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Semiflexible chains
Conformations of polymer chains in the bulk with variable
stiffness

Effect of chain stiffness on the adsorption transition of
polymers

Deformations of semiflexible chains under external stretching
force

f  = f x^
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Semiflexible chains in bulk
How important is the excluded volume effect?

Biopolymers: dsDNA (ℓp ≈ 50nm), ssDNA (ℓp ≈ 0.6nm),
...

" = "

Semiflexible polymer chains

Worm−like chain model
(Kratky−Porod model)

?

(flexible chain)
ssDNA

dsDNA
(stiff chain)
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Semiflexible chains in bulk
Experiment: different polymers with different stiffness

Rg: radius of gyration

ℓp: persistence length

nk: # of Kuhn segments,
nk = L/(2ℓp)

L: contour length

Exp.

volume
effect

excluded

50

(Gaussian regime)
WLC(2 l  )

<R  >
νslope=2  ∼1.2

slope = 1

p

2
g

2

kn
Norisuye & Fuijta, Polymer J. 14,143 (1982)
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Worm-like chain model
Orientational correlation function:
〈~a(s′)~a(s′ + s)〉 ∝ exp(−s/ℓp)

Hamiltonian:

End-to-end distance: ~Re =
∫ L

0
~a(s)ds

H =
ℓpkBT

2

∫ L

0

ds

(

∂2~r(s)

∂s2

)2r(s) s(s)a

~a(s) = ∂~r(s)/∂s

Question: Is neglect of excluded volume justified?
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Worm-like chain model
Orientational correlation function:
〈~a(s′)~a(s′ + s)〉 ∝ exp(−s/ℓp)

Hamiltonian:

End-to-end distance: ~Re =
∫ L

0
~a(s)ds

H =
ℓpkBT

2

∫ L

0

ds

(

∂2~r(s)

∂s2

)2

Mean square end-to-end distance 〈R2
e〉 (= 〈 ~Re · ~Re〉):

〈R2
e〉

2ℓpL
= 1 −

ℓp

L
[1 − exp(−L/ℓp)]

=







L/2ℓp = (ℓbN)/(2ℓp) for L ≪ ℓp (rod − like chain)

1 for L → ∞ (Gaussian chain)

1

rod−like

Gaussian

2< R   >
(2 l  L)p

e

L
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Semiflexible SAW model
A semiflexible polymer chain under a good solvent condition

Excluded volume effect
⇒ Self-avoiding walk (SAW)

Chain stiffness
⇒ Bond-bending potential

bending energy ǫb ↑, stiffness ↑
on the square lattice (d = 2) and simple cubic lattice (d = 3)

Ubend(θ) = ǫb(1 − cos θ)

=







0 θ = 0o

ǫb θ = 900

0

~ lp
length

: persistence

o

90
o

str<n   >
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Persistence lengthℓp

Bond orientational correlation function:
〈cos θ(s)〉 = 〈~ai · ~aj=i+s〉/ℓ2

b

≡ exp(−sℓb/ℓp) ⇒ ℓp/ℓb

sℓb: contour length from monomer i to monomer j

[lattice spacing]

s = j − i

ai b= l  = 1

ai

aj

i

j
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Persistence lengthℓp
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Persistence lengthℓp

Bond orientational correlation function:
〈cos θ(s)〉 = 〈~ai · ~aj=i+s〉/ℓ2

b

≡ exp(−sℓb/ℓp) ⇒ ℓp/ℓb
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ℓp/ℓb = −1/ ln〈cos θ(s = 1)〉
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Persistence lengthℓp

Bond orientational correlation function:
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Persistence lengthℓp

Bond orientational correlation function:
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Bond orientational correlation function
For rather flexible chains:
〈cos θ(s)〉 = 〈~ai · ~aj=i+s〉/ℓ2

b ∝ s−β

β = 2 − 2ν, ν: Flory exponent
Schäfer et al, J. Phys. A 32, 7875 (1999)

s = j − i

ai b= l  = 1

ai

aj

i

j

Polymer simulations with PERM I – p. 7



Bond orientational correlation function
For rather flexible chains:
〈cos θ(s)〉 = 〈~ai · ~aj=i+s〉/ℓ2
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Bond orientational correlation function
For rather flexible chains:
〈cos θ(s)〉 = 〈~ai · ~aj=i+s〉/ℓ2
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2D semiflexible chains in bulk
Mean square end-to-end distance 〈R2

e〉 ( = 〈(∑Nb

j=1 ~aj)
2〉):

1

10
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<
 R

e2  >
 / 

( 
2 

l b
 N

b 
)

Nb

WLC

1
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<
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 / 

( 
2 

l b
 N

b 
)

Nb

qb
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〈R2
e〉

2L
= ℓp

{

1 −
ℓp

L
[1 − exp(−L/ℓp)]

