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Abstract

In many infinite interacting particle systems in R? the ergodic behaviour is dimension
dependent. In high dimensions these systems are stable (i.e. non-trivial equilibria exist)
while so-called clustering occurs in low dimensions. Roughly speaking, we say that the
clustering is diffusive if the clusters (i.e. regions in which the system is “near” a constant
state) grow in time at a random order of magnitude.

The main goal of this work is to illustrate that diffusive clustering is a phenomenon
occurring in a wide range of models of interacting infinite particle systems. To this
end we investigate two models in great detail. One model is (critically binary) branching
Brownian motion on R? and its high density limit, the so-called Dawson- Watanabe process.
The other model considered here is linearly interacting diffusions with state space [0, 1]
and indexed by the so-called hierarchical group =. Here a certain parameter ¢ in the
interaction terms plays the role played by the dimension in the models with eucledian site
space. The (countable Abelian) hierarchical group = pays respect to the biological notion
of different degrees of relationships between individuals.

We show that in the critical dimension, i.e. d = 2 resp. ¢ = 1, diffusive clustering
occurs in both models. Thus we demonstrate that the phenomenon of diffusive clustering
is not intrinsic to properties such as compactness of the state space or eucledian geometry
of the index set. It is rather the fact that in the critical dimension the recurrent potential
kernel is a slowly varying function that leads to diffusive clustering. This point is studied
in detail for the hierarchical group.

Thus for diffusive clustering we obtain a universality in the diffusive term, the index
set, and the initial law. As the only essentials for the occurrence of diffusive clustering
we will recognise certain potential theoretic properties of the migration mechanism.

The second aim of this work is to relate the behaviour of our models to their “finite
version”. These are defined on bounded subsets of the index set. In this context we give
a description in the fashion of the “finite systems scheme” introduced by Cox and Greven
(1990) for the (stable) high dimensional cases d > 3 resp. ¢ < 1. The scheme will be
modified to cope with the critical dimension cases d = 2 resp. ¢ = 1. We can show
that diffusive clustering occurs even in the finite version models and we give a precise
qualitative description.






Contents

Part I, Introduction to Questions concerning the Long-time Behaviour of

Interacting Systems 3
Preface . . . . . . . 3
1 The models . . . . . . . .. 4
1.1 Branching models . . . . . . . . . ... o o oo 4

1.2 Voter Model . . . . . . . . . . 4

1.3 Interacting Diffusions . . . . . . . . . ... ... 5

2 Basic Ergodic Theory . . . . . . . . . . .. 6
3 Diffusive Clustering . . . . . . . . . . . .. 8
3.1 Concepts of Clustering . . . . . . .. ... .. ... ... ...... 8

3.2 Diffusive Clustering for the Voter Model . . . . . . ... ... ... 10

3.3 Diffusive Clustering for the Hierarchical Group . . . . . . . . . . .. 12

3.4 Branching Models . . . . . . ... ... oo 14

4 Finite systems . . . . . . . . . .o 16
4.1 Motivation . . . . . . . . ... 16

4.2 Concepts, History of the Subject . . . . . ... ... ... .. ... 16

4.3 Interacting Diffusions . . . . . . . . .. ... 16

4.4 Branching Models . . . . . . . .. ... oo 19
Part II, Hierarchically Interacting Diffusions 21
1 Introduction and Main Results . . . . . . .. ... ... ... ... ... 22
1.1 SUTVEY . . . . 22

1.2 Introduction . . . . . . ... 22

1.3 Clustering in Infinite Systems . . . . . . . .. ... ... ... ... 23

1.4 Finite Systems versus Infinite Systems . . . . . . ... ... .. .. 28

1.5 Outline . . . . . .. 30

2 Random Walk Estimates . . . . . . . . ... .. ... ... ... ... 31
2.1 Preparations . . . . . . . . . . ... 31

2.2 Scaled Limits of Hitting Times . . . . . . .. ... ... ... ... 32

2.3 Application to Z% . . . . . ... 34

2.4 Application to = . . . . ... 35

3 Coalescing Random Walks . . . . . . ... ... ... ... ... ...... 40
3.1 Preparations . . . . . . . . . . ... 40

3.2 Scaling properties of () on = . . . . . ... 41

3.3 Scaling Properties of ,(t) on Z,, . . . . .. ... 43

3.4 Case a Recurrent, Comparison of n(¢) and n(¢) . . . . . . ... ... 44

3.5 Case a Transient, Comparison of n(t) and n,(t) . . ... ... ... 45

1



2 CONTENTS

4 Proof of Theorem 1,3 and 4 . . . . . . . . . . .. . ... ... ... .... 46
4.1 Proof of Theorem 1and 4 . . ... ... ... . ... ........ 46
4.2 Proof of Theorem 3 . . . . . . . . . .. ... .. ... ... ..... 49
) Proof of Theorem 2 and 5 . . . . . . . . .. .. .. ... ... ....... 49
5.1 Limit Process of Scaled Random Walks . . . . . .. ... ... ... 50
5.2 Proof of Theorems 2 and 5, Parta) . . . . ... ... ... ..... 51
5.3 Proof Theorems 2 and 5, Part b) . . ... ... ... ... ... .. 52
5.4 Proof Theorems 2 and 5, Part ¢) . . . ... ... ... .. ..... 53
6  The Behaviour of the Occupation Times . . . . . . . ... ... ... ... 56
Part 111, The Branching Models 63
1 Introduction . . . . . . .. 64
1.1 Background . . . ... ..o Lo 64
1.2 The Models . . . . . . . . . 65
1.3 Basic Ergodic Theory . . . . . . . .. ... . oo 67
2 Results . . . . . . . e 67
2.1 Cluster formation ford=2 . . . .. ... .. ... ... ...... 67
2.2 Finite Systems, Stable Case . . . . . . .. ... ... .. ... ... 72
2.3 Finite Systems, Critical Dimension . . . . . . ... ... ... ... 73
2.4 Outline . . . . . . .. . 74
3 Basic Tools . . . . . . . . . e 74
3.1 Moment Formulas . . . . . . . ... ... ... ... .. .. ... . 75
3.2 Coupling . . . . . . . . . 77
3.3 Comparison . . . . . . . . . .. 82
4 Moment Calculations in the Critical Dimension . . . . . ... ... .. .. 83
5 Proof of the Clustering Results for the Infinite Systems . . . . . . . .. .. 91
5.1 Proof of Theorem 1 . . . . . . . . . .. ... .. ... ... ..... 91
5.2 Proof of Theorem 2 . . . . . . . . .. ... . ... ... ....... 93
6 Proofs for Finite Systems . . . . . . . .. ... ... o0 95
6.1 Proof of Theorem 3 . . . . . . . . .. ... . ... ... ....... 95
6.2 Proof of Theorem 4and 5 . . . .. ... ... . ... ... ..... 96
Appendix 97
1 Description of the Simulations . . . . . . . . .. ... .. ... ....... 97
References 99
Figures
Figure I.1. Voter model on a 800 x 800 grid. . . . . . . ... .. ... ... ... 10
Figure [.2. Sample path of a Fisher-Wright diffusion and the empirical popula-
tion density of a finite voter model. . . . . . . . ... ..o 17
Figure II1.1. Multiply scaled windows of observation. . . . . . ... ... .. .. 69
Figure II1.2. Diagram of a tree. . . . . . . . . . . . . . ... .. ... ... .. 70
Figure II1.3. Sample path of a Feller tree. . . . . . . . .. ... ... ... ... 71

Figure I11.4. Historical cones. . . . . . . . . . . . . ... ... ... ..., 72



Introduction

Preface

This work consists of three parts, one of introductory nature and and two more technical
parts. Part II deals with interacting diffusions on the hierarchical group while Part III
treats the branching models on R?. The two latter parts are completely self-contained
and can be read independently. The introduction is written so as to encourage the non
specialists to read it (specialists may skip it). It gives an overview of the topics treated,
illustrates the basic ideas and exhibits the results in their most simple form. It shall serve
mainly as to put the results of Part II and III in perspective. Those who are apprehensive
for missing hints such as “existence and uniqueness were shown by ...” are referred to
Part II and III, as well as those who are looking for information about the history of the
treated problems or related ones.

I would like to express my gratitude to my supervisor Prof. A. Greven for introduc-
ing me to the subject and for his many helpful comments and suggestions during the
preparation of this doctoral thesis.



4 INTRODUCTION

1 The models

We shall give a short description of the models considered in this thesis. More details can
be found in the respective chapters. Certain inconsistencies in the notation have historical
reasons. We will stick to those and hope that this does not lead to any confusions.

We shall mainly consider spatial models for population growth and population compo-
sition as they occur in mathematical models in biology. The models cover the two cases of
unbounded resources and independent evolution of families and a case of fixed resources
and constant population size.

1.1 Branching models

The following (possibly infinite) particle system (7;)¢>o on R? will be called (critical bi-
nary) branching Brownian motion (shorthand BBM).

e Each particle has a random life time distributed according to an exponential mean
¢! (¢ > 0) random variable.

e During its life time each particle moves according to a d-dimensional standard Brow-
nian motion.

e At the end of its life each particle disappears. It gives rise to a random number of
offspring located at the parents’ position. The two possibilities, no offspring or two
offspring, shall occur each with probability %

e All random mechanisms are independent.

We consider 7, as a (random) measure on R? by associating with each particle a unit mass
at the respective position.

The Dawson-Watanabe process is the high density short life time limit of branching
Brownian motion: For each ¢ > 0 let (°n;)¢>0 be a BBM(RY) with life time parameter c.
Assume that the following limit of the initial configurations exists

£lom) =3 £(6)

(By “=" we denote weak convergence and by “L” the law of a random variable.) Then
there exists a Feller process ((;):>o with state space in the Borel measures on R9 such that

c[gcm)tZO] =2 £[(G)isol

(see Dawson (1993), Section 4.4 ff). This process ((;) will be referred to as the Dawson-
Watanabe process or super Brownian motion (shorthand SBM).

1.2 Voter Model

The voter model is that model for which diffusive clustering has first been studied (Cox
and Griffeath (1986)). Also the relation of finite to infinite systems is well known in the
case of the voter model (Cox (1989) and Cox and Greven (1990) and (1991)). Here the
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voter model will serve as an example to illustrate the basic ideas of diffusive clustering
and finite systems.

The voter model (V(t));>0 = (vi(t), i € S)i>0 is a continuous time model with site
space S = Z%. Each site i € S is occupied by a person (the voter) capable of one opinion
v; in ¥ = {0, 1}. Each person changes its opinion at rate equal to 2—1d times the number of
(nearest) neighbours being in disagreement. This is, the person at site ¢ € S changes its

opinion v;(t) to 1 — v;(t) at rate

1
= > ) - v,

jes,|j—il=1

To be somewhat more general we let a(i, j) the transition kernel of a symmetric random
walk on a countable Abelian group S. We define the rate at which a person at ¢ changes
its opinion to be

> ali, f)lvilt) = v;(#)]-

j€S
We will refer to this model as the voter model on S with interaction kernel a(i,j). The

special case of a Bernoulli random walk on S = Z% is that of our nearest neighbour
interaction defined above.

1.3 Interacting Diffusions

Consider a large population of individuals labelled by 1, ..., n. Each individual has geno-
type either A or B, say. Pairs of individuals interact in the following way. For each
ordered pair (7, 7) of individuals at rate 1 j changes its genotype to that of i. We may
interpret this as “individual j dies at rate n and is replaced by an offspring of one of the
remaining n — 1 individuals chosen at random”. This is the so-called Moran model.

Of course, this model can also be considered as a (speeded up) voter model on
{1,...,n} without spatial structure, i.e. with a(i,j) =1/nVi,j € {1,...,n}.

As n — oo the process of empirical frequencies converges to the so-called Fisher-
Wright diffusion (Y:)i>0. This is the diffusion process on [0, 1] with generator

where g(z) = x(1 — ) is called the diffusion coefficient. Assume now that at each site
i € S there is located one (large) colony with empirical frequency z;(t). We will allow
each colony to re-sample according to the procedure described above. In addition we
will impose an interaction by allowing a migration between the colonies. The strength
of migration shall be described by the kernel a(i, j) of a random walk on S. Thus our
system X(t) = (z;(t), i € S) of interacting diffusions is the Markov process on [0, 1]° with
generator

S afisd) (o — )+ 3 gla)
a(t T — Ti)=— —g(;) —=—.
= " ! Oz; , 29 (Om;)?
ZJES ZES

Here the diffusion coefficient g(x) may be allowed to be somewhat more general but for
simplicity we will defer this point to the more detailed description in Part II.
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We will be particularly interested in S = = to be the hierarchical group defined below.
Henceforth we will always assume X(t) to be defined on =. Thus we refer to X(t) as the
system of hierarchically interacting diffusions. The hierarchical group = is defined by

Z:={=(En)men : &m € {0,..., N — 1},&,, # 0 only for finitely many m}

with addition component wise modulo N (N = 2,3... is some fixed parameter) and
distance ||£]| := max{k : & # 0} V0. For n € Ny = NU {0} we denote by Z,, the finite
subgroup

=, = {€ € 2 ] < n).

We restrict ourselves to the case, where the interaction kernel a(, () depends only on
the hierarchical distance || — (|| and put for k£ = || — (||

e al€ORe with  Ryi= #{E € 2 el =k} = (V — 1+ L(k)NL (1)

In particular we will be concerned with the geometrical kernels a, defined by 7, = 9c¥, k =
0,1,... (¥ a normalising constant). These are known to be recurrent iff ¢ > 1.

The idea is that the colonies are organised according to different degrees of relationship.
N colonies form a family, N families form a clan, N clans form a tribe, and so on. Thus
€ = (&,&,&s, .. .) is the & th member of the & th family of the {3th clan etc. We measure
the degree of relationship between two colonies £ and ¢ by || — (||. If, for example
1€ = C|| = 2, then £ and ( are in the same clan, tribe etc. but in different families. The
flow of migration between two colonies shall depend only on their degree of relationship.
The total flow of migration from £ to all relatives of degree k is rp. The flow spreads
uniformly on the sites of degree k relatives (k =1,2,...).

2 Basic Ergodic Theory

Voter Model and Interacting Diffusions

Consider the voter model (V(¢)) in Z%, started in the product measure £[V(0)] = mp with
parameter 6 for some 0 €]0, 1. This is, all components are independent and have intensity

0=E"[v(0)] Viez

A natural question to ask is whether for large times the voters are locally in consensus or
not. This is, we ask if for finite A C Z¢

P™[v;(t) =1, Vi€ Al + P™[v;(t) =0, Vi € A] =31

holds. It is easily shown (see e.g. Liggett (1985)) that consensus will be obtained iff the
transition kernel a(i, j) generates a recurrent random walk and that the following holds

LTV ()] == (1 — 6)dg + 604 (2)

Here 6y and &; are the Dirac measures on the configurations 0,1 € {0,1}%" with all
components 0 or 1. (We assume all product spaces to be equipped with the Tychonov
topology. Hence weak convergence amounts to a local statement.) The behaviour is called
clustering because there are growing clusters of voters in consensus.
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On the other hand, if a(i,j) generates a transient random walk, then there exists a
family (vy, 6 € [0,1]) of invariant (under the dynamics) and shift ergodic measures with
intensity [ zovp(dx) = 6 such that

LTV ()] =2 b (3)

This existence of non-trivial equilibrium states in the latter case is referred to as stability
of the particle system. For the nearest neighbour interaction stability occurs iff d > 3. In
this case there exists for each 6 €]0,1[ a positive (bounded away from 0) probability of
local disconsensus, ligigf P™[v;(t) # vj(t)] >0V i#j.

