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Semiflexible polymers end-grafted to a repulsive planar substrate under good solvent conditions are studied

by scaling arguments, computer simulations, and self-consistent field theory. Varying the chain length N,

persistence length ‘p, and grafting density sg, the chain linear dimensions and distribution functions of

all monomers and of the free chain ends are studied. Particular attention is paid to the limit of very

small sg, where the grafted chains behave as “mushrooms” no longer interacting with each other.

Unlike a flexible mushroom, which has a self-similar structure from the size (a) of an effective monomer

up to the mushroom height (h/a f Nv, n z 3/5), a semiflexible mushroom (like a free semiflexible

chain) exhibits three different scaling regimes, h/a f N for contour length L ¼ Na < ‘p, a Gaussian

regime, h/a f (L‘p)
1/2/a for ‘p � L � R* f (‘p

2/a), and a regime controlled by excluded volume, h/a f

(‘p/a)
1/5Nn. The semiflexible brush is predicted to scale as h/a f (‘pasg)

1/3N in the excluded volume

regime, and h/a f (‘pa
3s2)1/4N in the Gaussian regime. Since in the volume taken by a semiflexible

mushroom excluded-volume interactions are much weaker in comparison to a flexible mushroom, there

occurs an additional regime where semiflexible mushrooms overlap without significant chain stretching.

Moreover, since the size of a semiflexible mushroom is much larger than the size of a flexible mushroom

with the same N, the crossover from mushroom to brush behavior is predicted to take place at much

smaller densities than for fully flexible chains. The numerical results, however, confirm the scaling

predictions only qualitatively; for chain lengths that are relevant for experiments, often intermediate

effective exponents are observed due to extended crossovers.
I. Introduction

Polymer brushes are formed when macromolecules are graed
by a chain end on a nonadsorbing substrate surface.1–3 These
so polymeric layers nd numerous applications2 and have
been considered theoretically already for decades,1,3–5 see a
recent review3 for hundreds of references on the subject.
However, the overwhelming majority of studies has addressed
brushes formed from completely exible polymers. Graed stiff
or semiexible chains have only occasionally been consid-
ered.6–13 Here we are not concerned with more specialized work
considering graed semiexible chains in nematic solvents,14–18

or graed stiff surfactants.19–21 Recently, there has also been
experimental interest in semiexible polymers graed to
substrates, particularly in a biopolymer context.22–25 However,
the theoretical work oen considered the limit of very dense
graing and associated liquid-crystalline orientational order in
these brushes, e.g.10–13
iversity Mainz, Staudingerweg 7, D-55128

irginia, Charlottesville, VA 22901, USA.

ckermannweg 10, 55128 Mainz, Germany

cademia of Sciences, 1113 Soa, Bulgaria

6

Apart from early scaling considerations of a rather qualita-
tive character,6 semiexible brushes under semidilute concen-
tration conditions and the crossover to the mushroom regime
were not considered. We feel, however, that this regime does
deserve further study, since the behavior of graed semiexible
polymers under such conditions presents several interesting
complications. Thus, an isolated exible mushroom under
good solvent conditions basically exhibits a self-similar fractal
self-avoiding walk like structure, from the length scale of the
monomeric unit a up to the coil size, whereby gyration radii
components Rgz, Rgxy in the z-direction perpendicular to the
graing surface, or parallel to it, all scale like a free chain in
solution, Rgz z Rgxy f aNn. Here N is the number of monomeric
repeat units, and n z 3/5 is the Flory exponent.26,27 For semi-
exible mushrooms, however, the expected behavior is more
complicated.

As is well-known, chain stiffness is characterized by the
persistence length ‘p, which may be signicantly larger than a
(e.g., for double-stranded DNA ‘p z 50 nm while a z 3 nm).
When the contour length L ¼ Na (the number of subsequent
bonds connecting the unitsN along the chain henceforth will be
denoted as chain length) does not exceed ‘p much, the macro-
molecule behaves like a exible rod. For ‘p/a [ 1 even in very
good solvents a regime of Gaussian statistics is expected,
This journal is © The Royal Society of Chemistry 2015
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Rg
2 f ‘pL ¼ a2(‘p/a)N. Only when the contour length exceeds a

characteristic value L* ¼ ‘p
3/a2 (and the coil radius Rg exceeds

the corresponding coil size R* ¼ ‘p
2/a), an onset of coil swelling

is expected, with ultimately Rg f (‘p/a)
1/5aN3/5.28–30 While some

evidence for this double crossover has been seen in extensive
simulations of free chains,30 we are not aware of any study of
semiexible mushrooms yet. Such a study will be presented
here, and the consequences of this more complicated behavior
for the crossover from mushrooms to polymer brushes will be
considered. Particular interest will be devoted to the question
how the variation of the persistence length affects then the
brush height h and other structural characteristics of the
semiexible polymer brush.

In Sec. II, we summarize the predictions derivable from Flory
theory and other scaling considerations. Sec. III describes
numerical results for mushrooms, obtained from Monte Carlo
simulations of a self-avoiding walk model on the simple cubic
lattice where a bending energy 3b is used to control chain
stiffness (applying the pruned-enriched Rosenbluth method
{PERM}31,32). Sec. IV presents numerical results using the
Scheutjens–Fleer lattice version of the self-consistent eld
theory.33 This approach allows to address the study of polymer
brushes, for the same model of semiexible chains as consid-
ered in the mushroom case by Monte Carlo. In Sec. V, we
present results for an alternative model, off-lattice bead-spring
chains with a bond bending potential, as used for the study of
very dense brushes.12,13 While this model allows to cover the full
range of graing densities, including the mushroom limit,
though the range of chain length is restricted to values of N of a
few hundred only, it is interesting to compare the physical
effects of allowing arbitrarily small bond angles q between
subsequent vectors along the chain to the lattice models where
only q ¼ 90� is possible as a nonzero bond angle. The question
for which conditions these rather different coarse-grained
models of macromolecules are trustworthy will be briey dis-
cussed. Finally, Sec. VI summarizes our conclusions.

