)=2:log L(#+n��(#)=2h)=#tn = h 1n�(#)=2 �tn(#)� h22 1n�(#) Itn ; t � 0 :(8) 9



Under Q#, the pro
esses in (8) 
onverge as n!1 weakly in D(IR+; IR) toh eK(#; f)1=2� B(W�(#))� h22 eK(#; f)�2 W�(#)(9)for arbitrary �xed h 2 IR, again by proposition 1. Taking t = 1 �xed, this is lo
al asymptoti
mixed normality (LAMN) of �C ;Gn ; fQ#0 jGn : #0 2 �g� at # as n!1, with lo
al s
ale n��(#)=2,see Davies (1985), Jeganathan (1988), LeCam and Yang (1990, Se
t. 5.6).As a 
onsequen
e of (8) and (9) with t = 1, the LAMN version of H�ajek's 
onvolution theoremgiven in Davies (1985, Cor. 7.2) (note that all assumptions A0 - A7 in Davies (1985) are met inour 
ase, and see H�ajek (1970) for the original LAN version) gives an asymptoti
 eÆ
ien
y boundfor regular estimator sequen
es. In fQ#0 jGn : #0 2 �g, a sequen
e (e#n)n of estimates is termedregular at # if we have joint 
onvergen
eL�n�(#)=2 �e#n � (#+ n��(#)=2h)� ; 1n�(#) In j Q#+n��(#)=2h�as n ! 1 to a bivariate limit law P whi
h does not depend on the value h 2 IR of the lo
alparameter. Write (bh; J) for a random variable having law P . The 
onvolution theorem states thatfor sub
onvex loss fun
tions l, one has ne
essarilyZ l(bh) dP � Z Z l(z)N (0; j�1)(dz)P J(dj) :By (9), the varian
e mixture of normals appearing on the right hand side is the limit law forres
aled MLE errors appearing in assertion a); sin
e the propertyn�(#)=2 �e#n � #� = � 1n�(#)=2 �n(#)� =� 1n�(#) In�+ oQ#(1) ; n!1
hara
terizes estimator sequen
es (e#n)n whi
h are regular at # and eÆ
ient in the sense of the
onvolution theorem, the proof of assertion b) is 
omplete. Assertion 
) is an appli
ation of LeCamand Yang (1990, Thm. 1 in Se
t. 5.6). 2Remark 2 : A 'pra
ti
ally' useful version of the MLE 
onvergen
e result is obtained withrandom norming: we get 
onvergen
e in lawpIn �b#n � #� =) N (0; 1)under Q# as n!1 at every point # 2 �. This uni�ed result using random norming { due to theparti
ular feature of our model that the information pro
ess I does not depend on # { remainstrue in the larger 're
urrent' statisti
al model fQ# : # < �22 g: we do have a 
onvergen
e theorem10



at the null re
urrent point # = ��22 on the frontier to ergodi
ity (see H�opfner and L�o
herba
h,2000, se
tion 3.1) even if we are unable to spe
ify the rate fun
tion appearing there expli
itely(this fun
tion is regularly varying at in�nity with index 1), and 
learly we have in the ergodi
points # < ��22 the usual martingale 
onvergen
e theorem (Ja
od and Shiryaev, 1987) and stronglaw of large numbers at our disposition. We are not able to treat the frontier 
ase from null re-
urren
e to transien
e # = +�22 where non-integrable additive fun
tionals o