In fact, it is not important that we have defined the voter model on the state space
S = Z%. Any countable Abelian group will do it. The only point of the dichotomy between
clustering and stability is that of recurrence or transience of a(3, j).

Cox and Greven (1994a) have shown that this is true also for our systems (X(¢)) of
linearly interacting diffusions with state space [0, 1]. This is, (2) holds for (X(#)) if a(i, 5)
is recurrent. If a(i,j) is transient then (3) holds with an, of course, different family
(vps p € [0,1]).

Branching Models

In order to discuss the long time behaviour of the branching models we have to talk about
local eztinction rather than consensus. We start with (n,) BBM(R?). It is well known that
a family generated by one particle at time ¢ = 0 eventually dies out. This is due to the
criticality of the branching mechanism. So we may ask whether dy (the Dirac measure on
the empty configuration 0) is the only invariant measure for (7). Indeed Bramson et al.
(1993) and (1995) have shown that this is true iff d < 2. Moreover in this case for initial
configurations with asymptotic finite intensity (i.e. limsup R™?E[n([—R, R]%)] < o) we

R—o0

have
Ln] == do. (4)

On the other hand the branching system is stable if d > 3. This is there exists a one
parameter convolution semigroup (v,, p > 0) of invariant (random) measures on R? with
intensity p = |A|™* [ n(A)v,(dn). Moreover if we start in L[no] = H(p) := Poisson point
process with intensity p then

L0 B2 0, (5)

This behaviour is also called persistence since the intensity p is preserved in the limit.

As can be expected from the construction SBM shows the same ergodic behaviour as
BBM with stability / persistence if d > 3 and extinction if d < 2. In particular (5) holds
for SBM (for different v,, of course) if we let 1y = p- X a.s. (A the d-dimensional Lebesgue
measure).

Since BBM and SBM behave in a very similar manner in the sequel we will formulate
most results simultaneously. For this purpose we denote by (¢;);>¢ either BBM or SBM.
M(p) will be H(p) resp. p- A. Thus, repeating the above statement, (¢;) becomes extinct
if d <2:

L[] == 6.
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For each d > 3 there exists a family (v,, p > 0) of ergodic invariant (random) measures
on R? with intensity p and such that

LMy =2 v, Vp=>0.
This is, (¢;) is persistent iff d > 3. The (v,) form a convolution semigroup,
Vpto = Vp * Vg, p,o > 0.

This latter property reflects the fact that particles were defined to move and branch
independently.

By the criticality of the branching mechanism the “expected total population” remains
constant. Thus local extinction goes along with the development of relatively slowly
growing, but densely populated, areas. These will be called clusters.

The main point is now to investigate the behaviour of such clusters in more detail as
a function of the diffusive part of the evolution, the structure of the site space (the index
set for the components of the system) and properties of the migration mechanism.

3 Diffusive Clustering

We consider our interacting particle systems in low dimension, i.e. in the clustering regime.
In order to better understand the clustering we may ask the following questions.

e How large is a cluster in terms of spatial extension? What is the law of growth?

e In the case of the branching models: How “high” is a cluster, i.e. how dense is the
population?

e How old is a cluster?

e Will a particular site eventually be swallowed up by a cluster of a certain opinion
resp. become depopulated?

In the case of diffusive clustering it will turn out that the answers to these questions are
universal for the classes of models considered here. The occurrence of diffusive clustering
does not rely on the details of the models but only on potential theoretic properties of
the interaction kernel. The condition of slow variance of the recurrent potential kernel
(explained below) ensures diffusive clustering. This condition also results in a close re-
lationship to re-normalisation. In the frame-work of re-normalisation universality might
seem to be more natural. For more on re-normalisation we refer to Dawson and Greven
(1993b) and (1995) and Baillon et al. (1995).

3.1 Concepts of Clustering

The latter question can be reformulated in terms of the occupation time 7}(7) of a site
i € S resp. Ty(B) (B C R? measurable and bounded) for the branching models. Tj(3) is
defined by
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for the voter models resp. f(f x;(s)ds for interacting diffusions. For (¢;) either BBM or
SBM we let

mw%mww

So we reformulate our question to: Does the limit 7'(7) := tlim t=T;(i), resp. T(B) :=
tlim t~'Ty(B) exists? If it exists, are the random variables T'(i) resp. T'(B) trivial in the

sense that they are concentrated on {0, 1} resp. 07 Or does the limit exist and is almost
surely constant with a non-trivial value? This latter alternative implies of course that the
state of a particular site changes infinitely often.

This question has been dealt with by Cox and Griffeath (1983) for the voter model
(on Z4) and (1985) for BBM. Iscoe (1986), Thm. 4.3, treats the question for SBM. We
study interacting Fisher-Wright diffusions (X(¢)) on = in Part II, Section 6. It has been
shown for the low dimension (d = 1, resp. ¢ > 1 for the geometrical kernel a. on =,
defined above) that T'(A) = 0 for (¢;) and that there is no law of large number neither
for the voter model nor for interacting diffusions on =. On the other hand, T'(A) is non
degenerate if d = 2. For the voter model and interacting diffusions on = in the critical
dimension (d = 2 resp. ¢ = 1) we have a law of large number £™¢[T(0)] = dy. Indeed,
e.g. for interacting diffusions on = we have E™[t~17};(0)] = 6 and our Proposition I1.6.1
claims

Var™[t717,(0)] == 20(1 — 6)(1 — 2718/ logeNy  for ¢ > 1.

The question concerning the age of the clusters has been raised only recently and is
studied in detail in Fleischmann and Greven (1995).

The first of the four questions raises the the problem to define the clusters more
precisely. In the case of the one dimensional voter model this is easy. Here a cluster is
a maximal interval {m,...,n} C Z containing only 0’s or 1’s. For the one dimensional
interacting diffusions we have the notion of e-clusters. These are the maximal intervals
with all components in [0,¢[ or |1 — ¢,1]. In higher dimensions and for = there are no
satisfying precise definitions of clusters.

First we consider the voter model and interacting diffusions. Here we circumvent this
problem by investigating the following two, closely related, quantities:

e The correlation function of two components z;(t) and x;(t). The more x;(¢) and
x(t) are correlated the more we will be willing to say that ¢ and j are situated in
the same cluster.

e The block average of a finite set A C .S

palt) = 5 Sl

1€A

The closer pa(t) is to either 0 or 1 we will be willing to say that A is contained in
a cluster.

For the branching models only slight modifications of these quantities are necessary.
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Figure 1. Simulation of the voter model on a 800 x 800 grid at time t = 100, 000

started with intensity 6 = %

3.2 Diffusive Clustering for the Voter Model

We illustrate the concepts with the example of the voter model on Z?. The results of this
subsection are taken from Cox and Griffeath (1986).

First consider both cases d = 1 and d = 2. In order to give an indication of the
speed at which clusters grow we introduce a scaling function f,(¢) T oo, as t — oo, and a
decreasing function h(«), a € I defined on an interval I C R. We hope to find f,(¢) and
h(a) such that

Cov™[v;(t),v;(t)] ~ 0(1 — 0) - h(a), as t — oo, (6)

if ¢ and j are points with increasing distance such that dist(z, j) ~ f.(t) as t — oo. Here
h(c) measures “how much” or “how probably” the considered sites are in one cluster.
Finally the scaling function f,(t) describes the speed of growth of an area of sites being
correlated more than 6(1 — 0)h(«).

Consider the rescaled or thinned out system “V(t) = (“v,(t), z € R?), defined by

avz(t) = U([zfa(t)})(t)a 2z e R?

([2fa(t)] is the nearest lattice point to zf,(t) with some convention in case of ties). We
might even hope that (®v,(t), z € R?) converges to a limit field *V(oo) = (*v,(00), 2 €
R?) as t — oo.

Both hopes are in fact justified. In dimension d = 1 it turns out that f,(t) = a/t is
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the right scale where
1 [l e—a?/s

= — —(s.
T Jo /s(1—2s)

In fact even more is true. Arratia (1982) shows that the process of edges between clusters
of 0’s and clusters of 1’s in (v,4/2(st), 2z € R)s>0 converges as t — oo to a system of
annihilating Brownian motions.

The same scale appears if we investigate the block averages pa,(t), where A, = {i €
72, |i| < +/t}. In fact, the limit of pa,(t) as t — oo exists and is non degenerate.

Thus with some right we may say that in the one dimensional voter model the size of
clusters is of order v/%.

Consider now the voter model on Z2. Here we have that (6) holds with I = [0, 1], f,(t) =
t*/2 and h(a) = 1 — a. The same scale function f,(t) = t*/? is crucial for the description
of the block averages. Let A, = {i € Z?, |i| < t*/?}. Then

h(a)

LT0pa, ()] == LO]Ya),

where & := —loga and (Ys)s>o is a Fisher-Wright diffusion. The convergence is known
to hold in the sense of finite dimensional distributions when regarded as processes in «.
The limit field *V(c0) exists, is exchangeable, and can be described explicitly by means
of its de Finetti representation

£rpv(ec)) = [ Pl € dolm,

2
where the latter 7, means the product measure on {0, 1}]R with parameter p.
Thus the picture is somewhat different from the one dimensional case:

e Cluster growth is of order t*/2 for different o € [0,1], i.e. the clusters grow at a
random order of magnitude. (Note that this is qualitatively different from the d = 1
case. There clusters grow at a random multiple of the fixed scale t'/2.) This is the
property the word “diffusive” in the term “diffusive clustering” refers to.

e Going from large blocks (o = 1) to small blocks (o = 0) the block averages (in the
limit ¢ — oo) evolve as a Markov process.

e The limit field is exchangeable and can be described in terms of the same Markov
process.

These three points are characteristic for diffusive clustering.

3.3 Diffusive Clustering for the Hierarchical Group

This subsection is devoted to show how the concepts of scaling, block averages etc. carry
over to the non eucledian site space =. Except for the notation nothing changes, however,
by substituting interacting diffusions for the voter model. In fact, our Theorems II.1, I1.2,
I1.4 and II.5 also hold for the voter model on =. Theorem II.3 holds for the voter model
with V' =0 in (1.29).
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(i) Scaled systems

For a systematic treatment we will also rescale the time by a monotone sequence (s,), s, T
00, called the time scale. Thus for n € Ny we consider sites of distance f(n) at time s,,.
The monotone function f : Ny — Ny, f(n) T oo is called space scale. To keep time
continuous we also introduce the “inverse” of (s,)

n(t) =sup{n € N:s, <t} V0.

For f and (s,) fixed the rescaled system /X(#) is defined as follows.
Let the shift operators S, : = — =, k =0,1,2,..., be defined by

Sk((gm)mEN) = (£m+k>m€N
and let S; ! be a fixed right inverse. Now /X(¢) = (Yz¢(t))eez is defined by

Txe(t) = () where ¢ = S;(il(t))g.

(ii) Block averages
For n € N let the nth block average be defined by
0, :[0,17 — [0,1]
() = N> e

£EER

Fleischmann and Greven (1994) have studied the case of geometrical kernels a. with
¢ = 1. They show that the clustering is diffusive in the sense of the three criteria given
in the last subsection. More precisely, they show for the following choice of scales

fa(n) =Jan] and s, =N"

that the following holds

LT[0, ey (X(1))] == LO]Yz] (7)
and
LT[ (X(1)] =2 vy(a) = / P’[Y, € dp]m,. 8)

Note that the volume of a cluster described by f.(n) is NI®"l. Thus we see that clusters
grow indeed at random order of magnitude.

In Theorem II.1 we show that diffusive clustering occurs for the whole class of so-
called critical kernels. These are defined by the property (which we explain in terms of
potentials in a second) that (recall 7, from (1))

log (k) [log(rxN*) — log(r4s1 N¥*1)]  is bounded. (9)
These kernels are recurrent. In particular a, is critical.

We will describe f,(n) in terms of the recurrent potential kernel

[e.e]

A =) (a™(¢, Q) = a™(¢,9)) .

m=0
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Here a™ (¢, €) denotes the m-step transition probabilities of the random walk generated
by a(¢, ). Let also

A(n) = sup{A(0,¢), £ € En}.

Condition (9) guarantees that A(n) is slowly varying as n — oo. This means that the
large-scale properties of the model are in a sense slowly varying. Cluster growth turns out
to become random at the scale at which the recurrent potential varies. Thus (9) assures

cluster growth at a random order of magnitude.
In Theorem II.1 we show that (7) and (8) hold for f,(n) defined such that

A(fa(n))

= lim o)
T T A
and with time scale s, = N"A(n).
The scales of cluster growth are diffusive in the sense that f,(n) — fz(n) — oo for
a > 3. However, we observe different sizes of clusters for different choices of a(-,-):

* small clusters when faqin) 20 for o < 1
. . fa(n)
* medium clusters when lim €]0,1[ for a €]0, 1]

n—00 n

fa(n) n—0o
n

1 for a > 0.

* large clusters when

For instance these above cases can occur if we choose

* re = UkN* and fo(n) =n®
* Tk:ﬁN_k and fa(n> =an
. rp = Ok~ EN=F and fa(n) =n (1 + ;?fgan>-

The criticality of the kernel a(&, () makes sure that A(n) is a slowly varying function
of the volume #=,,. As we see in Section II.2 this point seems to be crucial for diffusive
clustering. Note also that for nearest neighbour interaction on Z? and for Brownian
motion on R? the corresponding recurrent potential kernel grows on a logarithmic scale.

For geometrical kernels a. with ¢ > 1 the clusters are so large that it is suitable to
take fo(n) = n—a, a € Z but in this case in the sequel we will not stick to that notation.
In this case a suitably modified version of (7) holds. Namely for fixed N the averages
over the blocks of size f,(n(t)) (in the limit ¢ — oo) form a discrete time martingale in
«. While this martingale is not Markov for fixed N, we show that it is Markov in the
re-normalisation limit N — oo and we determine its transition law. This is the content
of our Theorem I1.2.

3.4 Branching Models

For the branching models we have to deal with the question of the height of a cluster. We
start with some heuristics for BBM(IR?).

Consider at time t a particle located at, say, the origin. It is known that during its
life time it has given rise to an offspring of approximately ¢t particles. We also pretend
that the time points s of branchings are distributed uniformly on [0,¢]. Now that the
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transition density p;_(x,y) of the Brownian motion on R? is of order ~ (t —s)~! for t — s
large and |x — y| small, we see that the expected number of particles in [0, 1]*> should be

of order
t—1 1
/ ds = logt.
o t—s

Fleischman (1978) has the more precise statement for (1) BBM(R?)

log ¢ logt oo
%PM(I) [nt(B) > %|B|x] =X e, 2>0, Be B(RY.
Thus with probability ~ % we see a cluster. If we see a cluster then it is of size 12%15

times an exponential mean 1 random variable. So we have to do three things to describe
clusters in these branching models:

e Make sure that we see a cluster.
e Scale down its height to a non-trivial size.
e Impose the spatial rescaling introduced in the last subsection.