II. Scaling description

In this section, we summarize predictions on the linear
dimensions of the graed semiexible chains that are easily
derived from the approach well-known as “Flory theory”.26,27 Of
course, this approach can only yield power law relations for the
chain linear dimensions in the various regimes, apart from
prefactors, and it also cannot reliably describe the crossovers
between these power laws. In addition, Flory theory requires the
exponent n in d ¼ 3 dimensions to be n ¼ 3/5, rather than the
more accurate value nz 0.588;34 also the Flory theory prediction
for the chain free energy is unreliable.26,27,35

We rst consider the dilute limit (graing density sg/ 0, i.e.
the mushroom regime). In the case when the persistence length
‘p exceeds by far the size a of a (spherical) monomeric unit, ‘p
[ a, and the chain length N is not too large, the excluded
volume vex between monomeric units can be neglected and the
crossover from the rod limit (L ¼ Na < ‘p) to the Gaussian limit
can be accounted for by the Kratky–Porod model.36,37 For the
mean square end-to-end distance of a free chain this gives
This journal is © The Royal Society of Chemistry 2015
�
R2

�¼ 2‘pL

�
1� ‘p

L

h
1� exp

��L
�
‘p
�i�

; (1)

which is derived in the continuum limit. On the simple cubic
lattice, the analogous expression for a free random walk model
of a chain reads38

�
R2

�¼ Na2

"
1þ t

1� t
þ 2t

N

tN � 1

ðt� 1Þ2
#
; (2)

where t h hcos qi ¼ exp(�a/‘p). Here q denotes the angle
between subsequent bond vectors along the chain backbone.
While for chains in the bulk eqn (1) and (2) differ very little over
the full range 0 < L/‘p < N, it is clear that for chains graed at a
planar substrate the full cubic symmetry of the lattice model is
broken, and strong differences between the continuum model
and the lattice model appear in the rod limit. Thus, in the
continuum limit, assuming that the orientation of the rod
relative to the z-axis is random, we have for isolated rods

�
Rz

�¼ L

2
;
�
Rz

2
� ¼ �

Rx
2
� ¼ �

Ry
2
� ¼ �

R2
��

3 ¼ L2
�
3: (3)

On the lattice, the graed rod has one direction perpendic-
ular to the graing surface and four directions parallel to it.
Thus,

hRzi ¼ L/5, (4)

hRz
2i ¼ L2/5, hRx

2i ¼ hRy
2i ¼ 2L2/5, hR2i ¼ L2

Therefore, in this hard rod limit the ratio hRxy
2i/hRz

2i (with
hRxy

2i ¼ hRx
2i + hRy2i) takes on the value 2 in the continuum, and

4 on the lattice.
These differences between eqn (3) and (4) will affect the

mushroom regime when we consider the rod to coil crossover in
the lattice model (Sec. III) and in the off-lattice model (Sec. IV),
respectively. Also in the brush regime, for short chains related
differences between the lattice (Sec. IV) and continuum (Sec. V)
models must be expected.

In the Flory theory, only long chains are considered, so that
in the Gaussian regime hR2i ¼ 2‘pL can be assumed. Flory theory
is based on the minimization of the free energy F(R), (which is
normalized by kBTwith kB the Boltzmann's constant, and T – the
absolute temperature) being hence dimensionless, with respect
to the chain linear dimension R. Ignoring prefactors of order
unity one sets

F(R) ¼ R2/(a‘pN) + vexN
2/R3, (5)

where vex represents the excluded volume interaction between
effective monomeric units (vex has dimension of a volume). Note
that Flory theory is too crude to distinguish between a mush-
room and a free chain in dilute solution. From vF(R)/vR ¼ 0 we
get, again omitting factors of order unity,
Soft Matter, 2015, 11, 2604–2616 | 2605
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Fig. 1 Qualitative description of the mushroom to brush crossover for
semiflexible polymers, presented as a log–log plot of N/N* vs. sgR*

2.
At N/N* / 1, a crossover occurs from swollen chains to brushes as
described by eqn (8c), while forN/N* < 1 (butN > ‘p/a) the mushrooms
are still Gaussian coils, and eqn (8b) applies. Note that in this qualitative
figure, for the sake of better visibility, the choice N* ¼ 10‘p/a has been
made, implying ‘p=a ¼ ffiffiffiffiffi

10
p

: for such a small persistence length a
Gaussian regime could not be observed in practice, of course, since
the crossovers at N ¼ N* and at N ¼ ‘p/a are both smooth and spread
out over about a decade on the log–log-plot. Therefore, both
crossovers would merge, removing any intermediate regime of well-
defined power laws.
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R ¼ (a‘pvex)
1/5N3/5, N > N* ¼ (a‘p)

3/vex
2. (6)

From eqn (3)–(5) we note that in the Gaussian regime F(R) ¼
1. Only when N > N* is the second term on the right hand side of
eqn (5) non-negligible against the rst, and the excluded
volume effects matter. The chain length N* where the crossover
from Gaussian mushrooms to swollen mushrooms occurs,
corresponds to a coil size

R* ¼ a1/2‘p
1/2N*1/2 ¼ a2‘p

2/vex. (7)

Note that for exible chains, ‘p z a and vex f a3, so N* is of
order unity and R* of order a. Thus, in themushroom regime we
expect two crossovers, for N ¼ ‘p/a we have a crossover from
graed rods to Gaussianmushrooms, and forN¼N*, according
to eqn (6), another crossover to mushrooms, swollen by the
excluded volume interactions, occur. If we dene the height of
the mushroom as h ¼ hRzi, we expect a variation of h f aN for
small enough N, followed by hfða‘pÞ1=2

ffiffiffiffi
N

p
, and nally by h f

(a‘pvex)
1/5N3/5. Of course, all these crossovers between the

various power laws are expected to be rather smooth, forN¼ ‘p/a
the exibility of the rod-like chains comes gradually into play,
and similarly the effect of excluded volume sets on gradually.