ur, and we do notknow what happens in 
ases # > +�22 where the observed pro
ess is transient.
3 Extension: nuisan
e fun
tions in the driftNow we 
onsider statisti
al models of typedXt = �# Xt1 +X2t + g(Xt)� dt+ � dWt ; t � 0 ; X0 = 0(10)where # is an unknown one-dimensional parameter of interest; � > 0 is known and 
onstant, andg is some fun
tion IR! IR with the propertyZ +1�1 jgj(x)dx <1 :We write Q#;g for the law on (C ; C ; IG) of the pro
ess in (10), and � for the 
anoni
al pro
ess. Thenuisan
e fun
tion g in (10) will appear in limit theorems for martingales and integrable additivefun
tionals via a weight parameter for right and left tails�+ := exp� 2�2 Z 10 g(x)dx� ; �� := exp�� 2�2 Z 0�1 g(x)dx�(11)and via densities ��(y) w.r.to the measure �# de�ned in (5) meeting ��(y)! 1 as y ! �1:�+(y) := 1(0;1)(y) exp�� 2�2 Z 1y g(x)dx� ; ��(y) := 1(�1;0)(y) exp� 2�2 Z y�1 g(x)dx� :(12)Presen
e of g has no qualitative e�e
t on re
urren
e properties of the 
anoni
al pro
ess: as before,� under Q#;g is re
urrent if and only if 2#�2 � 1, the invariant measure now being�#;g(dx) = (����(x) + �+�+(x))�#(dx) ; 2#�2 � 1 ;(13)� = ���22 ;+�22 � is the maximal open null re
urrent submodel; spa
es L2 ��#;g�, L2 ��#� 
oin
ide.11



Proposition 2 : For every # 2 � and g with R jgj(x)dx < 1, for F 2 L2 ��#�, we have weak
onvergen
e of � 1n�(#)=2 Z tn0 F (�s)dM#;gs ; 1n�(#) Z tn0 F 2(�s)ds�t�0under Q#;g as n!1 in D(IR+; IR2) to�� bK(#; g; F )1=2 B(W�(#)) ; bK(#; g; F )W�(#)�where the 
onstants bK(#; g; F ) are given bybK(#; g; F ) = �(1 + �)�(1� �)�2� A� 1�� + �+ �#;g(F 2) ; � = �(#) ; A = A(#)(14)with A(#) de�ned in (7).Proof : The proof modi�es the proof of proposition 1. We start with the spa
e transformationof se
tion 1: with f(x) = x1+x2 we haveS#;g(x) = Z x0 s#;g(y)dy ; s#;g(y) = exp��2#�2 Z y0 f(v)dv � 2�2 Z y0 g(v)dv� = 1����(y) s#(y)where s# is as in the proof of proposition 1s#(y) =p1 + y2 � 2#�2 :For # 2 �, writing �(#), �(#), 
(#) as in the proof of proposition 1, the di�usion 
oeÆ
ient e�#of e� = S#;g(�) under # 2 � is nowe�#;g(x) � � 1�� j �S#;g��1 (x)j�
(#) � (��)�(1�
(#))�1 e�#(x)as x! �1, where e�# is as beforee�#(x) � � ((1� 
(#)) jxj) �
(#)1�
(#) ; x! �1 :Using 21�
(#) = 1�(#) and the de�nition of �(#), we arrive at2(e�#;g)2 (x) � = A�(#; g)jxj�(#)(15)with A+(#; g) = � 1�(#)+ A(#) ; A�(#; g) = � 1�(#)� A(#)where A(#) is given in (7). As in the proof of proposition 1, we use (15) and theorem A to 
on-
lude the proof of proposition 2. 212