To make sure that we see a cluster we could follow Fleischman and condition on this
event. However, we prefer to take another approach. We start with more and more densely
populated initial configurations, an approach often used in statistical physics models. This
increase in density will be done so carefully that we do not loose too much information
caused by a possible overlap of clusters. The blow-up of the initial configuration also serves
to underline the similarities to other models of interacting particle systems or diffusions.
The parallels are exhibited most clearly in this blow-up picture.

These considerations motivate the following definitions.

(1) Blow-up
At time ¢t > 1 we define .
oo a0, o1
Go= = ot (10)
with
—~ logt
o = ¥i(0) = 1 (£, ()

(2) Spatial rescaling
For (¢;) BBM resp. SBM let I = [0, 1] resp. I =] — o0, 1]. For fixed o € I we define

(%) by N N
Ui (B) =t (t*2B). (12)

As above we let ¢ = 0.

Now we can formulate the first result concerning the block averages. Our Theorem
1.1 says that for fixed o € 1

LYO[5 ([0, 17)] =2 LM Z1-a).
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Here and in the sequel (Z;):>¢ is Feller’s continuous state branching diffusion. This is the

diffusion on [0, co| with generator
o2

(0x)*

To formulate a finer result in the fashion of the rescaled limit field we have to intro-

duce the following object: For 7 > 0 let (Z]""),...,(Z{™) be n (not independent) Feller

diffusions with the following properties: Z;" = Z7* = --. = Z["" for all t < 7. After time

t = 7 the diffusions evolve independently. Thus the common distribution at time ¢ > 7 is

ol(@),, )= [ Pm @) (1)

x (13)

.....

where (Z;) is an ordinary Feller diffusion.

Now we are able to describe the asymptotic dependence structure between various
parts of the space, viewed in the t*/?-scale. Namely our Theorem II1.2 says that for
mutually distinct points z1, ..., z, € R? the following holds

LM [(;’Et(ta/%ﬁ[o,l[z))k:l ..... n} = (Zi‘a”f)k:1 } aeo1]
LT[ (01Peet] ¥ L(Zisadeet]. B EBERY,

(By “Z27 we denote weak convergence of the processes in the sense of their finite di-

mensional distributions).

Incidently, our Theorem III.2 gives an even more detailed description in terms of points
being spaced at multiple scales (see Figure III.1 on page 69). For simplicity, however, we
will not stress this point here.

Remarks

1. Note that this result is consistent with (8). In fact, we could replace in the def-
inition of (Z'),...,(Z]™) the Feller diffusions by Fisher-Wright diffusions to get
(Y7h), ..., (Y;"™). With this notation (8) becomes

1
LY emtn] = LYV hmr,n] = / P[Y; € dplm}",
where w,(,") denotes the product measure on {0, 1}" with parameter 6.

2. The clustering is recognised to be diffusive in the sense of the criteria given in Section
4.2.

4 Finite systems

4.1 Motivation

The theory of interacting particle systems investigates models coming from biology, chem-
istry and physics. For some reasons physical laboratories are not suited to contain, say,
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crystals of infinite size. Similar problems are known to biologists and chemists. This
should be enough reason to study finite systems of interacting particle systems.

Most often however, it is analytically more convenient to study infinite systems. Thus
the idea is to first analyse the infinite system and the relate its behaviour to the finite
system. This has been suggested by Dobrushin (1971) in the context of spin flip systems.

Now imagine that for some reason an infinite particle system is an appropriate model
for something. Nevertheless computer simulations of this system have to be restricted to
finite versions of the model. So in order to be able to rely on computer simulations in this
case we have to know how much and how the finite systems differ from the infinite one.
(For more on this point see Durrett (1988).) This gives another justification to compare
finite systems with infinite ones.

4.2 Concepts, History of the Subject

The raised problem has been attacked by various methods. These include

e Asymptotics of extinction and trapping times. These have been studies for the
contact process by Griffeath (1981), Cassandro et al. (1984), Schonmann (1985),
Durrett and Liu (1987), Durrett and Schonmann (1988) and Durrett et al. (1989).
For the voter model this has been done by Donnelly and Welsh (1983) and Cox
(1989).

e Asymptotics of the tunnelling times from meta stable states to thermodynamically
stable states. See Dawson and Gértner (1988).

In this work we will follow another approach, the so-called “finite systems scheme”.
This has been developed in Cox and Greven (1990), (1991), Cox, Greven and Shiga (1995)
and Dawson and Greven (1993). Roughly speaking this scheme postulates the existence
of a macroscopic system variable that dominates the behaviour of the finite system. Given
the value 0 of this variable the system should be in a state near the equilibrium of the
infinite system corresponding to that value #. The further investigation focuses on the
behaviour of this macroscopic variable. Of course this scheme may work in this form only
if we are in the stable case. For clustering models we will have to modify the scheme with
respect to the rescaling ideas introduced above, since we do not have equilibrium states.

4.3 Interacting Diffusions

We want to explain the ideas of the finite systems scheme with the example of interacting
diffusions on the hierarchical group. We start with the definition of the finite system.

Fixn € Nandlet =, = {£ € Z, ||£|| < n} as above. Let a(-, -) be the interaction kernel
for the infinite system (X(t)). We define the finite system (of hierarchically interacting
diffusions) (X,,(¢)) on =, to be the Markov process on [0, 1] with generator

) 1 o? _
D | 2 (6O @ng —wne) | oo+ D0 G0l s (€€

§E€En LCEER §€En

where

an(£,§) = Z a(gug/)‘
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1
Yo
1]
2
O,(V(t-nN™)) "
0 1 1 >
0 1 1

o~

2
Figure 2. Block average O,,(V(t-nN™)) of a simulated voter model V on the finite hier-

archical group =, (with n = 10 and N = 2) and a sample path of the Fisher-
Wright-diffusion Y5;. The initial configuration is L[V(0)] = 71/, resp. Yy = %

Here a,, is the interaction kernel restricted to =, with periodic boundary conditions. Since
a, is recurrent, by the basic ergodic theorem for fixed n € N

LTX, ()] =2 (1 —0)dg + 06;. (15)

Assume henceforth that a(-,-) is transient. Then we may expect that for s/, T oo very
slowly that the finite and the infinite systems agree, i.e. we expect

LT[X,,(s)] = vy.

n

On the other hand, by (15), if we take s” T co very fast then £™[X,,(s")] == (1 —60)do +
061, i.e. the finiteness is exhibited.
Somewhere between (s,) and s!') we expect to find a time scale (s,) with a non-trivial
limit of X,,(s,).
Recall that ©,,(X,(t)) = (#Z,)7" Y ez, Tnelt) is the block average over Z,. By the
above discussion we should have
LT[0, (Xu(s,))] = 8 = L[Y)]

n

(recall that vy is shift ergodic) and
LT[0,(X,(s")] = (1 — 0)d + 06, = L7[Y.).

n

Thus we would like to choose (s,,) such that the limit of the block averages is a non-trivial
random variable. In fact, Theorem II.3 (a) says that s, = const. - N (with the constant
defined in (1.30)) is the right time scale. Moreover for ¢ > 0

LT[0, (Xu(s,)] = L1]Yal],

n
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where as usual (Y}) is a Fisher-Wright diffusion (see Figure 2).

Now we explain the main point of the finite systems scheme. Increasing ¢ we see that
the block average fluctuates at times of order s,. On the other hand at times of order
< s, our finite systems behave almost like the the infinite one. Thus we might expect
that given the value ©,, = p our finite system (X,,(t)) relaxzes towards a state near the
equilibrium v, for (X(¢)). We may also assume that this relaxation takes place faster than
the fluctuations of the block averages. Indeed, we can show (Theorem II.3 (b)) that an
integral statement of this holds. Namely

1
LT[X,, (tsp)] = / P?[Yy; € dp] v,
0

So far we have talked about the stable case in which a(-,-) is transient. Let us now
turn to the case in which a(-, ) is critically recurrent, i.e. diffusive clustering occurs.

From a systematic point of view the results are quite similar to those of the stable
case. In order to see this recall A(n), f(n), n(t) and s(n) = A(n) - N from Section 4.3.
We define the rescaled finite system (/X,(t)) by

Tane(t) = w¢(ts,) where ¢ = S;(;)g.
It turns out that s, = A(n) - N™ is the right time scale in the sense that
LT[0, (Xn(t - 30))] =5 L7 [Yar].

In order to stress the similarity to the stable case we might vaguely formulate our
result as: “Given ©,,(X,(t - s,)) = p, the a-scaled finite system /X, (t) relaxes fast to
the ‘equilibrium state’ v,(&) (defined in (8)).” More precisely our Theorem II.4 says the
following

1
a) LT [@fa(") (X"(t))} = / P°[Yy, € dp|LP[Ya] = L0[Yar1a
0, )
b) L7 [faXn(t . Sn)} =L / P9D/2t e d,o]l/,,(d) :/ PG[)@t+d c dp]ﬂ'p
0 0

The finite systems scheme is not applicable to the strongly recurrent case of geometrical
kernels a., ¢ > 1. Here the local properties are no more completely determined by the
macroscopic variable. In particular the process of block averages (going from large to
small blocks) is no more Markov. As indicated above re-normalisation brings back the
Markov property. Again we can recognise the chain. This will be done in Theorem II.5.

4.4 Branching Models

Once that we have understood the finite systems scheme and remembering the similarity
of the results in Section 4 we will not be surprised to see the results for the branching
models. In particular, the results by Cox and Greven (1990) concerning the finite systems
scheme for branching random walks on Z%, d > 3, suggest that the scheme should apply
to this setting.

Here the most interesting point seems to be the techniques employed for the proofs.
We develop coupling techniques that allow a rather elegant handling of our branching
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processes. This shows a considerable progress over the methods used in Cox and Greven
(1990). In particular there should be versions of this strategy in resampling systems of
branching models with selection, mutation or even interaction between families (see Daw-
son, Greven and Vaillancourt (1995), Dawson and Greven (1995) and Cox, Dawson and
Greven (1995)). However, the point of the proofs is deferred to the corresponding chap-
ters. In particular, Section II1.3 gives a general introduction to the coupling techniques
used in this work.

Due to the similarity of the scenario, here we will content ourselves with a short
description of the results.

Let A4 = R4/(tZ%) be the d-dimensional torus of size t > 0. Consider a Brownian mo-
tion on A?. As above we may now define the critically binary branching Brownian motion
(Ne.s)s>0 on A¢ (shorthand BBM(AY)). Also by the above high density limit procedure we
obtain the super Brownian motion ((;)s>0 on A (shorthand SBM(AY)). These processes
will be referred to as the finite versions of our brancing processes (allthough “bounded”
might seem to be more appropriate in the continuum limit of the spatial structure). Either
process will be denoted by (¢ s)s>0. We denote by M,(p), ]\Z(s), etc. the restrictions
of M(p), M (s) etc. to A%, We define the rescaled finite systems (@Zﬁs)szo as above by
U(B) = 57, (s*? B) and ¢rs(B) = 546(B).

Consider first the stable case d > 3. Recall that (v,) are the equilibria for (¢s)s>0.
The behaviour of the empirical population densities (block averages) is well known

LMP) [t_dwt,atd(Af)] = Zss2, 0 >0,
where (Zs)s>0 is Feller’s diffusion (recall (13)). Theorem II1.3 states

L0 Ty, ] Z2[ P2, € dplyy.
0

Continuing with d = 2 and letting 3(t) = t*logt we see
VB0 (105, o0 (AD)] E £ o)

(Here we made use of the basic scaling property for Feller’s diffusion £7/*[aZ] = L[ Zag].)
Consequently, with the notation of Theorems III.1 and III.2 our Theorems II1.4 and
IT1.5 state

o0

..........

0
for € [0,1] and

£ (07,01 oer] S (Zaror-aoci]

Remark: It is known that §(t) = t?logt is the right time scale also to describe finite
versions of other interacting particle systems in R? and Z2. More generally, as in the case
of the hierarchical group, the time scale has the form

volume of the box X recurrent potential maximised over the box.

It is again the blow-up technique employed here that emphasises this similarity.
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Part 11
Hierarchically Interacting Diffusions

We study a system of interacting diffusions

dre(t) = a(€,Q) (wc(t) — xe(t)) dt + [ glae(t)) dWe(t) (£ € Z),

q=)

indexed by the hierarchical group =, as a genealogical two genotype model (where x¢(?)
denotes the frequency of, say, type A) with hierarchically determined degrees of relation-
ship between colonies.

In the case of short interaction range it is known that the system clusters, i.e. locally
one genotype dies out. We focus on the description of the different regimes of cluster
growth which is shown to depend on the interaction kernel a(+, -) via its recurrent potential
kernel. One of these regimes will be further investigated by mean-field methods.

For general interaction range we shall also relate the behaviour of large finite systems,
indexed by finite subsets =, of =, to that of the infinite one.

On the way we will establish relations between hitting times of random walks and
their potentials.

21
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1 Introduction and Main Results

1.1 Survey

In this part we analyse the pattern of cluster formation in systems of interacting diffusions
and study the behaviour of large finite versus infinite systems of interacting diffusions.

Our main point is to cover the full range of clustering models in a systematic way.
So far the treatment of clustering phenomena has been focused on particular interaction
kernels (see Arratia (1982), Cox and Griffeath (1986) and Fleischmann and Greven (1994))
or the system has been studied after taking a parameter of the dynamics to a limit (see
Dawson and Greven (1993). In fact, we shall investigate the question whether the mean-
field analysis of Dawson, Greven and Vaillancourt (1995) indeed yields the same result as
when we take the objects describing the cluster formation for a given interacting system
and then letting the interaction parameter approach its limit.

At the same time we are able to treat, in a likewise systematic way, the question of how
the behaviours of finite and infinite systems are related for systems on the hierarchical
group for the whole class of models considered. For a treatment of the lattice case see

Cox and Greven (1990), and Cox, Greven and Shiga (1995).

1.2 Introduction

We consider a system X(t) = (x¢(t))¢ez of linearly interacting diffusions on [0, 1]= defined
as the solution of the following system of stochastic differential equations (SSDE)

dre(t) = a(€, Q) (xc(t) — ze(t))dt + 1/ g(ze(t)) dWe(t) (£ € E), (1.1)
CeE

indexed by the countable hierarchical group =, where (W) are independent Brownian
motions, a(-,-) is the kernel of a random walk on = and the diffusion coefficient g is
assumed to fulfill
g:10,1] — [0, 00][is Lipschitz-continuous (1.2)
g(x)=0 iff ze€{0,1}.
Existence and uniqueness of the strong solution of (1.1) is assured by Shiga and Shimizu

(1980), Theorem 3.2.
The hierarchical group = is defined by

Z:={=(En)men : &m € {0,..., N — 1},&,, # 0 only for finitely many m} (1.3)

with addition component wise modulo N (N = 2,3... is some fixed parameter) and
distance [|£]| := max{k : & # 0} V 0. Of course = carries the discrete topology, induced
by the metrics || - ||. For n € Ny = NU {0} we denote by =, the finite subgroup

Eni={{ €2 [I€]] < n}. (1.4)

We restrict ourselves to the case, where a(, () depends only on ||§ — (|| and put for

k=g~
o= al€ORe with  Ri= #{E €21 €] =k} = (V — L+ L(R)N*. (L5)
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This model has been suggested by Sawyer (1976) to describe the evolution of gene
frequencies. Think of = as the site space, each site ¢ containing a (large) colony of
individuals. Then z¢(t) represents the frequency of some fixed allele, say A, at site £ and
time t. By resampling, the frequency fluctuates at random, modelled by ¢g. Additionally,
the frequency may change by migration.