We now discuss the effect of the two crossovers in the
conformational statistics of a single mushroom (from rod to
Gaussian coil, when L ¼ lp, and from Gaussian to swollen coil,
when the mushroom height h is of the order of R*) at the
mushroom (m) to brush (b) crossover. Of course, one may
readily identify the regime of graing densities where one has
isolated mushrooms. For exible chains under good solvent
conditions the lateral linear dimension of a mushroom is given
by R f aN3/5 and hence the mushroom to brush crossover
occurs for smbR

2 z 1, i.e., smba
2 z N�6/5. Here and in the

following we denote the graing density at the ‘mushroom to
brush’ crossover by smb. For semiexible chains, we now have
three cases to distinguish:

smba
2 z 1/N2(rod regime) (8a)

smba
2 z a/(‘pN)(Gaussian chains) (8b)

smba
2 z a2(a‘pvex)

�2/5N�6/5(excluded volume regime) (8c)

Fig. 1 shows a qualitative plot of this mushroom-brush
crossover behavior, normalizing N by N* and making sg

dimensionless as sgR*
2, so that the regime for N > ‘p/a is

independent of the choice of the persistence length. The three
relations (8a) to (8c) then appear as straight lines on the log–log-
plot. Using N/N* as the Y-axis, brushes would then be always
above, and mushrooms – below these straight lines. The regime
N [ ‘p/a is then in these coordinates a universal one, whereby
different choices of persistence length superimpose. Of course,
if ‘p/a is not large, N* is of order unity, and both the regime of
graed Gaussian coils and graed rods disappears from Fig. 1.
Then, for exible chains, only the topmost mushroom regime
(graed swollen coils) exists. We remark that eqn (8b) and (8c)
have already been derived by Birshtein and Zhulina,6 in a
somewhat different context for both exible and semiexible
2606 | Soft Matter, 2015, 11, 2604–2616
chains (there the “phase diagram” of polymer brushes was
considered as a function of solvent quality, assuming vex f

(T � Tq) with Tq being the Q-temperature of the polymer solu-
tion). In ref. 6, however, the regime where the chains behave like
graed rods was disregarded.

We consider now the application of Flory theory to the brush
regime. As a variation parameter, the brush height h is used,
and the Alexander4-de Gennes5 picture of a brush is used, i.e.,
the volume accessible for the monomeric units of a chain in a
brush is assumed essentially as that of a cylinder of height h and
radius 1= ffiffiffiffiffi

sg
p . In this cylinder the density is then of order Nsg/h,

therefore,

DFðhÞ ¼ h2

a‘pN
þ vexN

2sg

�
h; (9)

and hence (again ignoring factors of order unity),

h ¼ (sga‘pvex)
1/3N. (10)

In the regime where the excluded volume interactions
described by the second virial coefficient do not matter and due
to the large persistence length the chains obey Gaussian
statistics, higher order terms in the virial expansion need to be
included. The standard assumption is to describe this fact in
terms of a factor related to the third virial coefficient. So we take

DFðhÞ¼ h2

a‘pN
þ w3N



Nsg

h

�2

; (11)

which yields
This journal is © The Royal Society of Chemistry 2015
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h ¼ N(a2w3sg
2)1/4(‘p/a)

1/4. (12)

Eqn (10) and (12) were rst proposed by Birshtein and
Zhulina,6 who also discussed the lateral dimensions of the
chains in the brush. One may easily verify that the crossover
between the result for the brush height, according to eqn (10),
and h ¼ (a‘pvex)

1/5N3/5 in the mushroom regime, {eqn (6)},
occurs for smb, as given in eqn (8a)–(c). On the other hand, the
crossover dened by h (as given by eqn (12)) becoming equal to
Gaussian mushrooms, (eqn (1) and (2)), is not given by eqn (8b)
but rather by

s0
mba

2 ¼ N�1



‘p
a

�1=2�
a2w3

��1=2
fN�1



‘p
a

�1=2

: (13)

This result shows that the Gaussian mushrooms can inter-
penetrate to some extent before the monomer density in the
brush is high enough so that chain stretching sets in.
Fig. 2 Log–log plot of the mean square end-to-end distance
components parallel-, hRz

2i/(N‘p) (upper panel), and perpendicular to
grafting surface, hRxy

2i/(N‘p) (lower panel), versus N/‘p. Monte Carlo
data are obtained with the algorithm PERM, including all values of N
from N ¼ 30 up to N ¼ 50 000. The choices of ‘p included here range
from rather flexible chains (‘p z 0.7) to rather stiff chains (‘p ¼ 52.6), as
indicated in the legend. Solid straight line indicates the power law with
exponent 2n � 1 ¼ 0.176.
III. Monte Carlo study of semiflexible
mushrooms

In this section, we consider self-avoiding walks (SAWs) on the
simple cubic lattice, where one chain end is graed in the plane
z ¼ 0, which acts as an impenetrable substrate (i.e., monomer-
positions with z-coordinates z < 0 are strictly excluded), and a
bending potential Ub(q)¼ 3b(1� cos q) acts between subsequent
bonds of the chain. Unlike the model studied in ref. 39 to clarify
the adsorption transition of semiexible chains, monomers do
not experience any binding energy 3when they are located in the
graing plane z ¼ 0, so 3 h 0. Since on the simple cubic lattice
the only possible bond angles are q ¼ 0, q ¼ �90� (q ¼ 180�

which would mean an immediate reversal of the walk is
forbidden, of course), the chain partition function ZN depends
on the single parameter qb h exp(�3b/kBT) only, which controls
the chain persistence length,30

ZNðqbÞ ¼
X
config

CN;Nbend
qb

Nbend (14)

where CN,Nbend
is the number of congurations of mushrooms

with N bonds and Nbend being the number of �90� kinks. Note
that the persistence length ‘p here is dened in terms of hcos qi
as ref. 30

a/‘p ¼ �lnhcos qi, (15)

where the lattice spacing a henceforth will be taken as unit of
length a ¼ 1. While for non-reversal random walks on the
simple cubic lattice, for which excluded volume interactions are
ignored, there is a simple relation between ‘p and qb, namely

hcos qi ¼ 1/(1 + 4qb), ‘p(qb small) z 1/(4qb), (16)

now due to excluded volume effects the relation between qb and
‘p in general is nontrivial.30 We also recall that ‘p should not be
associated with the decay of bond orientational correlations
with the chemical distance s along the chain (as is oen
This journal is © The Royal Society of Chemistry 2015
done27,40). This decay for large s is a power law with an universal
exponent41,42 rather than exponential,27,40 and hence the
asymptotical decay for s / N (in the limit of innite chain
length) does not yield any information on the persistence length
whatsoever.42,43 From simulations of unconstrained semi-
exible SAW's in the bulk with N # 50 000 for 0.005 # qb # 1.0
‘p has already been independently obtained and these values
are quoted in Fig. 2–5 (ref. 30) and will be used in the present
analysis of mushrooms as well.