Observations of type (10) indu
e semiparametri
 models �C ; C ; IG ; fQ#;g : # 2 � ; g 2 Hg� whereH is a suitable 
lass of bounded measurable fun
tions (for existen
e of strong solutions to (10)in this 
ase see Krylov and Zvonkin (1981, p.42)). The estimate (b#t)t�0 of se
tion 1 for # 2 �turns out to be in
onsistent in su
h larger models: 
ombining the expli
it representation of b#twith proposition 2 and the ratio limit theorem, we have 
onvergen
e in Q#;g-probabilityb#t ! #+ R fg d�#;gR f2 d�#;g as t!1with f(x) = x1+x2 . In the following, we 
onsider H := H
, the 
lass of bounded measurablefun
tions with support 
ontained in [�
; 
℄, and writeE
 := �C ; C ; IG ; fQ#;g : # 2 � ; g 2 H
 g� :(16)Theorem 2 : a) In the model E
, the sequen
eb#
n := Z n0 f 
(�s) d�s = Z n0 (f 
)2(�s) ds ; f 
(x) := x1 + x2 1fjxj>
gis 
onsistent for # 2 �, and 
onverges under Q#;g in law to a mixed normal limitn�(#)=2 �b#
n � #� ! � eK(#; f 
)�1=2 B(W�(#)1 )W�(#)1 ; n!1where the 
onstanteK(#; f 
) := �(1 + �)�(1� �)�2� 2A� �#((f 
)2) ; � = �(#) ; A = A(#)(17)(
f. (6)+(7)) does not depend on the nuisan
e fun
tion g 2 H
.b) At every point (#0; g0) 2 ��H
 with the property supp(g0) = [�
;+
℄, the model E
 
ontainsa least favorable one-dimensional submodel { parametrized by # 2 �, and passing through (#0; g0){ su
h that in the submodel: i) (b#
n)n is the MLE sequen
e for # 2 �; ii) LAMN holds at #0 withlo
al s
ale n��(#0)=2; iii) (b#
n)n is asymptoti
ally eÆ
ient at #0 in the sense of the 
onvolutiontheorem or the lo
al asymptoti
 minimax bound.
) Write E(#0;g0); n; h; eg for expe
tation under Q#0+n��(#0)=2h ; g0+n��(#0)=2h eg , eg 2 H
.For (#0; g0) 2 ��H
 with supp(g0) = [�
;+
℄, the lo
al asymptoti
 minimax bound at #0 issupeg2H
 " supd<1 limn!1 infe#n supjhj<d E(#0;g0); n; h;eg �l �n�(#0)=2 �e#n � (#0 + n��(#0)=2h)���#= supd<1 limn!1 infe#n supjhj<d E(#0;g0); n; h;�f1[�
;+
℄ �l �n�(#0)=2 �e#n � (#0 + n��(#0)=2h)���= E l � eK(#0; f 
)�1=2 B(W�(#0)1 )W�(#0)1 !!13



(with inf over arbitrary Gn-measurable estimates for #). The bound is attained by e#n := b#
n whi
his regular at #0 with respe
t to every �xed 'dire
tion' eg 2 H
.Proof : 1) Sin
e f 
g = 0 for all g 2 H
, we have under Q#;g via (10)b#
t � # = Z t0 f 
(�s) dM#;gs = Z t0 (f 
)2(�s) ds ;sin
e �# has a symmetri
 density, �� � 1 on (�1;�
) and �+ � 1 on (+
;+1), we have also�#;g �(f 
)2� = Z +1�1 (����(x) + �+�+(x)) (f 
)2(x)�#(dx) = �� + �+2 �# �(f 
)2�for g 2 H
. Hen
e assertion a) is a 
onsequen
e of proposition 2 .2) Fix some referen
e point (#0; g0) 2 ��H
 su
h that the support of g0 is the full interval[�
;+
℄. For g0 2 H
, �f1[�
;+
℄ + g0 is in H
, and arbitrary fun
tions eg in H
 