Here the spatial structure of the site space becomes important. The idea is that the
colonies are organised according to different degrees of relationship. N colonies form a
family, N families form a clan, N clans form a tribe, and so on. Thus £ = (£1,&2,&3, .. .)
is the &th member of the &th family of the £3th clan etc. We measure the degree of
relationship between two colonies £ and ¢ by ||€ — ¢||. If, for example [|{ — (|| = 2, then
¢ and ( are in the same clan, tribe etc. but in different families. The flow of migration
between two colonies shall depend only on their degree of relationship. The total flow of
migration from ¢ to all relatives of degree k is ;. The flow spreads uniformly on the sites
of degree k relatives (k =1,2,...).

Here and in the following p = £#[X(0)] is assumed to be in M, (for some 6 € [0, 1])
given by

My = {p : p is a spatially ergodic probab. measure on = with intensity 6 = (u, z¢)}.

(1.6)

Note that spatial homogeneity of the starting measure is preserved under the dynamics.
It is known that X(¢) clusters if a(-,-) is recurrent, i.e.

LEIX()] 2206, + (1 — 6)b, (1.7)

where g, d; denote the (unit) point masses on 0,1 € [0, 1]=.
In the case a transient, opposed to (1.7), there is a family (14|60 € [0, 1]) of invariant
(under the dynamics) ergodic measures with intensity 6 = (v, xo) such that for p € My

LEX(1)] B2 v (1.8)

(See Cox and Greven (1994a) Theorem 1 and 2)
Of special interest are the geometrical kernels a., ¢ > % with r, = 9. - (Ne)™*
(9. = N]fle is the normalising constant). One can easily verify that a. is transient iff

c <1 (see (2.31)).
Notation We denote by £ the law of a random variable, by = weak convergence and

let (u, f) = [ fdp. Thus 6 = [ zovp(da).

1.3 Clustering in Infinite Systems

We are now led to the question of how fast the clusters grow in the case a recurrent. It has
already been shown in the theory of interacting particle systems that this depends on the
strength of interaction (see Bramson and Griffeath (1980), Cox and Griffeath (1986)). In
our situation it depends on whether ¢ = 1 or ¢ > 1. In the first case, the so-called diffusive
case, clusters grow at random speed. This has been studied in great detail by Fleischmann
and Greven (1994). However, we shall see that the diffusive case is not as singular as it
seems at first glance by being sandwiched between ¢ < 1 and ¢ > 1. Namely, and this
is our main point, it will be broadened to transition kernels such that k +— log(N*r}) is
slowly varying in a sense that will be made precise. Here the random speed of growth
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splits up into three regimes. We shall investigate this more closely in our Theorem 1. In
contrast, in the case ¢ > 1, clusters grow with a fixed deterministic speed and we shall
study fluctuations in our Theorem 2.

In order to fix the notion of growing clusters we work with two concepts described in
(i) and (ii) below.

(i) Scaled systems

In order to get a more detailed description of the clustering of (1.7) we want to compare
sites with a distance growing in time. For a systematic treatment, however, we will also
rescale the time by a monotone sequence (s,), s, T oo, called the time scale. Thus for
n € Ny we consider sites of distance f(n) at time s,. The monotone function f : Ny —

No, f(n) T oo is called space scale. To keep time continuous we introduce the “inverse” of
(sn)
n(t) =sup{n € N:s, <t} V0. (1.9)
For f and (s,) fixed the rescaled system /X(#) is defined as follows.
Let the shift operators S, : = — =, £k =0,1,2, ..., be defined by
Sk((gm)mEN) = (£m+k>m€N (11())
and let S, be a fixed right inverse. Now /X (¢) = (Yz¢(t))ecz is defined by
Tae(t) = 2 (t) where ¢ = S]Z(L(t))g. (1.11)

(ii) Block averages
For n € N let the nth block average be defined by
©,:[0,1] — [0,1]
() = N> e (1.12)
E€En

The block averages are to be thought of as a macroscopic variable determining the
behaviour of the system up to a certain degree. So as to fully explore this concept we
have introduced the time scale s,, in (i).

In order to formulate our results we need some more ingredients

(i). Let (Yi)i>0 be a standard Fisher-Wright diffusion on [0, 1], i.e. the solution of

dY, = \/Yi(1 - Y;) dW, (1.13)

(W, is a standard Brownian motion), and let Qy(-,-) be its transition semigroup.
It is known that 0 and 1 are accessible boundary points for Y; (see e.g. Ethier and
Kurtz (1986), Prop. 10.2.8). Hence lim Py, =1]=1- lim PY[Y; = 0] = 6.

(ii). It turns out that there are two main regimes of clustering. For their classification
we will need the recurrent potential kernel of the random walk induced by a

[e.e]

m=0
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(iii).

Furthermore let A(n) = sup A(0, &) = A(0, ¢) for any ¢ with ||¢|| = n. As usual, a™

ge:n

denotes the m-step transition probability induced by a. The existence of the recur-
rent potential kernel is assured e.g. by Kemeny, Snell and Knapp (1976), Corollary
9-29. Note that an irreducible recurrent random walk on an infinite denumerable
Abelian group is null recurrent. (For random walks on Z? the existence is due to
Spitzer (1964), P12.1 and P28.4.)

The kernel a is called critical (or critically recurrent) if it is recurrent and
log(k) [log(rsN*) — log(res1 N**1)]  is bounded. (1.15)

E.g. the geometrical kernel a; is critical. On the other hand, the recurrent kernels
a. with ¢ > 1 are called strongly recurrent.

In the case a critical and for a € [0, 1] let the a-space-scale be a function f, : Ny —
Ny (depending only on the potential kernel) that is chosen such that

o Alfa(m)
a = lim o (1.16)

and let the time scale be s,, = N"A(n).

Theorem 1 (Cluster formations in the case « critical)
Suppose that (1.15) and (1.16) hold. Then

a) L" [0, (X(1))] = Lvi]
o) 2 w@) = [ Qubdo,

where p € My, & := —loga and 7, is the product measure concentrated on {0,1}= with
intensity p = (m,, o).

Remarks

(i).

Theorem 1 states that for fixed « there exists one possible limit field v(&) inde-
pendent of the particular choice of the (critical) a. X converges towards (&) when
rescaled with f, and (s,). The asymptotic behaviour of f, thus measures the speed
at which clusters grow. There are mainly (i.e. with some additional monotonicity
conditions) three sizes of clusters

* small clusters when M ZF0fora<1
n
. . fa(n)
* medium clusters when lim €]0,1[ for a €]0,1]
n—o0 n
* large clusters when M Flfora>0
n
For instance these above cases can occur if we choose
% r, = VkN"F and f,(n) =n®
*  rp=0NF and f,(n) =an
—lo — o log o
= R SEN TR and fu(n) = n (14 352

(¥ some normalizing constants).
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(ii). We can choose fy = 0. Hence (1.7) is included in b), since v(0) = v(co) = (1 —
6)60 + 001.

(iii). Note that the statements of Theorem 1 do not depend on the choice of g. This is
also true for the Theorems 2,4 and 5. The asymptotic behaviour of X(t) as t — oo
is determined by the interaction kernel rather than by the diffusion coefficient. For
a detailed discussion of this point see Cox, Fleischmann and Greven (1995).

Let us now turn to the case a strongly recurrent. Here the picture is by far not as
complete as in the case a critical. In fact, a statement such as Theorem 1 (b) cannot be
expected. This case is the analogue to the d = 1 case for finite variance interaction kernels
on Z<. Despite this we cannot expect an invariance principle such as Arratia’s (1982) for
the voter model on Z. In fact this greatly depends on the linear structure of Z and on the
comparably simple structure of the voter model. Conceptually Arratia’s work is based
on nearest neighbour interaction. Recently extensions have been made to Arratia’s result
which are concerned with stochastic partial differential equations models (Tribe (1993),
Section 7) or more general interaction kernels in the voter model (Cox and Durrett (1994),
Thm. 4). But these still rely on the linear structure. In order to circumvent this problem
we use the idea of re-normalisation via block averages (recall (1.12)) and establish that
the limiting density chain

(ZNH = w — lim 6,,_,,(X(ts,)) (with m as time parameter)

n—oo

exists. In fact, the distribution of the limiting chain can be determined. Namely the
moments can be expressed in terms of a coalescing system with motion given by weak
limits 7(¢) of rescaled random walks on =. This is done in Section 5.

In order to bring some more light into the structure of (ZN'!) we then let N — oo
to obtain even a Markov chain. To describe the transition probabilities of this chain we
need the following diffusion X? on [0, 1] given by X§ = 6 and

AX! = \/2(c — D)XI(1 — X0)dW, + (0 — X{)dt. (1.17)

L [Xf ] converges weakly to the unique invariant law of (1.17) as ¢ — oo which is known
to be the g-distribution

, 1 1
L[X)] =B (:9, — (- 9)) , (1.18)
(see e.g. Ethier and Kurtz (1986), Chapter 10, Lemma 2.1).

Assume a. is strongly recurrent (¢ > 1). Here again N"A(n) would give the right time
scale. But since A(n) can be computed to be k(N)- " with k(N)(Ne¢)™? Y22 1 we prefer
therefore to let

sn = (Nc)" . (1.19)



1. INTRODUCTION AND MAIN RESULTS 27

Theorem 2 (Cluster formations in the case a strongly recurrent)
a) For any N and t > 0 there exists a non-negative martingale (Z"),,cz such that

L [(@n—M(X(tSn)))meZ] = r’ [(Zn]\mf’t)mel}
where € My. This martingale has the following properties
b) LOZNY "= 08, 4 (1 —6)6
LOZN "= 4,

c) (ZE Vmez =  w— ]\}im [(ZN Y mez] eists and is Markov.

The transition mechanism of (Z%) is given by

0p m <0
Lz |2t =p] =4 LIX] m=0 (1.20)
LIXP] m>0

Remarks

(i). At first glance the appearance of X! in Theorem 2 might be surprising. The key
for understanding its meaning is the duality (Lemma 5.5) of X! to the so-called
death-escape process. This is a modification of the pure death process (Definition
3.1) which is known to be dual to the Fisher-Wright diffusion with no drift.

(ii). (ZN*1) is not Markov for fixed N since the influence of ©, .45 on ©,_,, given
©,_m+1 does not vanish as n — oco. However, computer simulations show that
(ZN1) is even for small N not “too far off” from the limiting structure N — oo.
(For more information on (ZY'*) see Section 5.2, particularly (5.13) and (5.18).)

(iii). Dawson and Greven (1993b) obtain their “interaction chain” by letting N — oo
for fixed n. A simple computation shows that letting n — oo for that chain and
rescaling time properly yields the same chain (Z!). Thus the order of the limits
can be interchanged. To see that the stable laws there approximate our £[X?] one
needs Baillon et al. (1995), Theorem 1(a).

Theorem 2 asserts in particular that clusters grow all at “maximum speed”. Note the
difference between large clusters in the case a critically recurrent and clusters in the case
a strongly recurrent. In the former case f,(n) —n "—> —oo for a < 1, thus part b) of
Theorem 2 would not hold.

Occupation times

We could take another approach to describe clustering phenomena, this is the investigation
of occupation times. For ¢t > 0 and £ € = we define the occupation time at & up to time t

by )
7€) = [ acls)as. (1.21)

We may investigate the asymptotic behaviour of %Tt(g) Several questions have been
dealt with in the literature such as: Does the limit exist? Is it non-degenerate? Does a
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central limit theorem hold? Can the space be properly re-scaled such that we obtain a
non-trivial limiting field? These questions have been studied for the voter model in Z¢
by Cox and Griffeath (1983), for critical branching Brownian motion on R? by Cox and
Griffeath (1985) and for super Brownian motion on R? by Iscoe (1986). The answers to
these questions are highly dimension dependent. In all cases it turns out that dimension
d = 2 “is closer to” the cases d > 3 than to the case d = 1. We do not stress the point
of occupation times in this work but only give a proposition that underlines this latter
statement.

Proposition 1 Let p € My and 6 € [0,1].

(a). If the interaction kernel is strongly recurrent, i.e. a. with ¢ > 1, then
Var[t1T,(€)] = 26(1 — 6)(1 — 27 o8¢/ logeNy (1.22)
(b). If the interaction kernel is critically recurrent then

Var'[t1T,(€)] == 0. (1.23)

1.4 Finite Systems versus Infinite Systems

Since all computers known to the author so far (July 13, 2009) are of finite size, simulations
have to be restricted to finite versions of the model. On the other hand, finite systems
can be considered in their own right. They model a finite nature and the infinite system
can be regarded as an idealization for analytical convenience only. So the questions arise:
How well do finite systems approximate the infinite system (and vice versa)? How long
can a finite system be observed until it “feels” its finiteness and which effects of finiteness
do occur?

A number of approaches have been used in the literature for various models (see e.g.
Durrett and Schonmann (1988) or Dawson and Gértner (1988)). We will proceed in the
fashion of the finite systems scheme suggested by Cox and Greven (1990) and (1994b): The
system is dominated by the macroscopic variable of the block averages. Roughly speaking
it relaxes to an “equilibrium state” with intensity 6, given that the block average is 6.
This relaxation takes place faster than the fluctuation of the block averages. In the case
a transient these equilibria are the invariant measures vy while in the case a critical we
have to take the vy(&) (introduced in Theorem 1) instead. In the case a strongly recurrent
however the finite systems scheme does not work. This is connected with the fact that
the intensity, that is the block averages of components, alone does not characterize the
system above any more. Hence the (macroscopic) associated process (ZN:!) is not Markov.

We first define the finite system X, (¢) and (in case of criticality) the scaled finite
system /X, (¢) as the solution of the restricted SSDE

din ¢(t) = (Z an (&, C) (wnc(t) — %s(ﬂ)) dt + 1/ g(wne(t)) dWe(t) (£ €En),  (1.24)

CEER

where

(&)= Y, a6 (1.25)
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and
T2,6(t) = 2¢(ts,) where ¢ = S]?(L)g (1.26)

LPXL(0)] = pp == Z (1.27)

Note that the space scale here does not depend on t as before, but on the finite system
size n.

By speeding up time by the factor s, we expect the intensity ©,(X,(ts,)) to start
to fluctuate and to tend to some nontrivial process Y;. We even hope that X, (t) (resp.
JoX,(t)) “relaxes” fast enough, so its limiting distribution given Y; = p is v, (resp. v,(&)).
In fact, an integral statement of this heuristics holds in the cases a transient or critical,
where Y; turns out to be a Fisher-Wright diffusion running at double speed.

In the case a transient a prominent role is played by the Green function

G(&Q) = a"™ (0. (1.28)

Its role is analogous to that of the recurrent potential kernel for the case a critically
recurrent.