}

(WLC)

crossover point ↓:
N rod

b (qb) = 2ℓp/ℓb
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2D semiflexible chains in bulk
Mean square end-to-end distance 〈R2

e〉 ( = 〈(∑Nb

j=1 ~aj)
2〉):
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[lattice 
spacing]
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2

(2 l  L)
e< R   >

ν = 3/4

p
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b (qb) = 2ℓp/ℓb

WLC:

〈R2
e〉

2ℓpL
=







L/2ℓp = (ℓbN)/(2ℓp) for L ≪ ℓp (rod − like chain)

1 for L → ∞ (Gaussian chain)
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2D semiflexible chains in bulk
Mean square end-to-end distance 〈R2

e〉 ( = 〈(∑Nb

j=1 ~aj)
2〉):
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L/2ℓp = (ℓbN)/(2ℓp) for L ≪ ℓp (rod − like chain)

1 for L → ∞ (Gaussian chain)

WLC breaks down
in d=2!
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3D semiflexible chains in bulk
Mean square end-to-end distance 〈R2

e〉 ( = 〈(∑Nb

j=1 ~aj)
2〉):
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1 for L → ∞ (Gaussian chain)
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3D semiflexible chains in bulk
Mean square end-to-end distance 〈R2

e〉 ( = 〈(∑Nb

j=1 ~aj)
2〉):
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L/2ℓp = (ℓbN)/(2ℓp) for L ≪ ℓp (rod − like chain)

1 for L → ∞ (Gaussian chain)

3D WLC model works

for stiff but very long

chains, unlike 2D
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Flory-like theory for semiflexible chains
Effective free energy: Netz & Andelman, Phys. Rep. 380, 1 (2003)

Free Gaussian chain:

Repulsive energy due to
pairwise contacts:
[2nd virial coefficient · density]2 · volume = [υ2ρ

2] V

∆F ≈
R2

e

ℓKL
(elastic energy) + υ2R

3
e

[

L/ℓK

R3
e

]2

(repulsive energy)

P (Re) ∼ exp

(

− R2
e

2〈R2
e〉

)

= exp

(

− R2
e

2ℓKL

)

lkL = n

lk

l k
D = 2Rcs

lklk

2

e
2

R<    > =    n =     L = 2    Llp

contour length

n
length     randomly linked:

Re

A chain with    units of Kuhn

υ
(d=2)
2 = ℓ2

k υ
(d=3)
2 = ℓ2

KD , ρ =
n

Rd
e

=
L/ℓK

Rd
e

, V = Rd
e
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(Rod-like chain) ℓK/ℓb < N (Gaussian chain) < N∗ (SAW)

Minimizing ∆F with respect to Re, i.e. ∂∆F/∂Re = 0:

⇒ Re ≈ (υ2/ℓK)1/5L3/5 = (ℓKD)1/5(Nℓb)
3/5 (SAW)

Upper bound of Gaussian chains (R2
e = ℓKL = ℓKℓbN ):

⇒ ∆F ≈ R2
e/(ℓKL) ∼ 1

υ2R
3
e

[

(L/ℓK)/R3
e

]2
< 1 ⇒ N < ℓ3

K/(ℓbD
2) = N∗

Upper bound of Rod-like chains R2
e = L2 = N2ℓ2

b:

R2
e = N2ℓ2

b < ℓKℓbN ⇒ N < ℓK/ℓb = 2ℓp/ℓb = N rod

Effective free energy : ∆F ≈ R2
e

ℓKL
+ υ2R

3
e

[

L/ℓK

R3
e

]2
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Theoretical predictions
Double crossover in d = 3:

R ≈ L , N < N rod = ℓk/ℓb (rod − like chain)

R ≈ (ℓkL)1/2 , N rod < N < N∗ (Gaussian coil)

R ≈ (ℓkD)1/5L3/5 , N > N∗ (R > R∗) (SAW)

Single crossover in d = 2:

R ≈ L , N < N rod = ℓk/ℓb (rod − like chain)

R ≈ (ℓk)
1/4L3/4 , N > N rod (R > ℓk) (SAW)
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Theoretical predictions
Double crossover in d = 3:

Single crossover in d = 2:

Verified !
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Simulation vs. Experiment
Mean square radius of gyration 〈R2

g〉:

Rg: radius of gyration

ℓp: persistence length

nk: # of Kuhn segments,
nk = L/(2ℓp)

L: contour length
Exp.

volume
effect

excluded

50

(Gaussian regime)
WLC(2 l  )

<R  >
νslope=2  ∼1.2

slope = 1

p

2
g

2

kn

Norisuye & Fuijta, Polymer J. 14,143 (1982)
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Simulation vs. Experiment
Mean square radius of gyration 〈R2

g〉:

Exp.

volume
effect

excluded

50

(Gaussian regime)
WLC(2 l  )

<R  >
νslope=2  ∼1.2

slope = 1

p

2
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2
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Norisuye & Fuijta, Polymer J. 14,143 (1982)
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Hsu, Paul & Binder,