As in that related work on free nongraed chains,30 the
pruned-enriched Rosenbluth method (PERM)31,32 was used, and
hence we refer to ref. 30 for all technical details on this algo-
rithm. Fig. 2 shows then the mean squared end-to-end distance
components perpendicular (hRz

2i) and parallel (hRxy2i) to the
substrate surface, normalized by N‘p and shown as log–log plots
vs. N/‘p. Fig. 3 shows analogous data for the mean square
gyration radius components, hRgz2i and hRgxy2i. In all these data
we can clearly recognize three regimes: the initial regime for N/
‘p # 1 is almost a straight line with slope one, as expected for
the rod regime (of course, only data with large ‘p can contribute
to this regime). For 1 < N/‘p < 10 there is a gradual crossover to a
Soft Matter, 2015, 11, 2604–2616 | 2607
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Fig. 3 Log–log plot of the main square gyration radius components
parallel-, hRgz

2i/(N‘p) (upper panel), and perpendicular to grafting
surface, hRgxy

2i/(N‘p) (lower panel), versus N/‘p. Monte Carlo data are
obtained with the algorithm PERM, including all values of N from N ¼
30 to N ¼ 50 000. The choices of ‘p are indicated in the legend. Solid
straight line indicates the power law with exponent 2n � 1 ¼ 0.176.

Fig. 4 Log–log plot of hRz
2i/(N‘p) (upper panel) and of hRxy

2i/(N‘p)
(lower panel) vs. N/N*(‘p), where N*(‘p) was determined in ref. 30 from
the analysis of semiflexible chains in the bulk. Solid straight line indi-
cates the power law with exponent 2n � 1 ¼ 0.176.

Fig. 5 Log–log plot of hRxy
2i/hRz

2i vs. N/‘p, including all chain lengths
from N ¼ 30 to N ¼ 50 000, and different values of ‘p as indicated in
the legend. The arrow at the ordinate shows the theoretical value (4) in
the rod limit.
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horizontal plateau. The presence of this plateau (for 10 < N/‘p <
100) is rather clearly recognizable for the parallel component,
hRxy

2i/N‘p, but less so for the component hRz
2i/N‘p, perpendic-

ular to the graing surface. Of course, for not so large choices of
‘p a plateau (corresponding to Gaussian behavior, cf. eqn (1) and
(2)) cannot be found. The mushroom conformations crossover
from rod-like structures to swollen coils occurs almost imme-
diately, and one observes that hR2i/‘p f N2n�1 (irrespective of
whether xy or z components and end-to-end distance or gyra-
tion radii are considered). Thus, for different choices of ‘p and
N/‘p large enough, the data are always described by a family of
parallel straight lines on the log–log plot.

When we study the data as function of N/N*(‘p), rather than
N/‘p, however, we see that the data for N/N*(‘p) > 10 settle down
on master curves, which exhibit asymptotically simple power
laws, as expected from eqn (6). The latter can be rewritten as
(recall that vex z a3 is of order unity here)

hR2i/(‘pN) f [N/N*(‘p)]
1/5 (17)

with a constant of proportionality of order unity, independent
of ‘p. Fig. 4 conrms the validity of this expectation (note that in
Fig. 4 the scaling line has a slope of 2n � 1 ¼ 0.176, i.e., we have
used a more accurate value n z 0.588 (ref. 34)).
2608 | Soft Matter, 2015, 11, 2604–2616 This journal is © The Royal Society of Chemistry 2015
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Recall that the graing density smb where the crossover from
mushroom to brush behavior occurs, can be numerically esti-
mated as smb ¼ 2/(phRgxy

2i). So the curves showing hRgxy
2i/N‘p

vs. N/N*(‘p) can be interpreted as (2/p)/(N‘psmb) as function of
N/N*(‘p). These curves should be compared to Fig. 1, where a
schematic plot of N/N*(‘p) as function of sgR*

2 was given
(shown in simplied form, for a single choice of ‘p only, via
three straight lines on the log–log plot). Indeed, in Fig. 4c we
can recognize 3 regimes, but the crossovers between these
regimes are smeared out and not sharp.

Finally Fig. 5 presents a plot of hRxy
2i/hRz

2i as function of N/
‘p. It is seen that for large N/‘p (of order 100 or larger) this ratio
is close to unity; for N/‘p < 1 it approaches the value 4, as pre-
dicted for the lattice chains in the rod limit (eqn (4)). However,
since we know from eqn (3) that the corresponding value of the
rod limit for off-lattice chains is 2 rather than 4, we expect that
lattice artefacts in this problem are signicant for N/‘p < 10
already, since real macromolecules do not “live” on a lattice.
Fig. 6 Log–log plot of hRz
2i/N‘p for three grafting densities: sg ¼

0.001 (upper panel), 0.01 (middle panel) and 0.1 (lower panel). The
horizontal straight line (at unity) indicates the trivial behavior for long
Gaussian chains, while the straight line with slope unity indicates the
rod-like behavior. Several choices of the persistence length ‘p (from ‘p
¼ 3.0 to ‘p ¼ 250.5) are included, as indicated in the key to the figure.
IV. Semiflexible brushes studied by
SCFT

The Scheutjens–Fleer33,44–47 lattice version of the self-consistent
eld theory (SCFT) has been applied to the study of polymer
brushes formed from exible macromolecules extensively, and
its technical formulation is well-known. Since the extension to
include variable chain stiffness (via the parameter qb¼ exp(�3b/
kBT) used already in the previous section) is straightforward,48

no details on the implementation of the method are given, and
we proceed to a discussion of the results immediately; we only
note that due to storage requirements the method becomes
impractical for N > 3000; but for the discussion of possible
experiments on real polymer brushes that could be produced in
the laboratory larger chain lengths would be of little interest
anyway. All results presented in this section use the lattice cell
size d as the length unit and thermal energy kBT as the energy
unit.