Assume a to be transient, g(z) = x(1 — x) and let (1|0 € [0,1]) be the family of
invariant measures. Let G = G(0,0) and

1 o0
V.= EO |iexp (—5/ ]I{sto}ds):| (129)
0

where (X;)s>0 is the continuous time random walk associated with a(-,-) (see Subsection
2.1).
Let the time scale be

G
n=——N". 1.30
TV (1.30)
To put the latter discussion in perspective we give the following result for the transient
case.

Theorem 3 (Finite system, Case a transient)
Under these assumptions for t > 0 the following holds

Q) L0, (ts,)] = L[Vl
R S L

where € M.
Remarks

(i). The condition on ¢ can be dropped but then Y; (the limiting process of ©,,(X,(¢s,)))
does not have such a simple form. We do not stress this point here. In the lattice
case a stronger version of Theorem 3 can be found in Cox, Greven and Shiga (1994),
Theorem 2.



30 PART II, HIERARCHICALLY INTERACTING DIFFUSIONS

(ii). In the voter model a similar statement holds, when s,, is replaced by GN™. For the
lattice case of this see Cox (1989), Theorem 2 and 3. For the case a critical see Cox
and Greven (1991), Theorem 1.

Assume now a to be critical. Again things happen to depend only on the recurrent
potential kernel.

Theorem 4 (Finite system, Case a critical)
Let o, f, and s, = N"A(n) be as in Theorem 1. Then for t > 0 the following holds

a) LH [Gfa(n)(xn(t>):|
b) LM [f“Xn(t'Sn)}

L%[Yaryal

/Q2t (0, dp)v,(& /QQHQ (0,dp)m,

By

where u € M.

Let a. be strongly recurrent. Considerably less can be said in this situation since
Theorem 2 is weaker than Theorem 1. Again we use the slightly modified time scale

$n = (Ne)" T,

Theorem 5 (Finite system, Case a strongly recurrent)
a) For any N and t > 0 there is a nontrivial martingale (ZX");—01.... such that

gees

L4 (O (Enlts) o, ] =5 L0 (2 mmon,.|

where 1 € My. This martingale has the following properties

b) Vol [ZM M 05, + (1 — 6)d,
c) (an)m:O,L... = W ]\}im [(Zﬁ’t)m:mw} exists and is Markov

The transition mechanism of (an) is given by

clzz =, =] Al m=0 1.31
7l s = 0] = Lixg] m>0 30

Remark

Compare (Z!) with (Z!)). The transition mechanisms coincide except for m = 0. Here
the difference between the infinite and the finite system becomes clear. In the infinite
system there are blocks at level m = —1 with deterministic intensity 6 that put a drift on
the fluctuation of (Zf);>o while in the finite system these bigger blocks do not exist and
thus the drift is missing.

1.5 Outline

The rest of the part is organised as follows: Since the system considered is for g(z) =
z(1—z) in duality with delayed coalescing random walks we develop in Section 2 some first
hitting time asymptotics for random walks with scaled initial points on a rather general
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class of abelian groups by using Green function and recurrent potential properties. These
properties will be used in the investigation of systems of coalescing random walks in
Section 3. In Section 4 we do moment calculations in our original problem via a duality
relation in the special case g(xr) = z(1 — x). Based on this, generalizations will be
obtained by coupling and comparison arguments. This will suffice to give the proofs of
Theorems 1,3,4. Since Theorem 2 and 5 are somewhat different, their proofs are deferred
to Section 5.

2 Random Walk Estimates

The goal of this section is to derive results on the asymptotic behaviour of hitting times
of 0 for sequences of initial points which typically move away from 0. The key result is
Proposition 2.7 in Subsection 2.4

2.1 Preparations

First we develop some more general results on random walks on a countably infinite
abelian group (A, +) and then give examples in Z¢ and Z.

Let (G,) be a sequence of subgroups of A. Assume that we can choose for any n € N
a complete system A, C A of representatives for the quotient group A/G,, such that A; C

Ay C ... and lim A, = A. E.g. think of A = Z¢, G, = nZ% and A, = (] — 2.2 ﬂZ)d.

n—oo 5’ 2
Further let p(-, -) be the transition kernel of an irreducible random walk on A. Let p,(-,-)
be the kernel of the induced random walk on Ay, i.e. pu(7,y) = 3 .o, p(x,y +g). By
(X(t))e>0 resp. (Xn(t))e>o denote the induced continuous time random walks, i.e. with
transition probabilities

pltiay) = PX(0) =y X(0) = 1) = 'Y pP(wy) (21

pult 2,y) == P(X0(t) =y X(0) =2) = '3 = p¥(a,y) (22)

The key role is played by the recurrent potential kernel (recall (1.14))

Ala,y) =Y (0" (@) = p™ (2, y)) (2.3)

m=0

which is well defined for either recurrent or transient random walk. In the latter case we

have in addition

where G(z,y) = Zp(m) (z,y) and G = G(0,0). Further let

m=0

A(n) = sup A(0, z) (2.5)

ZBEAn
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and for later technical convenience let (a,) be a sequence such that

. (079
lim

e Aln)

=1. (2.6)

The purpose of this section is the investigation of the first hitting times of the origin
T = inf{t > 0|X(t) =0} (2.7)
T, = inf{t > 0|X,(t) =0}.

Since the random walks will typically be started from initial points (z,) far away we shall
consider 7 and 7,, but scaled with s,. Here

Sp = Ap| Ayl (2.9)
We have to make some more assumptions on the random walk.

Definition 2.1 (Diffusive Random Walk)
The random walk X (t) (and its kernel p(-,-)) is called diffusive if the following assump-

tions hold

K
JdK <oo: sup (pf{”>(0, z) — p™(0, r)) < (2.10)
m>0,n>0 |An|
TEA,
sup [|Ag| - pdP(0,2) — 1] =3 0 Vt>0 (2.11)
xEAn
There ezists a sequence (c,) < (a,) such that
An| - sup p™(0,0) =3 0 V>0 (2.12)
mZC7L|A7L‘t
1 cn|An|
— > p™0,0) =3 1 (2.13)
™ m=0
1 S n—oo
—sup | Y p™(0,0) —p™M(0,0))| =X 0 (2.14)
an 2€hn m:Cn|An‘
Here we used the notation (¢,) < (a,) for Cnn=oo ),
an

2.2 Scaled Limits of Hitting Times

Assume X (t) to be diffusive (either transient or recurrent) and let (x,),eny a sequence
with x,, € A,,, n € N be such that

. A0, 2y,)
=

(2.15)

exists. Denote by £(u) the exponential distribution with mean p. By £ [P?, E*] we
denote the law (probability, expectation) with respect to the initial point z. By &, we
denote the unit mass at +00 € RU {—o00, 400}, i.e. P[X > 2] =1 Ve € Rif L[X] = 0.
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Proposition 2.2 (Diffusive Random Walk on A)
(1) L™ L—} — (1 — a)dy + @

(i5) Lo {T—] (1 — )by + a - E(1)

Sn

Proof It is enough to show the convergence of the Laplace transforms T,(A\) = E*"[e=*7/5"]
and T/ (\) = E™ [e=*™/n]. We will show
T,\) =% 1-a
a
() = 1- —
By a simple first hitting time decomposition we obtain
> B0, mp)e N
= (2.16)

T ="

> B (0, 0)e e
m=0

1
We multiply by — and split the dividend in three parts

n
oo

1

1 o
_ 0 n) (m) 0, z, —Amfsn (m) 0,2,) — (m) 0,0 —Am/sn
1 o0
— ) " p™(0,0)e Ao (2.17)
The three sums are now estimated separately
(i)
lim sup |— f: p(m)((),:z)} e~ Am/sn _ 1
=00 zeA, Qn, m=0 )\
1

= lim sup
=0 geAy,

MA/ o (0,2) - %wmxﬂaWﬁ—ﬂzo
0

A (by (2.11) and (2.12)).

since the integrand is bounded by | 1{1 e M and is ~ |A—

(ii)

[e.e]
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(iii)

[ee) Cn|An‘
1 N (212) .. 1 B
_ (m) Am/sn, il (m) Am/sn
Jim o m§:0p (0,0)e = lim an m§:0 p"™(0,0)e
2.13
(2.13)

Putting the pieces together we obtain the convergence of the dividend to % —a+1. A
similar expansion yields that the divisor converges to % + 1. So we are done with the
finite case. For the infinite case note that the first term of the expansion vanishes. So the
convergence of the Laplace transform is obtained the same way. a

Now look deeper into the case X (t) transient. Then a, can be chosen to be = G and
(2.13) and (2.14) trivially hold with any sequence ¢, >> |A,|7!.
So assume X () to be transient and diffusive. Let

Assume that
v = lim G(0,z,) (2.19)

n—oo

exists.

Corollary 2.3 (Transient Diffusive Random Walk on A)
Under these assumptions

@ e | T = Zas (1= 2) o

(i) L™ E—"} g %50 n (1 - %) £(1)

2.3 Application to Z¢

As a first example we give a well known result on symmetric Bernoulli random walk on
A
Let A, =] — 3, g]d NZ<, (b,) some real sequence 5 > b, T oo and

2,2 T
Sn:{ “n“logn if d=2 (2.20)

Gn? it d>3

Proposition 2.4 (a). If d > 3, then uniformly in all sequences (T,)nen with x, €
A, n € N and such that |x,| > b,

P (1, /s, > 1) = e

(b). If d =2, let « € [0,1] and assume |z,| ~n*. Then

n—o0o t

P (1) >1) — e
P (1/s, > 1) 5 «
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Remarks

1. Part (a) is Theorem 4 of Cox (1989) while (b) is a combination of this and a result
of Erdos and Taylor (1960) (equation (2.16)).

2. The Bernoulli random walk in Z' is not diffusive. Indeed A(0,z) = |z| (see Spitzer
(1964), E29.1) is not slowly varying.

Proof Since |A,| = n? we can choose a,, = Zlogn if d = 2 (see P12.3 of Spitzer (1964)).
It remains to verify diffusiveness.
Since there exists a K < oo such that
¢ _dlz?
p™(0,2) < Km™%¢” 2m (2.21)
(see e.g. P7.10, Spitzer (1964)), one easily derives (2.10). (2.11) is implied by Proposition
2.8 of Cox (1989), which is obtained by a Bhattacharya-Rao expansion. By (2.21)

1—4 m—oo

mp™(0,z) < Km!'~2 "= 0

if d > 3. This implies (2.12).
Assume now d = 2. Let ¢,, = v/logn . (2.12) follows from (2.21). Since p™(0,0) ~ L L

m™m
we have

n2./logn
1 2
§ p™(0,0) ~ - log <n2\/logn> ~ logn, (2.22)
m=0

so (2.13) is valid. Again by (2.21)

1 a2
}p(m)((), 0) — p(m)(O,x)‘ < KE (1 —e m ) YV, m, (2.23)
S )
= 2K|x
> 10.0) 0.2 < 2 2.2
m=M
Putting M = n*y/logn yields (2.14). O

2.4 Application to =

In order to apply Proposition 2.2 and Corollary 2.3 to random walks on = we have to
calculate the m-step transition probabilities p™). This is a relatively simple task due
to the special geometry of =. We then compute the potential kernels and verify the
diffusiveness assumptions for the cases X (t) transient and critical separately.

Computation of the transition probabilities

Introduce

11>

= {(ar)ren s ar € {0,..., N —1}}
with addition componentwise modulo N and the scalar product

o0

211
(a,&) = exp (W Z ak§k> )

k=1
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= is the character group of =. Now some Fourier transformations yield the desired tran-
sition probabilities (see Fleischmann and Greven (1994), Section 2a).

For k=1,2,...let fr =ro+ ... N1 (Recall from (1.5) that a(&, () =
ri/ Ry for || — &|| = k.) Then
™0,§)=(N—-1) > N* + (Tgy (&) = NI (Fe)™ (2.25)
E>[I]]
p(t;0,§) = (N —1) Y N*e —t0 = o) 4 (W (6) — NEleTEE = Sie))  (2.26)

k>[l€ll

Write also p{™ (n) for pi™ (0, &) with ||£|| = n. By restricting the random walk to A,, := =,
(note |Z,| = N™) the ry transform to

- -1
1-— k<
k=4 ¢ < l:%—lrl> e (2.27)

0 , else

1
Hence we put fox =rno+ ...+ rnk—1— Nk to obtain from (2.25) and (2.26) the

transition probabilities in the finite setting.

e Z Y (2.28)
k=llgl+1
(T (€) — NI (f )™ + N7
pol0,6) = (N=1) D NFexp{t(1~ fus)} (2.29)
k=ligl+1

—G—(]I{o}(Q — 1)N_”§” exp {—t(l — fn7||5||)} + N7

Note that (2.10) is always valid by symmetry.

Case X(t) transient

Now look into the case X (¢) transient in detail.

Lemma 2.5 (Transient random walk on =)
A transient random walk on = s diffusive in the sense of Definition 2.1.

Proof G can be explicitly expressed in terms of the fi. By (2.25) G equals

o] N_k
G:(N—l);l_fk.

By transience G < oo and hence

lim inf N" Zrk (2.30)

n—o00
k=n
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In particular let for ¢ > 1/N be G.(-,-) the Green function associated with the geo-
metrical kernel a.. Let G. = G.(0,0). Then

G, — NN =17 N2c—1 Zc (2.31)

Thus G, < oo iff ¢ < 1. In this case

Nc*(N —1)?
c = . 2.32
Ge= TN =) (2:32)
Let T,, denote the first exit time of =,
T,:=inf{t >0: X(t) e 2\E,}. (2.33)

L8[T,] coincide for all £ € Z,. Hence by the Markov property £5[T},] = £(u) for some
w>0 (recall E(p) is exponential with mean p). Note that p does not change if we replace
Tnt1 DY 77 = Zk — 1Tk and 7 by 0 for k£ > n+ 1. Denote the corresponding transition
probabilities by p’. Then by (2.26) for t — 0

> opt,0.0) = Y P00 (2.34)
CEE\E, C€EZn+1\En
N -1
= (1 —exp{—t25r 1 }) =trl . +o(t).
Thus po =7/, and -
G =Y n)) if £€s,
k=n+1

So (2.11) is true since by symmetry and by (2.30)

[N"p,(EN",0,€) = 1] < N") PUT, > tN")N"! (2.35)
=1

< ZN”_l exp (—tN” Z rk> ==0.
=0 k=Il+1

Also (2.12) holds by (2.30) and (2.26). O

Case X(t) critical

Recall that a recurrent random walk on = is called critical if
log k [log(N*ry) —log(N**'ry41)]  is bounded. (2.36)

This implies
k

N
Je>0: !> Nl: >e VIVE €|l —logl,i+logl]. (2.37)
l
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Lemma 2.6 (Critical random walk on Z)

A critical random walk on = is diffusive in the sense of Definition 2.1 and (c,) can be

chosen as
N — 1 logn

RS S T

Proof Because of (2.37)
[e.e] [e.e] B N
Zrk Z ) N7F ~ N 1™
k=n k=n

Thus (a,) can be chosen as (recall (2. ) and (2.6))

“: N+1 ZN%

since by (2.25)

n N—F N—™
k=1 er_'_ﬁrk er—l—ﬁrn
j=* j=n
n N—F N—™
~ (N-1) NT1,. T Ni1

N+l 2= Ner, T N 1N, 0

Note that in particular

A(n+1) n—co 4
A(n)
Obviously (¢,) < (an). By (2.25)
1 0o 1 an ] 1 [enN™]
[ (m) _ (m) — —nJn
a Z [P (0) —p P ZN 1_fk anN 1—f,
m=[cn N"]
Since N 1
1— fi~ Tk
—1
we have

S LN e o
T ap1— fi,""

Since by recurrence a, | oo, applying Kronecker’s lemma to (2.43) yields (2.14).