Macromol. Theory & Simul. 20, 510 (2011)
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Structure factor S(q)

As q → 0, S(q) = 1 − 〈R2
g〉q2/3 + · · ·

Mean square gyration radius 〈R2
g〉:

S(q) =
1

(N + 1)2

〈

N+1
∑

j=1

N+1
∑

k=1

exp [i~q · (~rj − ~rk)]

〉

〈R2
g〉 =

〈

∑N+1
j=1

∑N+1
k=j+1(~rj − ~rk)

2
〉

(N + 1)2
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Structure factor S(q)

As q → 0, S(q) = 1 − 〈R2
g〉q2/3 + · · ·

Mean square gyration radius 〈R2
g〉:

S(q) =
1

(N + 1)2

〈

N+1
∑

j=1

N+1
∑

k=1

exp [i~q · (~rj − ~rk)]

〉

〈R2
g〉 =

〈

∑N+1
j=1

∑N+1
k=j+1(~rj − ~rk)

2
〉

(N + 1)2

3〈R2
g〉

ℓpL
= 1 − 3

np
+

6

n2
p

− 6

n3
p

[1 − exp(−np)] (WLC)

(L = Nℓb = npℓp)

Benoit & Doty, J. Phys. Chem. 57, 958 (1953)
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Simulation vs. Theory

Rigid rod (np < 1):

Gaussian coil (1 ≪ np < n∗
pℓp):
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)

q

qb

slope = -1 / ν

slope = -1

slope = -2

d = 3

L = 256001.000
0.400
0.200
0.100
0.050
0.030
0.020
0.010
0.005

Gaussian
coil

rod−like

(3D SAW)
swollen coil

Srod(q) =
2

qL

[
∫ qL

0
dx

sin x

x
− 1 − cos(qL)

qL

]

,
Srod(q → ∞)

= π/(qL)

SDebye(q) = 2
exp(−X) − 1 + X

X2
, X ≡ q2〈R2

g〉

L = npℓp

L: contour length
ℓp: persistence length

(stiff) 0.005 ≤ qb ≤ 1.0 (flexible)
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S(q) of wormlike chains
Exact solution by Stepanow:

Approximation by Kholodenko:

S(q, np) =
2

np

∫ np

0
ds2

∫ s2

0
ds1〈eiq[~r(s2)−~r(s1)]〉 , np = L/ℓp

~r(s2) − ~r(s1) =

∫ s2

s1

ds~t(s) , ~t(s) = ∂~r(s)/∂s

S(q) =
2

x

[

I1(x) − 1

x
I2(x)

]

, x = 3L/2ℓp ,

In(x) =

x
∫

0

dz zn−1f(z) , f(z) =
1
E

sinh(Ez)
sinh z

, q ≤ 3/2ℓp

1
E′

sin(E′z)
sinh z

, q > 3/2ℓp

E = [1 − (2qℓp/3)2]1/2 , E′ = [(2qℓp/3)2 − 1]1/2

Eur. Phys. J B 39, 499 (2004); J. Phys.: Condens. Matter 17, S1799 (2005)

Ann. Phys, 202, 186 (1990); Phys. Lett. A 178, 180 (1993); Macromolecules 26, 4179 (1993)
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Kratky plot: qLS(q) vs. Lq, qlp

Rigid rod (np= L/lp < 1):

Gaussian coil (1 ≪ np < n∗
pℓp):

 2

π

 5

 9

 15

 0.02  0.1  1  10  50

qL
S

(q
)

qlp

0.050
0.030
0.020
0.010
0.005

 2

π

 5

 9

 15

 0.02  0.1  1  10  50

qL
S

(q
)

q lp

d = 3

L = 400

qb

Kholodenko
Stepanow

 1

 10

102

 1  10 102 103 104

qL
S

(q
)

Lq

L = 25600

qb

π
rigid rod

(continuous)

Debye
function

Kholodenko
0.200
0.050
0.020
0.010
0.005

Srod(q) =
2

qL

[
∫ qL

0
dx

sin x

x
− 1 − cos(qL)

qL

]

,
Srod(q → ∞)

= π/(qL)

SDebye(q) = 2
exp(−X) − 1 + X

X2
, X ≡ q2〈R2

g〉

(stiff) 0.005 ≤ qb ≤ 1.0 (flexible)
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Crossover behavior
Mean square gyration radius 〈R2

g〉:
rod-like - Gaussian coil - swollen coil

Structure factor S(q):
swollen coil - Gaussian coil - rod-like

10-3

10-2

10-1

 1

 10

10-2 10-1  1  10 102 103 104

3<
 R

g2  >
 / 

(l p
 L

)

np

0.4    
0.2    
0.1    
0.05  
0.03  
0.02  
0.01  
0.005

10-3

10-2

10-1

 1

 10

10-2 10-1  1  10 102 103 104

3<
 R

g2  >
 / 

(l p
 L

)