In order to make contact with the previous section on
mushrooms, we rst present plots of hRz

2i/N‘p vs. N/‘p, for
chains in brushes at different graing densities sg, (Fig. 6). As
for the mushroom, three regimes are again evident: for N/‘p < 1
there is the trivial rod regime, then the curves atten somewhat,
before a crossover to the stretched chains in the brushes (where
the brush height h scales linearly with N, and hRz

2i f h2, and
thus hRz

2i/N‘p scales again linear with N, but with a smaller
prefactor than in the rod regime). Note that for sg¼ 0.001 and ‘p
< 10 the data for N/‘p < 10 actually are in the mushroom regime,
but in this single-chain regime the SCFT formulation used here
does not account for the excluded volume interactions between
the monomers properly; therefore data in Fig. 6 describing
mushrooms cannot be relied upon, and therefore we do not
present a direct comparison with the Monte Carlo data for the
mushrooms here.

Taking the average height of the end-monomer length as a
measure for the brush height, he¼ hRzi, we can study the scaling
of the brush height with graing density (Fig. 7a). We see that
This journal is © The Royal Society of Chemistry 2015
for N ¼ 1000 there is for moderately stiff chains (‘p # 10.5) only
a single decade in sg (from 0.01 to 0.1) where the scaling rela-
tion for the strong stretching regime (he f s1/3, cf. eqn (12))
approximately holds. For smaller sg, the data still fall in the
regime affected by the crossover to mushrooms. On the other
hand, when we consider large values of ‘p (such as ‘p ¼ 50.5 or
even 250.5), the number of “Kuhn segments” that a chain with
N¼ 1000 can have is simply not large enough to allow a sensible
interpretation in terms of scaling relations, power laws, etc. In
fact, the height he for N ¼ 1000 for sg > 0.01 is clearly rather
close to its saturation value, he ¼ 1000. This fact that the
mushroom to brush crossover and the crossover towards satu-
ration (maximally stretched chains) merge in the variation of he
with sg, if ‘p is rather large, also means that we should not
expect that the simple power law he f ‘p

1/3 {eqn (10)} can work
over a broad parameter regime (see Fig. 7b below).

Alternatively, one can dene the brush height h as the
average z-coordinate of all monomers, the corresponding
results are shown in Fig. 7b. It appears from Fig. 7b that a
different value of the exponent in the power law, hf ‘p

0.4, could
work better: this could be interpreted as a fundamental aw in
the scaling description. However, when we take the data from
Soft Matter, 2015, 11, 2604–2616 | 2609
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Fig. 7 (a) Log–log plot of the brush height he/N (taken as the average
height of the end-monomer and normalized by the chain lengthN, he/
N ¼ hRzi/N) shown vs. grafting density sg, using several choices of ‘p
from ‘p¼ 3 to ‘p¼ 250.5, as indicated in the key to the figure. The solid
straight line shows the theoretical power law he f sg

1/3. All data refer
to N ¼ 1000. (b): log–log plot of the brush height 2h/N (taken as the
average z-coordinate of all monomers and normalized by half of the
chain length N/2, 2h/N ¼ 2hzi/N) shown vs. persistence length ‘p, for
four grafting densities sg ¼ 0.1, 0.01, 0.001, and 0.0001, as indicated.
All data refer to N ¼ 1000. For comparison, the Monte Carlo data for N
¼ 1000mushrooms (from Sec. III) are included in this plot. The straight
lines indicate the theoretical power laws (eqn (10)), h f ‘p

1/3 and h f
‘p

1/2 (Gaussian mushroom regime), respectively.

2610 | Soft Matter, 2015, 11, 2604–2616
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the Monte Carlo calculations for mushrooms (also dening h ¼
hzi from the average z-coordinate of all monomers), a plot of h
vs. ‘p in the regime from ‘p z 5 to ‘p z 50 and N ¼ 1000 to N ¼
50 000 is also compatible with such an intermediate exponent.
In our view, however, this nding is simply an expression of a
smooth and slow crossover between different regimes. In fact,
Fig. 4 has also demonstrated that these data have not yet
reached fully asymptotic power law as function of the chain
length, hR2i/(‘pN) f [N/N*(‘p)]

2n�1 f N0.176. Therefore, these
results clearly demonstrate, that scaling descriptions are by no
means the full story, when competition between several
different regimes with different power laws occur.

Consider a regime where the mushrooms are not yet in the
asymptotic regime described in Sec. II. Then, the relation h f

‘p
2/5 may be interpreted in terms of an “effective exponent”. As a

result, we can nd an “effective” crossover scaling description
when h/(N3/5‘p

2/5) is plotted against sgN
6/5‘p

�1/5 (Fig. 8a). Note
that the brush height, scaling like h f (a‘pvex)

1/3sg
1/3N, equals

the mushroom height. The latter could be tted empirically to h
f (a‘pvex)

2/5N3/5, as discussed above. This yields a crossover at
s

0
mb f N�6/5(a‘pvex)

1/5. Therefore, in Fig. 8a a plot of h/(N3/5‘p
2/5)

vs. s/s 0
mb f sN6/5‘p

�1/5 was presented. The fact that s 0
mb > smb

implies, however, that in between the region of non-interacting
mushrooms, (sg < smb), and the region of stretched brushes, (h
fN, sg > s

0
mb), a region of strongly interpenetratingmushrooms

(or unstretched brushes (with h f N3/5‘p
2/5 as for the isolated

mushrooms) should occur for smb < sg < s
0
mb. That would be

rather unexpected (although such a behavior is predicted for the
intermediate Gaussian regime of stiff chains, see Sec. II).

The quality of the data collapse is quite striking, yet we do
not have any sound theoretical argument in favor of a relation h
f ‘p

2/5N3/5 rather than h f ‘p
1/5N3/5 {eqn (6)} for mushrooms.

Thus, we conjecture that this result, (Fig. 8a), is just due to the
slow crossover from the h f ‘p

1/2 relation in the Gaussian
regime {eqn (1)} to the relation h f ‘p

1/5 in the regime domi-
nated by the excluded volume interaction. Therefore, it is
plausible that the theoretically predicted crossover scaling
works less well in this region (Fig. 8b). On the other hand, we
recall that eqn (6) is based on nothing but the Flory description
{eqn (5)}, which cannot yield the critical exponent of the N-
dependence correctly (hRz

2i f N1.176 rather than N6/5 ¼ N1.200

(ref. 34)), and thus the exponent of the ‘p-dependence could be
seriously in error30 too. However, chain lengths far exceeding
N ¼ 50 000 would be needed to clarify this issue.