Now by (2.25)

NpleaN™D(0,0) = (N —1) ZN” B lenN7]

n—=k Nkrk n—=k
~ (N-1) ZN exp _2N"r log(n)N
k=1 "

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)
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Split up the sum in three parts

n—logn n+logn

RIS DS

k=1 k=n—logn  k=n+logn

and observe that the summand obtains a maximum of value < alfgn at kg = n +
bg(mw and is monotone for k < ko. Thus it is easily seen that (2.45) vanishes
as n — 00, so (2.12) holds. Proving (2.13) is almost the same. First note by (2.25)
[CnZN”] 1 1 [an ]
w2 P00 = ZN TR
Tk
~ =i N+ 1 Z N’frk { — exp (—2logna)] .

Now

N—1)2 " r

e ; N, [1 o (‘21"“%)]
12 " log
- nh—>ooan N+1 Z Nkrk -
while n+$gn and i are shown to tend to 0 similarly as above. Finally (2.11) is obtained
n—logn n-+logn

the same way as in the case X (¢) transient.

O
Key result on hitting times
Up to now we have proved the following
Proposition 2.7 (Diffusive random walks on Z)
Let X(t) be a random walk on = and X, (t) its restriction to =,.
(a). If X(t) is transient and s, = GN" then
P (1, > ts,) —> e (2.46)

uniformly in all sequences (§,)nen with &, € Z,, n € N, of starting points such that
|&nll = by, for an arbitrary fized sequence b, T oc.

(b). If X(t) is critical, s, = a,N", a € [0,1] fized and (&,)nen a sequence with &, €
—

Zn, n € N, such that A(n) «, then
n
pér F ] I S (2.47)
Sn
P {E >t =5 et (2.48)
Sn

O
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Recall n(t) from (1.9).

Corollary 2.8 (Continuous time)
In the critical case the following continuous time version of (2.47) holds

P& [ > ] =% a.

Proof By (2.42) " is bounded and bounded away from 0 for n large enough. Thus
Sn+1
(2.47) yields the assertion. O

3 Coalescing Random Walks

We introduce the notion of delayed coalescing random walks and instantaneously coalesc-
ing random walks and then give asymptotics for the number of surviving particles when
scaling space and time properly. The main results are Propositions 3.2 and 3.4.

3.1 Preparations

on = (resp. X,(i,t) on Z,) starting at some initial points £(i). Now think of X (¢) as m
particles moving on = and let any two particles coalesce if they meet each other, i.e. one of
the two particles dies and the other goes on moving. Call this new process 7(t) the system
of instantaneously coalescing random walks. Finally change the coalescence mechanism
by not letting coalescence occur instantaneously but at a constant rate b > 0. This is a
pair of particles coalesces after the particles have spent together an exponential waiting
time with mean % Call this new process a system of delayed coalescing random walks
(with delay 3) and denote it by n(t). We are interested in 7(t) because of the mentioned
duality relation. Since 7)(t) is easier to handle we first investigate this and then compare
7(t) with n(t). By X,,, 7.(t), 7.(t) etc we denote the corresponding objects on =,,.
By forgetting the ordering of the particles we can regard n(t) as a process on

® = {s@z(@g)ENoE:#@ 3:ZSD£<OO} (3.1)

3

where 7¢(¢) is the number of particles at site £&. @ herits the Tychonov topology from
(No)=. Note that n(t) preserves ®,, := {¢ € & : #¢ < m}. For n(0) € ®,, n(t) is the
Markov process on ®,, with generator G,, defined for f € Cy(®,,) by

Guf ()= 3 e-ale. Ol Te-+ 1) = o)+ S0( 5 )t ~ 10 - S0 (32)

§,C€E §€E

(We use the convention (}) = 0 for n < k.)
On the other hand 7(¢) runs on

:={ped:p {01V} (3.3)
71(t) preserves ®,, := ® N ®,, and on this has generator H,, defined for f € Cy,(®,,) by
Huf(0) = D e a6, QU (0 = Te + T) A1) = f()]- (34)

£,CeE
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3.2 Scaling properties of 7j(t) on =

We first look into the case X (t) critical and then consider the case X (t) transient. Hence
assume now a(-,-) to be critical.
We fix m € N and start 77(t) with particles at sites &,1,...,&m, i.e. in

o i=Tg 4.+ 0 (3.5)
such that (recall A(n) from 2.6 and 2.41)

A(gn,iv gn, ) n—0o00 . .
T)J —a  Vi#j (3.6)

In order to formulate the main result of this subsection we shall need

Definition 3.1 (Pure Death Process)
With (D;)i>o we denote the nonlinear pure death process on N that jumps from m
tom — 1 at rate (’;) By
q(m; k) = P™(Dy = k) (3.7)

we denote its transition probabilities.
Note that g,(m;m) = e (2" and recall & = — log av.
Proposition 3.2 (Scaling Limit, Infinite Case)
PP [#7(s,) = k] "= qa(ms k). (3.8)
We introduce the following notations

7(i,7) = inf{t >0: X(:,t) = X(j, )}
T = rgéljnT(z,j) (3.9)

In view of Corollary 2.8 is suffices to let ¢ — oo along the fixed sequence t,, = s,. Our
main goal for proving Proposition 3.2 is then to establish that the (Tg) pairs of particles
happen to coalesce asymptotically independently in the infinite case and the “meeting
probability” is given by our quantity . Namely we show

Lemma 3.3
PPn[F < s5,] "= 1 — al?), (3.10)

Following the lines of the proof of Theorem 5 of Cox and Griffeath (1986) an induction
argument then proves the proposition. We will not repeat the latter argument here.

Proof (of Lemma 3.3)

We first rewrite the relation (3.10) in a more tractable form using Proposition 2.7. Namely
(recall a,, and 7, from (1.5) and (2.6))

1 n—o00 m
p¥n {; < _] oo (%), (3.11)
T
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To see this equivalence we argue as follows. Note that s, in Proposition 2.7 can be

1

replaced by — since we can choose (n') : s,y < — and n—n’ = o(logn), so (2.36) implies
T'n Tn

Ay n—oo

1. Thus for v € [a, 1] Proposition 2.7 asserts
Qn

n—o0 o

P& 1 > t(y,n)] =2 > (3.12)

where we put t(y,n) := . W.lo.g. we assume fi(n) =n.

T'f+(n)
So we concentrate on showing (3.11). Again by (2.36) for any v € [a, 1] there exist

sequences d(7y,n),e(y,n) such that
hm f’y( ) (77 ) nh_{Ioloe(’}/,n) - .f’Y(n) =

and

_Ald(y,n) . Ale(y,n))
lim —————= = lim ————~—~
nlhe A(n)  nese A(n)
These can be assumed to be increasing in ~.

Let
E(y,n) ={¢ € E: [&]l € [d(v,n), e(y,n)]}-
Note that Proposition 2.7 is valid uniformly in all sequences (&,)neny with &, € Z(a, n).

Now
P X (t(y,n)) € E(v,n)] = 1 (3.13)
P X (t(y,n))| > e(v,m)] < P [Tyqn < t(y,n)] (3.14)

= exp | —t(y,n) Z | =20
k>e~(n)

by (2.39). The opposite direction works similarly.
Denote by e£(n) any quantity tending to 0 as n — oo. We shall make use of the
following auxiliary equations

/ PPn[F = 7(1,2) € dt(n,), X(2,t(n,7)) — X(3,t(n,7) ¢ Z(n,7)] = e(n) (3.15)

/ PP[7 = 7(1,2) € dt(n,v), X(4,t(n,v)) — X(3,t(n,7)) ¢ 2(n,v)] = e(n). (3.16)

We prove only (3.15) since the proof of (3.16) is even simpler.

/ P07 =7(1,2) € dt(n,7), X(2,t(n,7)) — X(3,t(n,7)) ¢ Z(n,7)]

/ Y PP =17(1,2) € dt(n,7), X(2,t(n,7)) = £] - P[X(3,£(n, 7)) — & ¢ E(n,7)]
o gex
by symmetry and (3.13)

- [ >SRN =7(1,2) € diln,), X2 () =€

PIX(3,1(n, 7)) ¢ E(n,7)] +(n)
= &(n) by dominated convergence.



3. COALESCING RANDOM WALKS 43

Now we put the pieces together

1 1
p¥n {T(i,j) < r—} = P¥n [? =7(i,J) < r—} (3.17)
t(1,n)
b [T R = € i) < 1000 <o)
(k1A {ig} 7 o)

We substitute to change the domain of integration to [, 1]. We then condition the
integrand on (X (4,t), X(j,t)) and apply the Markov property. With (3.13) and (3.12)
we get that the integral term in (3.17) equals

1
/ PPn[z = 7(k, 1) € di(y,n), (3.18)
X(it(y,n)) = X4, t(v,n)) € E(v,n), 7(i,5) < U1, n)] +£(n).
Apply (3.15) and (3.16) to see that this in turn equals
1
)

¥ £—(EE(v,n

xPEO[r(1,2) < t(1,n) — t(y,n)] + £(n)
_ / P07 — r(k1) € dt(y,m)](1 — 7) + e(n).

Integration by parts and summation over all pairs {7, j} in (3.17) yields

(Da-a=rpafr ]+ ((3)-1) [ o <ttumior <o o

A contraction argument (compare again Cox and Griffeath (1986)) now shows
_ 1] oo (m)t
PP |7 < —| 1 —qa(mym) =1 —alz),
Tn

So we are done. O

3.3 Scaling Properties of 7,(t) on =,

We now turn to finite systems. Here also particles coalesce asymptotically independently
but the “hitting probabilities” are different.

Proposition 3.4 (Scaling Limit, Finite Case)
PP [#7,(ts0) = k] = qorva(mi k) (3.20)

Proof We prove the statement for &« = 1. The general case then can be obtainled from

this as follows. As in the proof of Lemma 3.3 we can choose a sequence (s,) with 2 —0
slowly enough that

PPr[X (i,u) € Z, YVu < s,,Viand X(i,s,) — X(j,s,) € 2(1,n)Vi#j] =31 (3.21)
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and

n—~o0

PP [#0(ts,) = k] = qa(m; k).

Since given the event in (3.21) 7,(s),) = 1(s,,) and since ts, ~ ts, — s, we have

PO ts) = K = 3 PEA[Hlts.) = 1] gu(ish) +=(n) (3.22)

= > qa(m; Dl k) + £(n) = quea(m; k) +(n).
I=k
The last equality is of course the Chapman-Kolmogorov equality.
Hence we assume now a = 1. Note that X (i,¢) — X (j,t) is a random walk running at
double speed. So by Proposition 2.7 the analogue of (3.12) is (recall 7,(i,j) and 7,, are
the finite objects corresponding to those defined in (3.9))

Pn[r, (i, ) < tsy] = 1 — e, (3.23)
Thus we replace a by e~? in the proof of Lemma 3.3 to obtain
PPnT, <ts,) =5 1—e72(3), (3.24)
Now the induction argument cited above yields
PP [#0u(tsn) = k] = qze(m; k). (3.25)
([l

3.4 Case a Recurrent, Comparison of 7(t) and 7(t)

Let X (t) (or a) be recurrent. We show that in our space and time scaling delayed and
instantaneously coalescing random walks 7 and 7 (resp. 7, and 7,) are equivalent in the
following sense:

For ¢ € ® let ¢* = oA 1 denote the projection to ® and 7% (¢) resp. 7]90* (t) the systems
started in ¢ resp. ¢*. Fix m and m* and choose (¢,) such that #¢, = m, #¢: = m*
and () is an a-spaced sequence in the sense of (3.6).

Lemma 3.5 (Comparison)
Under these conditions

P (797 (s0) = 1¥7(s0)] =5 1 (3.26)
P[%wz(tsn)znf”(tsn)} X1, t>0. (3.27)

Proof We shall only show (3.26) since (3.27) is similar. Let
ﬂ":inf{tzoz#n Z(t):m*—i} i=0,1,...m" 1

the time points of coalescence and note that

n—oo

T, =T — oo P-a.s.

Hence by recurrence the particles that meet at time 77" coalesce in n*n until time 77",
asymptotically P-a.s. O
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Combining Proposition 3.2 and 3.4 and Lemma 3.5 we have proved
Proposition 3.6 (Scaling Limits)
LOO ()] == L™ [Dy]
LP[#n,(ts,)] = L™ [Dyys] fort >0 fized.

3.5 Case a Transient, Comparison of 7(t) and 7,(t)

We now look into the case a transient. The comparison lemma does not hold here because
it did depend heavily on the recurrence property of a. We used that once a pair meets, it
meets infinitely often in the large time scale and finally coalesces. So we have to do some
more subtle computations now in the transient case.

-1
Fix a sequence t, T oo, t, < (Z rk) , then (by (2.30)) ¢, < N~™ and

k>n
PX,t)=X(t)Vt<t,) =31 (3.28)
Let 7.¥) = 0 and ' '
) =inf {t > 70 +-t, 1 X, (t) = 0}. (3.29)
Since
sup E“[G(0, X,, )] = E°[G(0, X,,)] =20 (3.30)
TEE,

and by Proposition 2.7 we get

(i4+1) (%)

u] = E(1). (3.31)

L =
G‘:n‘

Let B(t) a Poisson process with rate 1. Then for ¢ > 0

(k)
L max{k : GT‘": | gt} =2 LIB(t)]. (3.32)
Recall | e
V =E° {exp <—§/ ]I{sto}ds” (3.33)
0
and let
po(k) = lim P [gn(t) = k], (3.34)
Note that
V = p0,0)(2). (3.35)
By (3.28) and (3.32) we get
lim PO [#n, (1GN™) = 1] = 1 — pcg)(2)e 20V, (3.36)

n—oo

Now proceeding as above we get that the pairs of particles coalesce (asymptotically)

independently. Thus if we put

G

we obtain
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Proposition 3.7
PP (ts0) = K] =3 Y pio(D)gai(L; K. (3.38)
1

4 Proof of Theorem 1,3 and 4

4.1 Proof of Theorem 1 and 4

Since parts a) are immediate consequences of parts b), we will only show b). We first
look into the special case where we start in the product measure my and where g(z) =
bx(l—x), b> 0.

Special case g(z) = bz(1 — z) and Product Measure

Since we will have to work with various diffusion coefficients g we add g or b as superscript
where necessary. Let now 7(t) be a system of coalescing random walks with delay % and
let

=Tz, 2€0,1% pe@.

{e=

Our main tool is the following duality relation between mixed moments of interacting
diffusions and delayed coalescing random walks

E [(Xb(t))ﬂ — EY [z”(t)] (4.1)

which is also true for finite systems. For a proof see Shiga (1980), Lemma 2.3.