an be written inthis form: so the s
ope of possible dire
tions away from (#0; g0) in ��H
 is des
ribed by pairs�1;�f1[�
;+
℄ + g0� ; g0 2 H
 :Correspondingly, we 
onsider one-dimensional submodels of ��H
 passing through (#0; g0) whi
hare parametrized by #:Sg0(#0;g0) := �C ; C ; IG ; fQ#; g0+(#�#0)(�f1[�
;+
℄+g0) : # 2 � g�(18)where we 
all for short g0 2 H
 the 'dire
tion' of the submodel Sg0(#0;g0). For �xed g0, we lo
alizethe model around #0, introdu
ing a lo
al parameter h by # = #0 + n��(#0)=2h, and writeQhn := Q#0+n��(#0)=2h ; g0+(n��(#0)=2h)(�f1[�
;+
℄+g0) ; h 2 IR s.t. #0 + n��(#0)=2h 2 � :(19)The log-likelihood ratio pro
ess of Qhn = Qhn(#0; g0; g0) to Q0n relatively to (Gtn)t�0 ish 1n�(#0)=2 Z tn0 (f 
 + g0)(�s)�2 dM#0;g0s � 12 h2 1n�(#0) Z tn0 (f 
 + g0)2(�s)�2 ds ; t � 0 :(20)By proposition 2, we have LAMN at #0 with lo
al s
ale n��(#0)=2 in the submodel Sg0(#0;g0). As a
onsequen
e, the lo
al asymptoti
 minimax bound at #0 in Sg0(#0 ;g0) issupd<1 lim infn!1 infe#n supjhj<d EQhn(#0;g0;g0) �l �n�(#0)=2 �e#n � (#0 + n��(#0)=2h)���� E l � bK (#0; g0; f 
+g0)�1=2 B(W�(#0)1 )W�(#0)1 !!14



(the inf is over arbitrary Gn-measurable estimates e#n for #) with Qhn = Qhn(#0; g0; g0) of (19). Wehave also the LAMN version of the 
onvolution theorem for regular estimates: the optimal limitdistribution at #0 of res
aled estimation errors for regular estimates of # in Sg0(#0;g0) is the lawL � bK (#0; g0; f 
+g0)�1=2 B(W�(#0)1 )W�(#0)1 !(21)of the 
entral variable in the limit of lo
al experiments (19) as n!1. Finally, sequen
es e#n ofGn-measurable estimates for the parameter # in the submodel Sg0(#0 ;g0) are regular and eÆ
ient at#0, and a
hieve the lo
al asymptoti
 minimax bound, if and only if the res
aled estimation errorn�(#0)=2 �e#n � #0� admits an expansion� 1n�(#0) Z n0 (f 
 + g0)2(�s)ds��1� 1n�(#0)=2 Z n0 (f 
 + g0)(�s)dM#0;g0s � + oQ#0;g0 (1)(22)as n ! 1. By step 1) we do have the preliminary estimator sequen
e (b#
n)n for # whi
h at#0 is tight at rate n�(#0)=2. From this preliminary sequen
e we 
an 
onstru
t a modi�ed se-quen
e (�#n)n whi
h is eÆ
ient at #0 in the submodel Sg0(#0;g0), i.e. whose res
aled estimation errorn�(#0)=2 ��#n � #0� has the expansion (22). Hen
e the above bounds are attainable: we arrive atsupd<1 limn!1 infe#n supjhj<d EQhn(#0;g0;g0) �l �n�(#0)=2 �e#n � (#0 + n��(#0)=2h)���= E l � bK (#0; g0; f 
+g0)�1=2 B(W�(#0)1 )W�(#0)1 !!See LeCam and Yang (1990, se
tion 5.6), or Davies (1985), or Jeganathan (1988).3) Now we 
ompare the s
aling fa
tors in (21) for di�erent dire
tions g0 2 H
. Sin
e f 
g0 � 0 forall dire
tions g0 2 H
, we have�#0;g0 �(f 
 + g0)2� � �#0;g0 �(f 
)2� = �� + �+2 �#0 �(f 
)2�(23)(by (11), the weights �� = ��(g0), �+ = �+(g0) depend on g0); via (14) and (17), (23) yieldsming02H
 bK (#0; g0; f 
+g0) = bK (#0; g0; f 
) = eK(#0; f 
)where eK(#0; f 
) does not depend on g0.Hen
e the submodel S0(#0;g0) with dire
tion g0 � 0 is asymptoti
ally least informative at #0 amongall submodels Sg0(#0;g0), g0 in H
. Sin
e all bounds in step 2) are attainable bounds, this givessupg02H
 " supd<1 limn!1 infe#n supjhj<d EQhn(#0;g0;g0) �l�n�(#0)=2 �e#n � (#0 + n��(#0)=2h)���#15