Finally, we have performed calculations of the brush lateral
pressure as a function of persistence length, following the
procedure outlined in detail in the earlier SCFT-based study of
the lateral pressure of exible brushes.49 Our results are pre-
sented in Fig. 9, where we show the brush lateral pressure given
in units of kBT/d

2. Fig. 9a gives a log–log plot of the lateral
pressure divided by the chain length (N ¼ 1000) shown vs.
graing density, using several choices of ‘p from ‘p ¼ 1 to ‘p ¼
100.5. One sees that for the exible brush (‘p ¼ 1) the lateral
pressure follows the expected power law scaling sg

5/3 over the
entire range of graing densities studied. With increasing
persistence length, the slope of the curve Psurf/N vs. sg becomes
smaller than 5/3 at low graing densities, while at high sg it is
This journal is © The Royal Society of Chemistry 2015
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Fig. 9 (a) Log–log plot of the brush surface pressure divided by the
chain length Psurf/N shown vs. grafting density sg, using several
choices of ‘p from ‘p ¼ 1 to ‘p ¼ 100.5, as indicated in the key to the
figure. The solid straight line shows the theoretical power law for the
flexible brush Psurf/N f sg

5/3. All data refer to N ¼ 1000. (b) Linear plot
of the brush surface pressure normalized by its value for very stiff
chains Psurf/Psurf (lp ¼ 1000) shown vs. the inverse persistence length
lp
�1 for three choices of the chain length N ¼ 100, 250, and 1000. All

data refer to sg ¼ 0.1.

Fig. 8 Upper panel: effective crossover scaling of the brush height h
as function of grafting density sg, scaling the ordinate as h/(N3/5‘p

2/5)
and the abscissa as sg/(N

�6/5‘p
1/5), for N ¼ 500 and N ¼ 1000 and four

choices of ‘p, as indicated in the key (data points affected by the
saturation at themaximum brush height are omitted). Straight line with
slope 1/3 on the log–log plot indicates the stretched brush regime.
Lower panel: theoretically predicted scaling h/(N3/5‘p

1/5) vs. sg/
(N�6/5‘p

�2/5) for N ¼ 1000.
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still close to 5/3. For any value of sg the lateral pressure
decreases with increasing persistence length and appears to
approach an asymptotic limiting value for very stiff chains. This
trend is further illustrated in Fig. 9b, which gives a linear plot of
the brush lateral pressure normalized by its value for very stiff
chains Psurf/Psurf(lp ¼ 1000) shown vs. the inverse persistence
length lp

�1 for three choices of the chain length N ¼ 100, 250,
and 1000 (all data refer to the graing density sg ¼ 0.1). One
sees that the lateral pressure grows steadily with decreasing lp,
with the steepness of the increase being independent of the
chain length for very stiff chains, but showing a weak N-
dependence for more exible chains.
V. Molecular dynamics results

We consider the standard12,13 coarse-grained bead-spring model
of polymers, augmented by a bond-bending potential. Thus
This journal is © The Royal Society of Chemistry 2015
bonded monomers along the chain interact with the “nite
extensible nonlinear elastic” (FENE) potential

VFENE(r) ¼ �0.5kr0
2ln[(1 � (r/r0)

2], r < r0, (18)

VFENE(r > r0) h 0, while for any pair of monomers (both for
bonded and nonbonded ones) we assume a purely repulsive
Weeks–Chandler–Andersen (WCA)-type interaction,

VWCA(r) ¼ 43[(s/r)12 � (s/r)6 + 1/4], r < rc ¼ s21/6, (19)
Soft Matter, 2015, 11, 2604–2616 | 2611
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Fig. 10 Snapshots of a polymer brush with N ¼ 200 and grafting
density sg¼ 0.016 of a flexible, ‘p¼ 1, (a), and a semi-stiff brush, ‘p¼ 5,
(b). Typical conformations in the polymer brush are singled out (by
showing one chain in yellow) so as to demonstrate the larger
‘spreading’ of the semi-stiff chains in the Gaussian regime (b) in
comparison to the fully flexible ones in the ‘excluded volume’ regime.
For better visibility, despite periodic boundary conditions in lateral
directions, all chains are depicted without folding back into the central
box whose size is indicated by the green substrate.
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and VWCA(r > rc) h 0. We take s h 1 as the unit length, 3 ¼ 1 as
the unit of temperature T (which also is put to unity, as well as
Boltzmann's constant), and the remaining constants are chosen
as r0 ¼ 1.5s and k ¼ 303/s2. Since the interaction, eqn (19) is
purely repulsive, the model corresponds to very good solvent
conditions. The bond bending potential is the same as the one
used in the MC and SCFT investigations in this work, namely,

Vbend(qijk) ¼ 3b[1 � cos(qijk)], (20)

where qijk is the bond angle formed between the two subsequent
unit vectors along the bond connecting monomers i, j and j, k.
The persistence length ‘p is properly dened also in the
continuum model by the average hcos qi, eqn (15), between
subsequent bonds along the chain backbone. However, the
relation between ‘p and the bending stiffness 3b is no longer
given by the lattice model result, eqn (16), of course. In fact,
here the bending 3b stiffness is related to the persistence length
‘p as ‘p z 3b/kBT, if we use 3b $ 2.30

As usual, the congurations of the chains are generated by
the Velocity-Verlet Molecular Dynamics algorithms,12 applying a
Langevin thermostat, i.e., the effective monomer coordinates
~rn(t) are propagated using the equation of motion

m
d2~rn
dt2

¼ ~F tot

�
~rn
�� g

d~rn
dt

þ ~RnðtÞ; (21)

where the mass m ¼ 1 sets the unit of time sMD ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
ms2=3

p ¼ 1
as well. The friction coefficient g ¼ 0.25 is chosen, and the
random force ~Rn(t) satises a uctuation–dissipation relation
with g as usual. ~Ftot(~rn) is the force on the effective monomer
resulting from the total potential, eqn (18)–(20).