Since the state space is compact it suffices to show convergence of (mixed) moments.
Thus we fix ¢ = ki le, +. ..+ kp-Te . € D, m* €N, ki, ... ke €N, & # §;, 1e. apoint
in ¢ with k; particles at site £;. Let ¢,, = S;al(n)ap be the spaced version of . We have to
show

B [(X(1)7] = BT [(x00) 0] S E[(va)™] (4.2)
B (X)) | = B (%5 (ts0) | T B [(Varra)™ ] (4.3)

By (4.1) and Proposition 3.6 the L.h.s. of (4.2) equals
/ B0 [ 0] my(ds) = BP0 [o#n)]
= B [oPe] =B [ ]

The last equality is a well known duality between the Fisher-Wright diffusion and the
pure death process introduced in Definition 3.1. The proof of (4.3) is fairly the same.
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Generalization to Ergodic Measures

Here we want to generalize the result to ergodic start measures p with intensity 8. We do so
by coupling techniques, i.e. we show that two versions X! and X2 of our interacting system
with ergodic initial laws p and v with same intensity 6 can be defined on one probability
space such that E[|zt(t) — z2(t)]] == 0. Define the four-valued process (X!, X2, X! X2)
as the solution of

drg(t) = Za(g, O)(we(t) — wg(t))dt + 4 /bat(l — xp) AWe(t), i=1,2 (4.4)

ZEE

d:vfhg(t) = Z a(g, C)(x;,c(t) — xfhg(t))dt + \/bxi,g(l — zjlg) dWe(t), i=1,2 (4.5)

ZEZ,

with one set of Brownian motions and the initial common law given by
LI(XN0),X*(0)] = pov

and
(X3(0),X5(0)) = (X(0),X*(0))|_ (@ v)-ae.

Here p and v are spatially ergodic with same intensity 6. Let A¢(t) = zg(t) — 2Z(t),
Ane(t) =z}, ((t) — 2} c and AZ(t) =z, ((t) — z¢(t).

We will rely on the following lemma which is due to Cox and Greven (1994a), Lemma
4 in the case a transient and due to Fleischmann and Greven (1994), Proposition 5.11 in
the case a recurrent. (Fleischmann and Greven only deal with the case a critical but the
proof they give actually works for any a recurrent. In fact a slight modification of their
proof yields a unified approach to both cases, a recurrent and a transient.)

Lemma 4.1 (Successful coupling, Infinite systems)
Assume a(-,-) to be either transient or recurrent. Then

E[|A(t)]] = 0 (4.6)

This yields the analogue of (4.2) if we put v = my. So we are done with the infinite case.
We polish off the finite case by deriving based on this

Lemma 4.2 (Successful coupling, Finite systems)
Under the same conditions as in Lemma 4.1

E[|Ano(tsa)l] =0 (4.7)

Proof Since the infinite systems can be coupled successfully we have to show that the
finite and the infinite system do not diverge for sufficiently large time and that finite
systems stay close once that they got close. Fix a sequence t,, T oo such that ¢, <

-1
(Z rk) (recall 7 from (1.5)). Then

k>m

sup E[|A¢ (tm)]] 0. (4.8)

n>m



48 PART II, HIERARCHICALLY INTERACTING DIFFUSIONS

To see this we may proceed as Yamada and Watanabe (1971). We approximate the | - |-

function by functions f,(z) = /1 + 22 to which the Ito-formula can be applied and
obtain

d|A2(t)| = sgn(A?(t))dA?(t). (4.9)
Then
dE|AL(D)] < E | al€, QAL — |AZ(D)]) | dt (4.10)
L(EER

+ B al& Ozc(t)] + g, (1)) | dt
| ¢#=n

The first term vanishes by translation invariance (=, <= subgroup!) and the second term
is bounded by (2 > r)dt.

k>n
By Lemma 4.1 the infinite systems are close at time t,, i.e. E[|Aq(¢,)|] = e(n), and

so are the finite systems. Hence it is enough to show

dE[|An7§(t)|] <0. (4.11)
This is however true since as above
dE[|A, )] SB[ a6 O(Anc(t)] = [Ane(®)])| dt =0 (4.12)
(EE,
O

Generalization to Admissable g(x)

Finally we generalize the diffusion coefficient. Fix an admissable g (recall (1.2)). The

idea is to sandwich g between two Fisher-Wright-type diffusion coefficients. We will then

infer that the moments are also sandwiched by quantities that have the same limiting

behaviour according to the discussion in the last two subsections.
Fix%>€>0andcpandlet

fl@) = a(l—-x)
fila) = [@—e)l—a—e)"
Choose b, b° > 0 such that
g- =01 < g <bf.

Denote by X9(¢),X9" (t) and X%/ (¢) the solutions of (1.1) driven by g,¢° and bf respectively
and with the same initial law p. The crucial point is the comparison of the mixed moments
of these

B [(ng(t))ﬂ < E" [(xg(t))‘P] < E [(xbf(t))‘P] Vit >0, (4.13)

which is due to Cox, Fleischmann and Greven (1995), Theorem 1.
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We introduce the linear map

Lf:[e,1—¢ — [0,1

(zg) — <f§__2i>

and its inverse H¢. Let p® := H¢u and note that (zg, u) — (xo, u°) = O(e). Observe that
the coupling of the last subsection (in particular (4.11)) adapted to this setting yields

E [(xf(t))ﬂ _EF [(xf (t))‘P] — 0(e). (4.14)

Note that LEX9" (t) is again of the Fisher-Wright-type for X(0) concentrated on [, 1 —&]=.
Observe that (H®(z))g — 20 = O(e) where the O-constants only depend on m = #¢. So
the discussion of the last two subsections yields

limsup limsup sup |E* [(ng(t))ﬂ - E* [(be(t))(p” = 0. (4.15)

e—0 t—oo  FHp=m

This finishes the proof.

4.2 Proof of Theorem 3

Assume now a(-,-) to be transient. Since the coupling of finite systems is successful

(Lemma 4.2) we may assume

Recall the definition of py from (3.34) and note that

EY [27] =) pyp(k)0". (4.16)
k

We proceed as above and use Proposition 3.7 to conclude Theorem 3
E™ [(Xn(tsn))‘p] — E¥ [e#ﬁn(“n)} (4.17)

= > o) qull; k)o*
l k

= Y e [oP]
1

= > ppl0) [ Quv.dp)
l

= /QQt(H,dp)EVP [27]. 0

5 Proof of Theorem 2 and 5

We only consider the case g(z) = (1 — ) and L[X(0)] product measure, since the
generalizations work as in Section 4. Again we first have to do some random walk analysis.
We start with the construction of the limit object of space and time scaled random walks
on =. From this we conclude part a) and b) of Theorem 2 and 5. Then we obtain c) via
a duality to the discrete time nonlinear death process of Definiton 3.1.



20 PART II, HIERARCHICALLY INTERACTING DIFFUSIONS

5.1 Limit Process of Scaled Random Walks

In this subsection we “extend = resp. =, to the left”, i.e. by points of short distance,
to I" resp. I" defined below. On these extended groups we will define the weak limits of
rescaled random walks on = resp. =,,.

Definition 5.1 Let

I' == {0=(0k)kez : 0 €{0,...,N =1}, ||d]| < oo} (5.1)
I'', = {0e€l':6,=0Vk < —n} (5.2)

where ||d]| :=inf{k € Z : 6, =0V > k}. T is an abelian group with addition component-
wise modulo N. T herits the product topology from {0,..., N — 1}Z.
The finite objects will be indicated by a prime and are defined as

I"={fel: |5 <0} I ,:={5el_,:|d <0}

Further let p resp. p' be the Haar measures on I' resp. T normed to p(I") = p/(I") =1

(sicl), i.e. the weak limits of N~"-times counting measure on I'_,, resp. I"_ asn — oo.

The shift operators Sy (recall (1.10)) naturally extend to these objects. Note that we
may identify = with 'y and observe

S.(2) = T_,
Sp(Z,) = I

Since most of what follows is the same for the finite and infinite objects we suppress
the prime where possible and only stress the occuring differences.
We obtain random walks ,,(¢) on I by shifting a random walk X (¢) on = and rescaling
time
To(t) == S, (X(t(Nc)"*l)) : (5.3)
Intuitively we extend X (t) “to the left” by allowing jumps of short distances at high rates.
The same way we obtain the system of instantaneously coalescing random walks (3,
on I
Bult) 1= S, (7 (t{N"). 54)
Denote by G,, the generator of v, defined on C'(I'_,,) the set of continuous functions on
I'_,. We will identify C(I'_,) with C(I'_,,)) = {f € C(I"), f(€) = F(¢)if [|€=¢| < —n}.
Denote by G, the linear operator on C(I'_,,) with (@nf)‘F = Gn(f’F ). Note that for

k S n R R —-n —-n
Culo_ = G- (5.5)

By d(0,¢) := 2I0=¢ll a metrics is given on I' that induces the product topology on T
Note that C(T") := |J C(T'-,) is dense in C(T).

neN

Definition 5.2 Let G be the linear operator on é(r) such that

The closure G of@ is a Markov generator. We denote by ~y(t) the random walk induced by
G. By 3(01,...,0m;t) we denote the corresponding system of of instantaneously coalescing
random walks started in (01,...,0m).
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Proof By (5.5) G is well defined and has a dense domain. Hence G is a well defined
(unique valued) linear operator. Fix A > 0. Since G,, is a Markov generator for each
n € N we have R(A — G,,) = C(I'_,). So the range of A — G is dense, R(A — G) = C(T),
and hence G is recognized as a Markov generator. (For a treatment of this point see
Liggett (1985), Chapter I). O

We assume ((t),71(t),v2(t),...)) to be defined on one probability space such that

Yu(t) = ()| - (5.7)

Now it is immediate that

n—oo

(Vn(t)i=0) — (Y(t)>0) uniformly and a.s. in D([0, oo]). (5.8)

Lemma 5.3
Bo(01, .. 6mit) =5 B(61,. .., O t) in distribution ¥t > 0.
Proof Let

T, = inf{t >0:7,(t) =0} (5.9)
T = inf{t >0:7(t) =0} (5.10)

Now by (5.8) and right continuity of paths

T 1T a.s. (5.11)

Since we can assume that the systems 5, 51, 52, ... are coupled so that
B1>B,>...0 (5.12)
and since 7 has no atoms a simple induction argument yields the conclusion. O

5.2 Proof of Theorems 2 and 5, Part a)

By compactness of the state space it suffices to show convergence of moments

E [T (Onm(X(ts))Vm "= My, (5.13)

MEZL

where 1 € NZ finite and M¢ is some real number. The martingal property then follows
easily by symmetry.
Thus let
=10 +...+1, , L <...<Ile€Z (514)

and denote

T() = {G=....6,) el [l <L) (5.15)
I () = T@)n(T-)"
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Then

E [(@n_.(X(tsn ]

H@nz tsn] (5.16)
(H#En—lj> E| > o Y wg (N g (N

l€l|<n—1a lI€rl|<n—Lr

By the duality lemma and the comparison lemma this equals

:<ﬁ#5n—lj>_ Bl Y o > NG ) s

lE1]1<n—11 lgrlI<n—1r
_ / B (6450 r (dB[r () + ()

By Lemma 5.3 this tends to

My = / o (dBI0()). o (5.18)

5.3 Proof Theorems 2 and 5, Part b)

We do the proof by an explicit calculation using Laplace transforms of the first hitting
times 7.

It suffices to show (recall 7 from (5.10) and note that here d plays the role of m in
Theorem 2 and 5)

5 0 as d=|J| —
P(T<t)—>{1 o de o] = s VIO (5.19)

since then (recall M, from (5.18))

g™ as d— oo
Mm']ld_){ 8 as d— —

A straightforward computation using (2.16) and abbreviating v = 5% + 5 yields

> N—™ N Nl—d
 Du(Ne)™™ + A N—lz?v(Nc)l_d—l—)\
Ele™ = lim Efe™™ = 7= (5.20)
Z Yu(Ne)™™ + A
whereas
Ele™ = lim Ede™ ™ (5.21)
Zo: NLm N N1-d LN 1
= v(Ne—=1)(Ne)™ —=14+X  N—=1y(Ne—1)(Ne)' 4—14+X N-1A

0 1-m
N N 1
2 v(Nc—l)(Nc)_m—1+)\+N—1)\

m=—0oQ
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Now (5.19) follows from

dlim Efe™ = dlim Ele™ =1 V< oo (5.22)
and
lim Ele™™ =0 VA>0. O (5.23)

5.4 Proof Theorems 2 and 5, Part c)

We give a qualitative description of a system of coalescing random walks in the limit
N — oo. (A verbal description is given below (5.33).) Then we construct a process
dual to the Fisher-Wright diffusion with immigration (Definition 5.4). This will serve to
conclude the proof via a moment calculation.

We let N — oo and indicate quantities with a superscript N. Observe

0
N m
N m—zd: 1 (Ne)=m+A
Efe™ ~ - as N — oo (5.24)
0 Nom
N m—zd: 1 (Ne)=m—14X
Ele™"  ~ - as N — oo (5.25)

N m
Z (Ne)=m—14X

m=—00

Thus
(c— 1)o7t

d—a .
Ede—ATN(NC)ia ]V;O)O 1 —C _I_ 1 + )\/C Z.f d —a S O (526)
0 if d—a>0
The same holds for 7%V if a < 0 whereas if @ = 0 and d < 0
Ed —\r'N N—>oo 1 i c? (5 27)
e — : :
1+ 2
Denote by £(m) the exponential distribution with mean m. Then
LN (Ne)—] Nogo (1 — cd_“) So + (¢ — 1)cta71g (%) + oy, if d<a
0o if d>a
(5.28)

as well as in the finite case if @ < 0. On the other hand for a = 0 and d < 0

) . (5.29)

LAY N8 (12 ) 6y + e (C L

Introduce the first exit times of I'(d) := {6 € I : ||¢]| < d}
o i=inf{t > 0:9N(t) ¢ T'(n)}. (5.30)
As in (3.14) we obtain

o [ EQ) if d<n
Llon (Ne) ]—{ § if d>n

n

(5.31)
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Thus
j&m_PémvﬁUV@"H:]:+n]: (5.32)
1— Nlim P[||[v(t(Ne)"|| =<n] =1 —e" if||d|| < n.
By (5.28)
P [o <V <#(Nc)?] =22
and thus .
P [TN §O’N} Nogl™ 2
c
Hence we get
lim PN <t(Ne)d|m™ <ol]=1—ce . (5.33)

N—o0
The picture is as follows: For large N a particle at level d jumps in time scale (Nc)?
at rate 1 to level d 4+ 1. Before it succeeds in doing so it attempts to hit the origin with
rate ¢ — 1 in this scale.
Now consider the coalescing random walks. For ¢ = 1, + ...+ 1. as above let

AN(W) = {1, 5,) €T : |16, = 5] = ds A dy}.

All starting points for BN(t) in AN () are equivalent by symmetry so we indicate quan-
tities with a superscript 1. Let further

LY(t) = #{6eB" () 9] < d} (5.34)
UN(t) = #{5€B (t): 5] > d}. (5.35)

N
do

t
The same type of argument as in Section 4 now yields that the ( 2( )) pairs of parti-

cles of level d; coalesce asymptotically independently at rate 2(c—1)(N¢)~%. Independent

of this each of the LY particles of level d; jumps to level d; + 1 at rate (N¢)~%.
The limiting behaviour of this will be modelled by
Definition 5.4 (Death-Escape Process)
Let (A, By) be the N x N-valued Markov process with generator
(
2(6—1)(21) Zf agza,l—l,bgzbl
G ((a1,by), (a2, by)) = aq if ag=a1—1,bp=0,+1 (5.36)
—Q1 — 2(0 — 1) (C;l) Zf Ao = a1 y b2 = bl
\

and let Gy(m) = Ay + By if (Ao, By) = (m,0).