np

qb

slope = 2ν-1

WLC

swollen coil
(3D SAW)
ν = 0.588

Gaussian
coil

rod−like

 0.1

 0.3

 1

 1  10  100

qS
(q

) 
/ (

qS
(q

))
m

ax

q / qmax

qb

slope = 1-1/ν
swollen coil

slope = -1
Gaussian coil

rod-like

0.005
0.2    
1.0    
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Effect of stiffness on the adsorption transition
of single polymer chains

good solvent conditions
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Effect of stiffness on the adsorption transition
of single polymer chains

good solvent conditions

A wide range of applications

One of the challenging problems in statistical physics

Intrinsic chain stiffness is a very important characteristic of
most synthetic macromolecules and biopolymers
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Questions?
How important is the excluded volume effect on the conforma-
tional properties of adsorbed semiflexible chains?
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Questions?
How important is the excluded volume effect on the conforma-
tional properties of adsorbed semiflexible chains?

Does it make sense to still use the
worm-like chain (WLC) model in d = 2 dimensions?

DNA fragments on mica

Moukhtar et al., J. Phys. Chem. B 114, 5125 (2010)
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Questions?
How important is the excluded volume effect on the conforma-
tional properties of adsorbed semiflexible chains?

Does it make sense to still use the
worm-like chain (WLC) model in d = 2 dimensions?

Is the adsorption transition of first order or second order?

T. W. Burkhardt, J. Phys. A: Math. Gen. 26, L1157 (1993) ⇒ first order

T. M. Birshtein et al., Biopolymers, 18, 1171 (1979)
A. R. Khokhlov et al., Makromol. Chem. Theory Simul. 2, 151 (1993).
⇒ second order

D. V. Kuznetsov et al., J. Phys. II (France), 7, 1287 (1997); J. Chem. Phys. 107, 4729
(1997); Macromolecules 31, 2679 (1998) ⇒ first order, second order
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Semiflexible chains ind = 3
Mean square end-to-end distance 〈R2〉:

L: contour length

ℓp: persistence length

D: effective thickness

L = Nℓb, ℓb = 1

Gaussian
coils

<R >=L22

Swollen
coils

lp
D p

6/52<R >=2l  (   )   np
2 −2/5

n =L/l pp

2 l  Lp

2<R >

pn  =(l  /D)2* p *=N /lp

1

0.1

0.01

10

0.01 0.1 1 10 100 10000

rods

2<R >   2l  Lp

1000

Flory theory

Kratky−Porod
WLC model

(ν = 3/5)

Polymer simulations with PERM I – p. 21



Semiflexible chains ind = 3
Mean square end-to-end distance 〈R2〉:

 0.01
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 1
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10-2 100 102 104

<
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e2  >
 / 

( 
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l b
 l p

 N
b 

)

Nb / Nb
rod (qb)
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2
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ν = 3/4

p

3D WLC model works

for stiff but very long

chains, unlike 2D
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Semiflexible chains ind = 3
Mean square end-to-end distance 〈R2〉:
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Model
Self-avoiding walk model on the simple cubic lattices in d = 3

Bond-bending potential Ubend(θ) ⇒ flexibility of chains

bending energy ǫb ↑, stiffness ↑

Short-range contact adsorption potential:

zi: z-coordinate of the ith monomer

Ubend(θ) = ǫb(1 − cos θ)

=







0 θ = 0o

ǫb θ = 900

Uads(zi) =







−ǫ zi = 0

0 zi > 0

ǫ > 0 (attractive)
ǫ = 0 (athermal)

90
o

adsorption
energy−ε

Z

Z = 0

0
o

(good solvent conditions)
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Partition sum:

qb = e−(ǫb/kBT): bending factor

q = eǫ/kB T : adsorption factor

Algorithm: PERM

ZN,Nbend,Ns(qb) =
∑

config.

CN,Nbend,Nsq
Nbend

b qNs

(a walk with N steps, Nbend local bends, Ns surface contacts)
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Snapshots of semiflexible chains

qb: bending factor

ℓp: persistence length

N : chain length
N = 25600 >> O(102)

(previous simulations)

= 0.05qb

= 0.005qb

= 0.4qb l p
flexible

stiff

[lattice spaing]

0.4         1.13
q

0.2         2.05
0.1         3.35
0.05       5.96
0.03       9.54 
0.02     13.93
0.01     26.87
0.005   52.61

b

Moderately stiff chain, 

Stiff chain, 

Flexible chain, 

Polymer simulations with PERM I – p. 24



Persistence lengthℓp

Standard definition:

〈cos θ(s)〉 = exp(−sℓb/ℓp) ⇒ ℓp/ℓb

sℓb: contour length from monomer i to monomer j (ℓb = 1)

s = j − i

ai b= l  = 1

ai

aj

i

j

 0.1

 1

 0  50  100  150  200  250

<
 c

os
 θ

(s
) 