The chains are graed at a planar impenetrable surface,
which repels the monomers with a WCA-potential, using the
same parameters as in eqn (19). In x, y-direction parallel to this
surface, periodic boundary conditions are used. The graing
sites at this surface form a square array, with a single graing
density sg ¼ 64�1 ¼ 0.015625, while 3 is varied from 3b ¼ 1
(exible chain) up to 3$ N. Since the bond length of the model,
dened in eqn (18)–(20), is about12 ‘b z 0.96s and the contour
length L¼ (N� 1)‘b, our study encompasses both the range of L
> ‘p and L < ‘p. Equilibration of the structures is monitored by
following the decay of the end-to-end vector autocorrelation
function of the chains, as usual.30 Typical snapshot conforma-
tions are presented in Fig. 10 for a exible, ‘p ¼ 1, and a semi-
stiff polymer brush, ‘p¼ 5, indicating the expected larger height
and broader lateral spreading of the stiffer chains in the brush,
characteristic for the Gaussian regime in Fig. 10b.

In Fig. 11a we present MD data for isolated mushrooms
which show how the mean-squared radius of gyration Rg

2 of a
semiexible mushroom varies with growing persistence length
‘p. Apart from the rather short polymers with N ¼ 50 100, one
can readily verify that forN$ 200 the data partially collapse on a
straight line Rg

2 f ‘pN for an interval of stiffness values ‘p
whereby this interval becomes broader with growing length of
the chains N. Therefore, for sufficiently long chains Fig. 11a
shows the regime of Gaussian statistics. For very long chains the
Gaussian mushrooms go over into swollen coils. A different way
2612 | Soft Matter, 2015, 11, 2604–2616
to illustrate the same behavior is presented in Fig. 11b, where
the scaled lateral, Rgxy

2, and normal, Rgz
2, components of the

gyration radius are shown against the chain length Nmeasured
in units of the persistence length ‘p. While initially the stiff
chains with ‘p [ a scale with slope one as rigid rods, Rgz

2 f

‘p
2N2, at intermediate degrees of stiffness one may observe

within some interval nearly horizontal course of the data (i.e.,
Gaussian coils) which then go over into swollen mushrooms
with slope 2n� 1z 0.176 (dashed-dotted lines), consistent with
the MC data shown in Fig. 3. Moreover, Fig. 11b suggests that
the Gaussian regime for Rgxy

2 extends to somewhat smaller
values of ‘p, than for Rgz

2 as suggested by the horizontal lines.
Apparently, the excluded volume interactions are more felt
laterally, probably due to the weak repulsion of the mushroom
coil by the solid substrate.

Our main result derived from MD data concerns the transi-
tion from a very dilute brush, comprised from nearly isolated
mushrooms, to a real polymer brush at different degrees of
chain stiffness, characterized by ‘p. In Fig. 12 we plot in log–log
coordinates the growth of the brush height, hðsgÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffihRgz
2ip
, as
This journal is © The Royal Society of Chemistry 2015
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Fig. 11 Variation of the gyration radius Rg
2 normalized by the number

of beads, N, with persistence length ‘p for single grafted chains of
different length, 50# N# 1000. Dashed line with slope unity indicates
the growing interval of persistence length values where all curves
collapse and follow the scaling Rg

2 f a‘pN, typical for the Gaussian
regime. (b) Plots of Rgxy

2, (empty symbols), and Rgz
2, full symbols,

normalized by N‘p, vs. chain length N rescaled by the persistence
length, N/‘p. The Gaussian regime is indicated by horizontal solid lines
at intermediate degrees of stiffness ‘p. Thick dashed line denotes stiff
chain behavior whereas dashed-dotted lines indicate a slope of 2n � 1
z 0.176, typical for the ‘mushroom’ behavior. Note that Rgxy

2/Rgz
2 ¼ 2

in the continuum.

Fig. 12 Variation of the brush height h, divided by the height h(0) of
the corresponding single mushroom, against the ratio N/Nmb where
Nmb (see text for definition) denotes the chain length, corresponding
to the crossover frommushrooms to brush. Here sg ¼ 0.015625 andN
¼ 10, 20, 30, 50, 70, 100, 200, 300, 400, and 500. Both flexible, ‘p ¼ 1,
and semiflexible, ‘p ¼ 3, 5, polymers are shown. Full straight line
indicates the expected slope of 1� nz 0.41 for flexible-, and 0.5¼ 1�
1/2 for Gaussian chains. The inset displays SCFT data for the same
parameters.

Fig. 13 Variation of the total monomer density r(z) (filled curves), and
the end-monomer density re(z) (lines), perpendicular to the grafting
surface with growing persistence length ‘p forN¼ 200. (a) MD data, (b)
SCFT results.
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dimensionless ratio with respect to the height h(0) of a single
mushroom, against polymer length N, divided by the threshold
length Nmb. Thus, Nmb denotes the chain length when a polymer
coating undergoes a crossover from mushroom to brush
behavior. For semiexible chains, as the ones we deal with in
this study, Nmb can be determined from the crossover condi-
tion, phRgxy

2isg¼ 1, cf. Eqn (8b). Taking hRgxy
2i ¼ 2‘pN/18,30 one

obtains thus Nmb ¼ 9/(p‘psg), which we use as denition in the
current investigation. Fig. 12 demonstrates the absence of a
Gaussian regime for fully exible chains where with growing
chain length N the polymer coating goes from remotely placed
mushrooms to a conventional polymer brush with excluded-
volume interactions. In contrast, in the case of semiexible
chains the intersection point of the h(sg)/h(0) curve with 1
occurs at signicantly larger values of N/Nmb as ‘p becomes
This journal is © The Royal Society of Chemistry 2015
larger whereby initially h(sg)/h(0) f (N/Nmb)
0.5. This shi of N/

Nmb to large values with increasing stiffness whereby the
enhancement of h(sg)/h(0) starts to become pronounced means
Soft Matter, 2015, 11, 2604–2616 | 2613
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Fig. 14 Schematic plot of polymer brush conformations in the
‘excluded-volume’ regime and in the Gaussian regime subject to
different stiffness.
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that the individual semiexible mushrooms can interpenetrate
each other strongly. Such behavior does not occur for exible
polymers where the lateral interpenetration is rather avoided
owing to chain stretching, typical for standard polymer brushes.
Moreover, as the slope of the latter relationship is steeper than
that for the exible brush, one might readily determine from
the intersection point of the (N/Nmb)

0.4 line with the different
straight lines the particular chain length Ñ where the Gaussian
brush will turn into a brush, governed by excluded-volume
interactions again. Since Ñ changes with persistence length, ‘p,
however, Ñ might happen to be very large, and thus beyond the
scope of experimental verication.

