
Theoretical Elementary Particle Physics Problems

1st problem sheet (20+4 points)
to be handed in on 10.11.2014 to the letterbox (foyer of Staudingerweg 7)

1. Cross section of electron – muon scattering

(a) (3P.) Use the Feynman rules to write down the amplitude for the process
e− µ− → e− µ−

p1

p′1 p′2

p2

e− µ−

Figure 1: Feynman diagram for electron – muon scattering.

(b) (5P.) Show that the corresponding squared amplitude, averaged and summed
over the spins, is equal to

1

4

∑
|M|2 =

8e4

q4

[
(p1 · p′2)(p′1 · p2) + (p1 · p2)(p′1 · p′2)−m2

µ(p1 · p′1)
]
, (1)

when neglecting the electron mass me = 0.

(c) (4P.) Assume to be in the centre of mass (com) system and calculate the dif-
fenrential cross section dσ

dΩ
(again for vanishing electron mass, me = 0). Start

from the general equation for a scattering process of 2→ N particles

dσ =
|M(p1, p2 → {pf})|2

2E12E2|v1 − v2|
·
(∏

f

d3pf
(2π)3

1

2Ef

)
(2π)4δ(4)(p1 + p2 −

∑
pf ) , (2)

where p1 and p2 are the momenta of the incoming particles and pf the ones of
the outgoing particles and show it gives(

dσ

dΩ

)
com, me = 0

=
|M|2

64π2E2
com

(3)

for 2 → 2 scattering with one massless particle. Then calculate |M|2 with the
parametrisation given in Figure 2.

What is the high energy limit of the cross section (where also the muon mass
vanishes)?

(d) (Bonus 4P.) Take the nonrelativistic limit of the scattering amplitude to deduce
the form of the Coulomb potential V (r) = e2

4πr
= α

r
.

Show that in the nonrelativistic limit of

ū(p′)γµu(p) (4)
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p1 = (k, k · ẑ) p2 = (E,−k · ẑ)

p′1 = (k,~k)

p′2 = (E,−~k)

Figure 2: Parametrisation of the momenta of the in- and outgoing electron and muon in
the com system.

only the γ0 part in nonzero, when setting p = p′ = 0, and that it is equal to

ū(p′)γ0u(p) = 2mξ′†ξ , (5)

where ξ and ξ′ are normalised two-component vectors. Note that the factors of
2m come from the relativistic normalisation convention and have to be dropped
when comparing to states with nonrelativistic normalisation.

Compare the solution of the nonrelativistic matrix element to the Born approx-
imation of the scattering amplitude in nonrelativistic quantum mechanics:

〈p′|iT |p〉 = −iṼ (q) · 2π · δ(Ep′ − Ep). (6)

To get the potential in position space you have to Fourier transform Ṽ (q):

V (x) =

∫
d3q

(2π)3
Ṽ (q)eiqx . (7)

2. Path integrals in Quantum Mechanics

In the lecture you derived the amplitude for the propagation of a state from q′

to q′′ to be

〈q′′(t)|e−iHt|q′(0)〉 =

∫ N∏
k=1

dqk

N∏
j=0

dpj
2π

eipj(qk+1−qk)−ip2j/2m−iV (q̄k) (8)

=

∫
DqDp exp

(
i

∫ t

0

dtL(p, q)

)
, (9)

with

L(p, q) = pq̇−H(p, q) = pq̇− p2

2m
−V (q) and V (q̄k) = 1/2(qk+qk+1) . (10)

(a) (4P.) Note that the integrals over pj are gaussian and thus give a constant.
Derive this constant. (When solving the integrals treat them as a real integrals.)

(b) (4P.) Now set the potential to zero V (q) = 0 (free particle) and solve also the
integrals over dqk.

Hint: integrate over q1, then q2, etc. and try to look for a pattern.
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