>

s

qb = 0.005

d=2 (bulk)
q=1.0200
q=1.0109
q=1.0107
q=1.0000
d=3 (bulk)

θ<cos   (s)>

Semiflexible chains in bulk:
qb = 0.005

ℓp/ℓb ≈ 124 in d = 2

ℓp/ℓb ≈ 53 in d = 3

Temperature T (kB/ǫ) = 1/ ln q

adsorption energy ǫ = 1

Boltzmann constant kB = 1
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Persistence lengthℓp

Standard definition:

〈cos θ(s)〉 = exp(−sℓb/ℓp) ⇒ ℓp/ℓb

sℓb: contour length from monomer i to monomer j (ℓb = 1)

s = j − i

ai b= l  = 1

ai

aj

i

j

 1

 1.3

 1.6

 1.9

 2.2

-0.2 -0.1  0  0.1  0.2

l p
(q

b,
q)

 / 
l p  

(q
=

1.
0)

Tc / T - 1

qb
0.005
0.01  
0.02  
0.03  
0.05  
0.1    
0.2    

(stiff)

(flexible)

non−adsorbed 0 adsorbed

l  (q  ,T)bp

bpl  (q  )
(3D, in bulk)

Tc: transition point

T > Tc: non-adsorbed phase

T < Tc: adsorbed phase

⇒ Effective persistence length
depends on the extent to
which a chain is adsorbed
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Adsorption transition of flexible chains
Order parameter: Ns/N ∝ Nφ−1 at T = Tc (critical point)

Gyration Radius: R2
g⊥/R2

g‖ ∼ const at T = Tc

κ = Tc/T − 1

Ns

N
∝















1
N

| κ |−1 , for T > Tc

Nφ−1 , for T = Tc

κ1/φ−1 , for T < Tc

R2
g⊥ ∝







N2ν ,

κ−2ν/φ ,
R2

g‖ ∝







N2ν , (3D SAW ) forT ≥ Tc

κ2(ν2−ν)/φN2ν2 , forT < Tc

N : number of monomers, Ns: number of surface contact
ǫ: adsorption energy of a monomer, φ: crossover exponent

(non-adsorbed phase ↔ adsorbed phase)

(2D SAW )
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Determination of transition point
Semiflexible chains of chain length N > N∗ ⇒ Swollen coils

Gaussian
coils

<R >=L22

Swollen
coils

lp
D p

6/52<R >=2l  (   )   np
2 −2/5

n =L/l pp

p
2<R >/(2l L)

1

0.1

0.01

10

0.01 0.1 1 10 100 10000

rods

2<R >   2l  Lp

1000

Flory theory

Kratky−Porod
WLC model

(ν = 3/5)

p p
2*n  =(l  /D)

*=N /lp

N > N*
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Determination of transition point
At T = Tc (q = qc) (In the thermodynamic limit N → ∞):

Ratio between two gyration radius components:
R2

g⊥(N)/R2
g||(N) ∼ const

Number of surface contacts: Ns/Nφ ∼ const

Partition sum: ZN(q, qb) ∝ µ(qb)
−NNγ

sp
1

−1, µ: fugacity

γ
(1)
1,eff(N, q) = 1 + [4 ln ZN − 3 ln ZN/3 − ln Z3N]/9

γ
(2)
1,eff(N, q) = 1 + ln[Z2Nµ3N/2/ZN/2]/ ln 4

φeff(N, q) = ln[Ns(2N, q)/Ns(N/2, q)]/ ln 4

≈ φ

lim
N→∞

γ
(1)
1,eff = γ

(2)
1,eff = γsp

1

⇒ crossover exponent

⇒ surface entropic exponent

Polymer simulations with PERM I – p. 27



Determination of qc = eǫ/kBTc

Gyration Radius:
R2

g⊥/R2
g‖ ∼ const

 0.22
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 0.28
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 0.34

 10 102 103 104
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 / 
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g|
|
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N

qb = 0.4

q=1.2806
q=1.2808
q=1.2810
q=1.2812
q=1.2814

g< R    >
2

g< R    >
2

Flexible chains: qb = 0.4

Persistence length:

ℓp(q = 1) ≈ 1.13 lattice spacings

Crossover point N∗ < 10:

Gaussian chains ↔ swollen coils
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Determination of qc = eǫ/kBTc

Gyration Radius:
R2

g⊥/R2
g‖ ∼ const
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Order parameter:
Ns/Nφ ∼ const
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Determination of qc = eǫ/kBTc

Gyration Radius:
R2

g⊥/R2
g‖ ∼ const
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Order parameter:
Ns/Nφ ∼ const
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„

φ = lim
N →∞

φeff =
ln(Ns(2N))/Ns(N))

ln 4
≈ constat q = qc

«
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Determination of qc = eǫ/kBTc

Gyration Radius:
R2

g⊥/R2
g‖ ∼ const

 0.22
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Order parameter:
Ns/Nφ ∼ const
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N
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φ