Eventually, we end this section with Fig. 13a and b,
demonstrating the consistency of the different methods used in
the present study, where a comparison of the proles of total
monomer density, r(z), and end-monomer density, re(z),
perpendicular to the graing plane for polymer brushes with
different stiffness is presented. Both the MD data, Fig. 13a, and
those from the SCFT study agree well with one another for the
given range of persistence lengths ‘p.
VI. Summary

In the present study we have considered the effect of varying the
chain stiffness of long polymers on the conformation and
structure of “mushrooms” (isolated end-graed macromole-
cules on at planar substrates) and on polymer brushes. We
examine in particular the mushroom to brush crossover as the
graing density increases. While for many macromolecules
(such as alkanes, polystyrene, etc.) a moderate amount of chain
stiffness is present, i.e., the persistence length ‘p exceeds
somewhat the effective bead diameter, very stiff chains (with ‘p
[ a) nd increasing interest in the context of biopolymers (e.g.,
double-stranded DNA).

For free polymers in dilute solutions, as well as for mush-
rooms, the effect of stiffness is twofold:

(i) the size of the coil (considering contour lengths L¼ Na[
‘p) is considerably larger than for exible polymers of the same
contour length, and

(ii) the effect of the excluded-volume interaction (we consider
good solvent conditions throughout) is comparably weaker,
2614 | Soft Matter, 2015, 11, 2604–2616
since in the volume (of order Rg
3, if Rg is the coil gyration radius)

the density of effective beads is much smaller.
Therefore, for L[ ‘p there occurs an intermediate regime of

effective Gaussian behavior, Rg
2 f ‘pL, before at a characteristic

radius R* the excluded volume prevails and a scaling Rg
2 f L2n,

with n z 3/5 being the Flory exponent, takes over.
This weakening of the effective excluded-volume interaction

owing to chain stiffness has a signicant effect on the mush-
room to brush crossover, (Fig. 14). For fully exible chains,
stretching of the chains in the direction perpendicular to the
graing surface sets in whenever the graing coils start to
overlap each other, i.e., for a graing density sg ¼ smb dened
by pRg

2smb ¼ 1. Mushrooms comprised of semiexible chains,
however, can overlap to a considerable extent, namely for smb <
sg < s

0
mb with s

0
mba

2N f (‘p/a)
1/2 rather than s

0
mba

2N f a/‘p.
Note that this behavior differs signicantly from the

behavior of Gaussian chain near the theta-point, where the
excluded-volume interactions are effectively canceled by
attractive forces between the monomers. There, the size of the
coil is reduced (namely Rg

2 f a2N) in comparison with the
swollen coil under good solvent conditions (Rg

2 f a2N2n).
Therefore, the density of effective beads inside the mushroom
volume is larger (rather than lower, as for semiexible poly-
mers). In that case, the mushroom to brush crossover sets in
when the mushrooms “touch”, so the special regime with two
characteristic graing densities smb, s

0
mb is absent. Note,

however, that brushes formed from phantom chains would not
exhibit stretching of chains at all.

For the brushes formed from semiexible chains two
different scaling regimes are shown to occur. For not too long
and rather stiff chains, which (when isolated) behave as Gaussian
mushrooms, a variation of the brush height hf Nsg

1/2(‘p/a)
1/4 is

predicted, that is, h(sg)/h(0) f N1/2lp
�1/4. However, for very long

chains, which when isolated would scale as h(0) f N3/5(‘p/a)
1/5,

the brush height scales as h(sg)f Nsg
1/3(‘p/a)

1/3. Studying hence
the relative brush height h(sg)/h(0) at xed sg and xed ‘p as
function of N, one observes an additional crossover from an N1/2

law to a N1�n z N0.4 law, (Fig. 12).
Some evidence for these power laws could be obtained both

from self-consistent eld theory and from Molecular Dynamics
simulations. However, for very stiff chains the regime where the
brush height is sensitive to excluded-volume effects, (eqn (10)),
would require very long chains, which are not accessible by
Molecular Dynamics simulations and probably are also not
relevant for experiments. Thus, we feel that the regime, where
for semiexible chains in brushes Gaussian statistics still
prevails (eqn (12)), is the most relevant one in practice. Of
course, since the crossovers between the various regimes are not
sharp but rather smooth, one should take the scaling consid-
erations of Sec. II as a qualitative guidance only. This caveat is
clearly borne out by our numerical results, both those obtained
by lattice Monte Carlo for mushrooms or lattice-based SCFT for
brushes, respectively, and by the off-lattice data obtained by
Molecular Dynamics. We also stress that lattice artefacts are
only identied for the extreme case of rather short stiff rod-like
chains, while otherwise the lattice and continuum model
results are in very good qualitative agreement. Nevertheless, it
This journal is © The Royal Society of Chemistry 2015
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would be interesting to study the double crossover that we
predict to occur (Fig. 12 shows data for the rst crossover only,
but not for the second one that occurs when on the log–log plot
the straight lines with slopes 0.4 and 0.5 intersect.) In order to
do so, a more efficient simulation technique is needed. An
interesting possibility could be the implementation of the So
Effective Segment (SES) method of Coluzza et al.50–52 For exible
polymers this method has been established as a powerful
approach, yet for semiexible polymers one should carefully
test the approach rst for bulk polymer solutions. This result is
le for future work.

An important application of polymer brushes concerns their
use as a lubricant to reduce friction when surfaces are sheared
against each other. An intriguing question, that must be le for
future work, is the effect of chain stiffness in this context. In
previous works,12,13 we have shown that dense brushes formed
from semiexible chains can be compressed by normal pres-
sure easier than comparable brushes formed from exible
chains since the compression is facilitated by a collective tilt of
the stretched chains. We expect that a similar effect might
contribute to reduce friction during shear deformations but it
remains to be demonstrated that such an effect is signicant.
Thus, our work clearly is only an initial step towards elucidating
the rich behavior of semiexible brushes.
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