= supd<1 limn!1 infe#n supjhj<d EQhn(#0;g0;0) �l �n�(#0)=2 �e#n � (#0 + n��(#0)=2h)���= E l � eK(#0; f 
)�1=2 B(W�(#0)1 )W�(#0)1 !! :We have obtained an expression whi
h does not depend on the nuisan
e 
omponent g0 of thereferen
e point (#0; g0) �xed in the beginning of step 2) (ex
ept that g0 has full support [�
;+
℄).4) Consider the estimator sequen
e (b#
n)n for # in S0(#0;g0). This is the maximum likelihood estima-te for # in S0(#0 ;g0) sin
e f 
g0 � 0. From 1) above, res
aled estimation errors n�(#0)=2 �b#
n � #0�do have the representation (22) with g0 � 0. Hen
e by step 2), the sequen
e (b#
n)n a
hieves thelo
al asymptoti
 minimax bound at #0 in the least favorable submodel S0(#0;g0)supd<1 limn!1 supjhj<d EQhn(#0;g0;0) �l�n�(#0)=2 �b#
n � (#0 + n��(#0)=2h)���= E l � eK(#0; f 
)�1=2 B(W�(#0)1 )W�(#0)1 !! :and also the eÆ
ieny bound for regular estimates in S0(#0;g0) at #0. All assertions of parts b) and
) of theorem 2 are proved by steps 3) and 4), ex
ept that we have not yet studied the estimate(b#
n)n in dire
tions other than the least favorable g0 � 0.5) Fix an arbitrary dire
tion g0 in H
 and 
onsider (b#
n)n as estimate for # in Sg0(#0;g0). We shallshow that for 
onvergent sequen
es hn ! h, the limit distribution inL�n�(#0)=2 �b#
n � (#0 + n��(#0)=2hn)� j Qhnn (#0; g0; g0)� !: Fh(24)does not depend on the value of the lo
al parameter h. Then (b#
n)n is regular for # in Sg0(#0 ;g0) at#0; as a 
onsequen
e, we getlimn!1 supjhj<d EQhn(#0;g0;g0) �l �n�(#0)=2 �b#
n � (#0 + n��(#0)=2h)���= E l � eK(#0; f 
)�1=2 B(W�(#0)1 )W�(#0)1 !! :for arbitrary g0 in H
 and all d <1, and thus the last assertion of theorem 2 
).Write �hn for the log-likelihood ratio pro
ess (20) of Qhn = Qhn(#0; g0; g0) to Q0n relative to (Gtn)t�0,write Yn for the martingale arising in the res
aled estimation error of b#
n under Q0n:Yn(t) = 1n�(#0)=2 Z tn0 (f 
)(�s)�2 dM#0;g0s ; t � 0 :Sin
e f 
g0 = 0, the quadrati
 
ovariation h�hn; Yni of �hn and Yn ish 1n�(#0) Z tn0 (f 
)2(�s)�2 ds :16



Using this together with proposition 2, we get for the pairs L ��hnn (1); Yn(1) j Q0n� as n ! 1(hn ! h) a limit of typeZ L(W�(#0)1 )(dj) N ���12�21j0 ���21j �1�2j��1�2j� �22j��with suitable �1, �2, �1 < � < 1. The well known mean shift argument in LeCam's third lemmathen shows that the limit of L ��hnn (1); Yn(1) j Qhnn � as n!1 isZ L(W�(#0)1 )(dj) N ��+12�21j�1�2j����21j �1�2j��1�2j� �22j�� :Convergen
e of Yn(1) under Qhnn gives (after division by 1n�(#0) R n0 (f
)2(�s)�2 ds whose limit law un-der Qhn is independent of h) Fh = F 0 in (24). The proof is 
omplete. 2
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