N
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q=1.2814
q=1.2812
q=1.2810
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Nφ
Ns

⇒ qc = 1.2810(3), for qb = 0.4
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Determination of qc = eǫ/kBTc

Gyration Radius:
R2

g⊥/R2
g‖ ∼ const
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2
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2

Moderately stiff chains: qb = 0.05

Persistence length:

ℓp(q = 1) ≈ 5.92 lattice spacings

Crossover point N∗ ≈ 180:

Gaussian chains ↔ swollen coils

at q = qc(qb = 0.4), R2
g⊥/R2

g|| ≈ 0.32
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Determination of qc = eǫ/kBTc

Gyration Radius:
R2

g⊥/R2
g‖ ∼ const
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In the adsorbed regime,
q > qc (T < Tc):

R2
g||/N2(ν2=3/4) ∼ const

2D SAW
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Determination of qc = eǫ/kBTc

Effective surface entropic exponent:

γ
(1)
1,eff = 1 +

4 ln ZN − 3 ln ZN/3 − ln Z3N

9

γ
(2)
1,eff = 1 +

ln[Z2Nµ3N/2/ZN/2]

ln 4

lim
N→∞

γ
(1)
1,eff = γ

(2)
1,eff = γsp

1

⇒ qc = 1.0901(3), for qb = 0.05

 0.6

 1.18

 1.8

 2.4

 3

 10 102 103 104

γ 1
,e

ff
(2

)

N

qb = 0.05

q=1.0906
q=1.0903
q=1.0901
q=1.0899
q=1.0896

q=1.0901, γ1,eff
(1)γ(2)

1,eff
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Dependency betweenǫ/kBTc and qb

Non-reversal random walks on the simple cubic lattice:

Birshtein et. al., Biopoly. 18, 1171 (1979)

critical adsorption energy:
ǫ/kBTc = ln qc

 0.01

 0.1

 0.01  0.1  1

ln
 q

c

qb

Simulation
Th 2
Th 1

stiff flexible

ǫ

kBTc

∝ ln

(

2ℓk + 2

ℓk +
√

ℓ2
k + 4

)

(Th 2)

ℓk = 2ℓP : Kuhn length
Linden et al., Macromolecules, 29, 1172 (1996)

ǫ

kBTc

= ln

(

2(4 + q−1
b )

(2 + q−1
b ) +

[

(2 + q−1
b )2 + 16

]1/2

)

(Th 1)

Critical adsorption energy: ǫ/kBTc = ln qc ∝ 1/ℓp, for large ℓp
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Chain structures

Fraction of monomers in

Average lengths of

Average number of

grafting site trains

free chain end

Z

substrate

loops

surface Z=0

tail

trains 〈mtrain〉/N , loops 〈mloop〉/N , tails 〈mtail〉/N

trains 〈ltrain〉, loops 〈lloop〉, tails 〈ltail〉

trains 〈ntrain〉, loops 〈nloop〉, tails 〈ntail〉
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Flexible chains:

 0

 0.2

 0.4

 0.6

 0.8

 1

-0.5 -0.25  0  0.25  0.5

<
m

>
 / 

N

Tc / T - 1

qb = 0.4

N = 25600

tail  
loop
train

cT /T − 1 = 0

cT /T − 1 = 0.12

cT /T − 1 = −0.25

non−adsorbed adsorbed

< m >
N

qb = 0.4, ℓ(3D)
p = 1.13
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Moderately stiff chains:
qb = 0.05, ℓ(3D)

p = 5.96

 0

 0.2

 0.4

 0.6

 0.8

 1

-0.15 -0.1 -0.05  0  0.05  0.1  0.15
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Stiff chains:
qb = 0.005, ℓ(3D)

p = 52.61
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Fraction of monomers in trains
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Distribution function P (mtrain/N)
Order parameter:
Fraction of monomer surface contacts Ns/N

= Fraction of monomers in trains mtrain/N

Transition point: qc = exp(ǫ/kBTc)
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Distribution function P (mtrain/N)
Order parameter:
Fraction of monomer surface contacts Ns/N

= Fraction of monomers in trains mtrain/N

Transition point: qc = exp(ǫ/kBTc)
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Distribution function P (mtrain/N)
Order parameter:
Fraction of monomer surface contacts Ns/N

= Fraction of monomers in trains mtrain/N

Transition point: qc = exp(ǫ/kBTc)
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Distribution function P (mtrain/N)
Order parameter:
Fraction of monomer surface contacts Ns/N

= Fraction of monomers in trains mtrain/N

Transition point: qc = exp(ǫ/kBTc)
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Stretching semiflexible polymer chains

Experimental techniques of single molecule measurements:
probing the tension-induced stretching of biological
macromolecules

Theoretical predictions of force-extension curves

f  = f x^
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Force-extension curves ind = 3
Mean square end-to-end distance 〈R2〉:

for semiflexible chains in d = 3

L: contour length

ℓp: persistence length

D: effective thickness

L = Nℓb, ℓb = 1

Gaussian
coils

<R >=L22
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coils

lp
D p

6/52<R >=2l  (   )   np
2 −2/5

n =L/l pp

2 l  Lp

2<R >

pn  =(l  /D)2* p *=N /lp

1

0.1

0.01

10

0.01 0.1 1 10 100 10000

rods

2<R >   2l  Lp

1000

Flory theory

Kratky−Porod
WLC model

(ν = 3/5)

Polymer simulations with PERM I – p. 38



Force-extension curves ind = 3
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Hsu & Binder, J. Chem. Phys. 136, 024901 (2012)

ξp = kBT/f : tensile length

R∗ ∝ ℓ2p/D

(SAW ↔ Gaussian)

D: thickness of chains
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Crossover scaling behavior
Force-extension curves: Cy

〈X〉
L

- Cx
fℓp

kBT

⇒ crossover point (xcr, ycr) ∼ (O(1), O(1))

Linear response (ξp >
√

〈R2〉0): 〈X〉
L

≈ 〈R2〉0
L

f
kB T

Pincus blobs (
√

〈R2〉0 > ξp > R∗(= ℓ2
p/D)):

〈X〉
L

≈
(

fℓp

kBT

)2/3 (
ℓp

R∗

)1/3

Kratky-Porod regime (R∗ > ξp > ℓ2
b/ℓp):

〈X〉
L

≈ (2
3
)( fℓp

kBT
) , small f (R∗ > ξp > ℓp)

〈X〉
L

≈ 1 −
√

kB T
4fℓp

, large f (ℓp > ξp > ℓ2
b/ℓp)

Freely jointed chains (ξp < ℓ2
b/ℓp): 1 − kBT

fℓb

Polymer simulations with PERM I – p. 39



Crossover scaling behavior
Force-extension curves: Cy

〈X〉
L

- Cx
fℓp

kBT

⇒ crossover point (xcr, ycr) ∼ (O(1), O(1))

Linear response (ξp >
√

〈R2〉0): 〈X〉
L

≈ 〈R2〉0
L

f
kB T

Pincus blobs (
√

〈R2〉0 > ξp > R∗(= ℓ2
p/D)):
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Kratky-Porod regime (R∗ > ξp > ℓ2
b/ℓp):
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≈ (2
3
)( fℓp

kBT
) , small f (R∗ > ξp > ℓp)

〈X〉
L

≈ 1 −
√

kB T
4fℓp

, large f (ℓp > ξp > ℓ2
b/ℓp)

Freely jointed chains (ξp < ℓ2
b/ℓp): 1 − kBT

fℓb

R∗ ≈ ℓp ≈ ℓb (SAW)

Kratky-Porod regime disappears

Polymer simulations with PERM I – p. 39



Crossover scaling behavior
Force-extension curves: Cy
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b/ℓp)

Freely jointed chains (ξp < ℓ2
b/ℓp): 1 − kBT

fℓb

D ≈ ℓp, R∗ ≈ ℓp

Pincus blob regime takes over
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Crossover scaling behavior
Force-extension curves: Cy

〈X〉
L

- Cx
fℓp
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⇒ crossover point (xcr, ycr) ∼ (O(1), O(1))

Linear response (ξp >
√

〈R2〉0): 〈X〉
L

≈ 〈R2〉0
L

f
kB T

Pincus blobs (
√

〈R2〉0 > ξp > R∗(= ℓ2
p/D)):

〈X〉
L

≈
(

fℓp

kBT

)2/3 (
ℓp

R∗

)1/3

Kratky-Porod regime (R∗ > ξp > ℓ2
b/ℓp):

〈X〉
L

≈ (2
3
)( fℓp

kBT
) , small f (R∗ > ξp > ℓp)

〈X〉
L

≈ 1 −
√

kB T
4fℓp

, large f (ℓp > ξp > ℓ2
b/ℓp)

Freely jointed chains (ξp < ℓ2
b/ℓp): 1 − kBT

fℓb

〈R2〉0 ≈ R∗2

Pincus blob regime disappears

Polymer simulations with PERM I – p. 39



Biased Semiflexible SAW model
Excluded volume effect
⇒ Self-avoiding walk (SAW)

Chain stiffness
⇒ Bond-bending potential

bending energy ǫb ↑, stiffness ↑

Deformation of chains
⇒ Stretching force ~f = fx̂

on the simple cubic lattice (d = 3)

Ubend(θ) = ǫb(1 − cos θ)
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ǫb θ = 900

0
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str<n   >
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Partition sum (a walk with Nb steps and Nbend local bends):

qb = e−(εb/kBT): bending factor, b = ef/kB T : stretching factor
X: end-to-end distance along +x-direction
(X = xN+1 − x1)

Algorithm: PERM

bias:

0 ≤ Nb ≤ 25600, short chain ↔ long chain

0.005 ≤ qb ≤ 1.0, very stiff ↔ flexible (SAW)

1 ≤ b ≤ 1.6, no force ↔ strong force

ZNb,Nbend
(qb, b) =

∑

config.

C(Nb, Nbend, X)qNbend

b bX

p+x̂ : p−x̂ : p±ŷ or ±ẑ =
√

b :
√

1/b : 1
b

q l p (3D in bulk)

1.0         0.67
0.4         1.13
0.2         1.81 
0.1         3.12
0.05       5.70
0.03       9.10
0.02     13.35

flexible

stiff
0.01     26.08  
0.005   51.52
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Monte Carlo results in d = 3
Linear response ⇔ Pincus blobs

(xcr, ycr) ∼ O(1)

⇒ scaling factors: Cx = L3/5l
1/5
b /l4/5

p , Cy = L2/5/(ℓbℓp)
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Monte Carlo results in d = 3
Linear response ⇔ Pincus blobs
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Monte Carlo results in d = 3
Linear response ⇔ Pincus blobs
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Monte Carlo results in d = 3
Linear response ⇔ Pincus blobs
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Monte Carlo results in d = 3
Pincus blobs ⇔ Kratky-Porod (K-P) like regime

(xcr, ycr) ∼ O(1) ⇒ scaling factors: Cx = ℓp/ℓb, Cy = ℓp/ℓb
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Monte Carlo results in d = 3
Pincus blobs ⇔ Kratky-Porod (K-P) like regime
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Monte Carlo results in d = 3
Pincus blobs ⇔ Kratky-Porod (K-P) like regime
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Monte Carlo results in d = 3
Pincus blobs ⇔ Kratky-Porod (K-P) like regime

pl gν
pξ  =

lp

f
pξ ~N1/2

f

10-4

10-3

10-2

10-1

1

10-4 10-3 10-2 10-1 1 10 104

l    B/k T pf

d = 3

ξ   =p lp
f l p

k T B

Pincus
blobs

p *ξ   = R

pξ   = 0<R >2

2<R >
L

f
k T

l pf1−  k T/ B

k T
f  pl(  ) p

2/3

( )
1/3

R
l

 B *

 B f 1− k T/ l b

pξ   = b
2

l
pl

 B<
X

>
/L

0

   linear
resp−
onse 

freely
jointed
chains

Kratky−Porod regime

10-2

10-1

1

10

102

10-2 10-1 1 10 102

(<
X

>
 / 

L)
 C

y

(flp / kBT) Cx

qb = 0.03

d = 3

K-P model

Pincus blobs L
25600
  6400
  1600
    400
    100

b
q l p (3D in bulk)

1.0         0.67
0.4         1.13
0.2         1.81 
0.1         3.12
0.05       5.70

0.02     13.35

flexible

stiff

0.03       9.10

0.005   51.52
0.01     26.08  

Polymer simulations with PERM I – p. 43



Monte Carlo results in d = 3
Pincus blobs ⇔ Kratky-Porod (K-P) like regime
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Monte Carlo results in d = 3
Pincus blobs ⇔ Kratky-Porod (K-P) like regime
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Monte Carlo results in d = 3
Kratky-Porod ⇔ Kratky-Porod (K-P) like regime

(xcr, ycr) ∼ O(1) ⇒ scaling factors: Cx = 1, Cy = 1
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Monte Carlo results in d = 3
Kratky-Porod ⇔ Kratky-Porod (K-P) like regime
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Monte Carlo results in d = 3
Kratky-Porod ⇔ Kratky-Porod (K-P) like regime
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Monte Carlo results in d = 3
Kratky-Porod ⇔ Kratky-Porod (K-P) like regime
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Monte Carlo results in d = 3
Kratky-Porod ⇔ Kratky-Porod (K-P) like regime
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Monte Carlo results in d = 3
Kratky-Porod ⇔ Kratky-Porod (K-P) like regime
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Summary

Evidence for the importance of excluded volume effects

Semiflexible polymer chains under good solvent conditions

The applicability of the Kratky-Porod model is tested
breakdown in d = 2 ! (no intermediate Gaussian regime)

Theoretical predictions for the end-to-end distance Re with
using the Flory-like arguments are verified.

Rod-like - SAW (d=2)
Rod-like - Gaussian coils - SAW (d=3)

f  = f x^
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Semiflexible chains adsorbed onto surface

Finite ℓp : simulation data ⇒ continuous adsorption transition
(critical adsorption energy ǫ/kBTc ∼ 1/ℓp for large ℓp)

In the rigid rod limit ℓp → ∞:
adsorption transition is of 1st order

Much longer chain lengths 106 ≤ N ≤ 107 are required

Theory for the analysis of crossovers is needed

Stretching semiflexible polymer chains
Theoretical predictions for the force-extension curves

linear response - Pincus blob - Kratky-Porod model - freely
jointed chain
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