Particles in the first box (A) die with the same rate as they do in the pure death death
process D, of Definition 3.1. Here however they have a chance to escape to the second
box (B) and remain there. Recall the definition of the Fisher-Wright diffusion X? with
drift towards € in (1.17). One easily checks the following duality relation

Lemma 5.5 (Duality)
EMO [0%] = E [(X))™] . (5.37)
(]
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Let
va=#{5 € B(0): 8] =d} and ¢ = ok
k>d
Then
LY (LY (H(Ne)y™), UN (H(Ne)™)] =2 £V (X, V)| Xo = var, Yo = 0] -

Thus
L0 |#8" (Nt | 2 LY [ + Goolv)]

Iterating the argument and noting that X} (¢(N¢)*+) N2 0 we get

c¥ [#BN (Nc_0'5)] o2 £V [T, 4 Goo(ror + Goo(Woa + .+ Goo (V) )]
Finally we get for the infinite system
¥ [#BN(M o2 LV [hd + Gu(o + ooty + Goo(ra + -+ Goo(W0a) )] . (5.38)

In the last step the finite system differs from the infinite one since in the former is 0y = oo
and thus by (5.29) particles coalesce at rate ¢ — 1. Let G| = Dy(c—1), . With this (5.38)
transforms to

£ 13BN (0] 55 L0 [0 + Gl + Gaotor + Goolz 4 Gool) )] - (5.39)
Denote by ¢;(¢, m) and ¢;(1», m) the distribution

qt(¢7 m) = Pw [W{ + Gt(% + Goo(w—l + Goo(w—2 +...+ Gm(¢d1) t ) = m} (540)

in (5.38) and (5.39) respectively and observe

(™) (A@)|D(w)) =21, (5.41)
Hence

MY =S g, myom (5.42)
and

MY =53 g, m)o. (5.43)

By the duality lemma 5.5 the mixed moments of the Markov chains (Z!,) and (Zt,) defined
in (1.20) and (1.31) are given by the right hand sides of (5.42) and (5.43). Since [0, 1] is
compact the convergence of the mixed moments in (5.42) and (5.43) yields the assertions
of Theorem 2 and 5, part c).

O
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6 The Behaviour of the Occupation Times

We investigate the asymptotic behaviour of the re-normed occupation time ¢~17;(€) de-
fined by T;(§) := f(f z¢(s) ds, where X(s) = (z¢(s), £ € Z) is a system of linearly interact-
ing Fisher-Wright diffusions on the hierarchical group =

Recall that a., ¢ > + with r, = d. - (N¢)™ (9. = 2&1) are the geometrical kernels.

a. is strongly recurrent if ¢ > 1 and critically recurrent if ¢ = 1. Recall also that M, is
the class of ergodic measures with intensity # introduced in (1.6).

Proposition 6.1 Let p € My, 6 € [0,1].
(a). If the interaction kernel is strongly recurrent, i.e. a. with ¢ > 1, then
Var [t T,(€)] == 26(1 — 6)(1 — 27 o8¢/ logeNy (6.1)
(b). If the interaction kernel is critically recurrent then
Var'[t1T,(¢)] == 0. (6.2)

We prepare for the proof with a couple of lemmas.

The case a strongly recurrent

First consider the case a = a., ¢ > 1 is strongly recurrent.
From (2.26) we obtain the transition probabilities for the continuous time random
walk generated by a.(-,-)

pE0E) = (V=1 3 Ntew{-t(Vo)™} (63
k=[|¢|l+1
(T (€) = NI exp { —tw(Ne) 1€ |
where
. Ne 1
V= Nc—1+N—1'
We introduce the following notation

voi= Z N~%exp {—v(Nc)™*} (6.4)

k=—00
- 15?]\?5 (65)
Lemma 6.2 p(t,0,0) ~ 4>, t — oo.
Proof First let 7' € N. Then we have
NTp((Ne)',0,0) = (N —1) i N~%exp {—(Nc)™*} =, (6.6)

k=1-T

By a simple monotonicity argument (6.6) holds for 7' € [0,00[. Put t = (Ne¢)T. Then
NT = t'= and the proof is complete. O
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Corollary 6.3 Let 0 < 3 < (log Nc)™'. Then

> p(t.0,6) =0

ll€lI<Blogt
Proof
lim su t,0, < limsu t,0,0
m sup > p(t,08) < msup > p(t,0,0)
ll€lI<Blogt l§ll<Blogt
= limsup NBlogt vto‘_l
t—o0
= limsup~ - tPleNta=l — o
t—o0
since by assumption flog N +a —1 < 0. O

Denote by P¢[] the probability associated with the random walk 7(t) generated by
a(+,+) = a.(+,-) and with start in £ € Z. Let also

= T a(0.0) > a0, P[] (6.7)

the distribution of 7(t) after first leaving the origin. Let
1o = inf{t > 0 : n(t) =0}

the first hitting time the origin. In order to study the asymptotics of Py[rg > t] as t — oo
we introduce the Laplace transforms

L(\) = / e M p(t,0,0) dt (6.8)
0
Lo(N\) = / e M Po[n(t) = 0] dt. (6.9)
0
Lemma 6.4 Denote by I'(x) the ordinary gamma function. Then
L) ~ Lo(\) ~ LT(1+a)A™, A —0.
a
Proof
t v
/p(S,O,O)dSN—ta, t — o0,
0 a
by Lemma 6.2. By a Tauberian theorem (see e.g. Feller (1966), XIIL.5, Thm. 1) we get

LO\) ~ %m T\ A0 (6.10)

The proof of L(A) ~ Lg(\) may be done as in Fleischmann and Greven (1994), proof of
Lemma 2.33. We omit the details. O
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Lemma 6.5 )
Py > 1] ~ = a R (6.11)
I(14 )02 - a)
Q

Proof Let ~
H()\) = / 6_)\t P()[’TQ > t] dt.
0

We may proceed as Fleischmann and Greven (1994), proof of Prop. 2.37 to obtain by a

last exit decomposition
1 —ALo(N)
HN = —— . 6.12
WA L) (0:12)

By Lemma 6.4 we get

H(\) ~ (%F(l + a))_l DR WY} (6.13)

By the Tauberian theorem we get
/Ot Polro > s ds ~ (%m +a)l(2— oz))_l te oo, (6.14)
Differentiating this formula w.r.t. ¢ yields the claim. O

We will need the following comparison between delayed coalescing random walks (n(t))
and instantaneously coalescing random walks (7(¢)).

Lemma 6.6 Uniformly in & € = the following holds
PO (1) = #n(0)] = 1.

Proof Denote by £(t) any quantity vanishing uniformly in £ as t — oco. Fix 0 < f <
(log N¢)=!. Then

PO (1) < #n(t)] = POS#N() = 1 #n(t) = 2] (6.15)
< Y PUSEE—logt) = B, #q(t) = 1]
ECE, #E=2

+POS [t — logt) = 1, #n(t) = 2].

By the recurrence of the random walk the last term is £(¢). Thus by Corollary 6.3 the
r.h.s. of (6.15) equals

_ S POIGH o) = {6, &), (1) = 1] + (1) (6.16)
§1,62 € E
|1 — &l > Blogt
= > PUOS(t —logt) = {&1, &} - P [#(log t) = 1] + £(t)
§1,6 € E
|1 — &l > Blogt
= £(t).

In the last two steps we have used the Markov property and the basic estimate on the
hitting time of the origin. O



6. THE BEHAVIOUR OF THE OCCUPATION TIMES 99

The case a critically recurrent
Consider now the case a critical. We adopt the notation from the preceding lemmas.

Define a function h :]0, 1] — [0, co[ by

h(X\) = a, for % =a,N" (6.17)

(recall a,, from (2.6)) and linearly interpolated in the intervals ]a,N™, a, .1 N"™'[. Note
that h(\) is slowly varying as A — 0.

Lemma 6.7
Po[ro > 1] ~ (h(l/t))_l, t — 0. (6.18)

Proof As was shown in the proof of Proposition 2.2 (i) and (ii) we have

L(A/a,N") ~ ay, n — 0o. (6.19)
Thus
L(X\) ~ h(N), A — 0. (6.20)
We proceed as above to infer
1 —Ah(N) 1
H(\) ~ ~ A— 0. 6.21
() M1+ h(N) AN’ ( )
Apply the Tauberian theorem to complete the proof. O

Extended Duality Relation

For the proof of the proposition we will rely on a duality relation extending the basic
duality. For r, s > 0 consider the following two particle system n(r, s)(introduced by Cox
and Griffeath (1983)):

e Particle 1 stands still up to time r — (r A's) and then moves according to the random
walk associated with the interaction kernel af(-,-).

e Particle 2 stands still up to time s — (r A's) and then moves according to the random
walk associated with the interaction kernel af(-,-).

o After time (r A s) the particles are allowed to coalesce with delay whenever they
occupy the same site.

In the same way we introduce 7)(r, s) where the coalescence is instantaneously.
By the duality lemma we infer immediately

E=[oc(r)ze(s)] = B [1009)] e 0,1, (¢ e 2, (6.22)
By Lemma 6.6 this implies
E[ze(r)ze(s)] — B [zﬁ(rv 5)] 5. (6.23)

We are now in the position to give the asymptotics of the covariance of 7;(0) and T3(§).
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Lemma 6.8 Let 0 € [0,1] and u € My. Then the following holds

tlg?o t=2Cov*[T;(0), T,(€)] = 40(1—0)- hmt 2/ dv/ dw Py[1y > 2w] /QU dsp(s,0,§).
’ (6.24)

Proof

t2Covi([T(0), T1(8)] = t_z/

= 2 /
g
g

ds/ dr EF[(
g
g

ds/ dr ]I{\r—s\>logt} / (dz) E0¢ [Zn T8 } 0% + 6( )
0

= 2/ ds/ dr/ (dz) EL0S z"(”} 0% + (1)
0 0

= 6(1—0)-t2 / ds / dr PUOSH#a7(r, 5) = 1] 4 £(2).

o
[en]

o(r) = 0)(xe(s) — 0)]
)

QU

[e=]
[en]

3
QU

r ]I{T’—s>logt}/ (dz) E{O 3 [Zﬁ T8 :| ‘92 + 8( )

o
o

t
t
t
t

t
x
t
dr | u(dz E0¢ [z"(’"’s)} — 62
t
t

o

In the last step we used the ergodic theorem. We may now proceed as in Cox and Griffeath
(1983) (derivation of equation (2.2)) to infer the claim. O

We are now able the to give the proof of the proposition.

Proof of Proposition 6.1

Part (a). Assume that a = a., ¢ > 1 is strongly recurrent. Substituting the results of
Lemma 6.2 and Lemma 6.5 in (6.24) we obtain

(1—a)27w™™ a

lim ¢ *Var*[T;(0)] = 46(1 —0) lim ¢~ 2/ dv/ w5 —(2% = 1)
t=oo i Ir(1+a)r@=-a)®
1
= 40(1—9 ‘(1—wv)=d
( >F(1+a)f‘(2—a)/0 vl o)
1-27
= 46(1—-0) 5

where in the last step we have used Euler’s identity for the -integral

v o, T+ a)(2-a)
/Ov(l—v) dv = B )

Part (b). Assume now that a is critical. Apply Lemma 6.7 to (6.24) to obtain

lim sup ¢~ ?Cov*[T;(0), Ty(€)] (6.25)

t—o0

t—o0

t 2v
= 40(1-10)- limsupt_lh(l/t)_lf dv/ dsp(s,0,§)
0 v
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t
< 29(1—9)limsupt_1h(1/t)_1/ sp(s,0,0)ds
0

t—o0

— 0 by (2.12).

Indeed, let (c,) be as in (2.12). Fix ¢ €]0, 1] and take ¢ large enough that n = n(t) can

be chosen such that
euN™ < et <t < a,N". (6.26)

Then by (2.12)

t t
t‘lh(l/t)‘l/ sp(s,O,O)ds§5+t‘1h(1/t)_1an/ N"p(s,0,0)ds == e.  (6.27)
0 et

O
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Part 111
The Branching Models

In this part we will investigate the long time behaviour of critical branching Brownian
motion and (finite variance) super Brownian motion (the so-called Dawson-Watanabe
process) on R?. These processes are known to be persistent if d > 3, that is there exist
nontrivial equilibrium measures. If d < 2 they cluster, i.e. the resp. process converges to
the 0 configuration while the surviving mass piles up in so-called clusters.

We study the spatial profile of the clusters in the “critical” dimension d = 2 via
multiple space scale analysis. We will also investigate the long time behaviour of these
models restricted to finite boxes in d > 2. On the way we develop coupling and comparison
methods for spatial branching models.

63
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1 Introduction

1.1 Background

For several interacting infinite particle and related models there is a dichotomy between
stability (i.e. nontrivial equilibrium measures exist) and clustering depending on tran-
sience resp. recurrence of the interaction kernel. So many infinite particle systems with
site space Z? or R? and finite variance interaction are stable if d > 3 and cluster if d = 1, 2.
This is well known e.g. for the voter model, linearly interacting diffusions with compact
state space, branching Brownian motion, Dawson-Watanabe process etc.

The dimension d = 2 is “critical” in the sense that the Green function of the interaction
kernel grows only on logarithmic scale and is thus “nearly finite”. In the critical dimension
the phenomenon of “diffusive clustering” occurs. This means clusters grow at a randomly
chosen algebraic scale of order t*, o € [0,1/2]. For many models the structure of the
clusters in the critical dimension is known. The voter model in Z? has been investigated
by Cox and Griffeath (1986). “Critical dimension” linearly interacting diffusions with
compact state space on the so-called hierarchical group have been studied by Fleischmann
and Greven (1994), Dawson and Greven (1993a, 1993b), Dawson, Greven and Vaillancourt
(1995) and in Part II of this work. The employed techniques to describe clusters cover
scaling, re-normalisation and the so-called interaction chain.

Non-compact models such as super random walk on Z¢ and linearly interacting Brow-
nian motions labelled by Z? have been treated by Winter (1995) and Kopietz (1995).

Clusters of branching Brownian motion have been been studied by Fleischman (1978)
and Lee (1991). Lee has rather precise statements for the dimension dependent rate
at which the height of clusters grows conditioned on (local) non-extinction (Thm. 2.4).
Lee does however not treat the question of spatial extension and profile of the clusters.
His results are obtained by studying sub- and super solutions of the partial differential
equation determining the Laplace functional.

The main point of this part is to determine the spatial profile of the clusters of branch-
ing and super Brownian motion in dimension d = 2. Unlike Lee (1991) we will not con-
dition on local non-extinction but follow a different route. The nivellation of the local
extinction will be obtained by “blowing up” the initial configuration. The “blow-up” also
enables us to to give a description of the finite system (considered next) in terms of the
so-called finite systems scheme (introduced by Cox and Greven (1990)) that emphasises
the similarities to other models.

In the theory of interacting particle systems a systematic treatment of the comparison
of finite to infinite systems in high dimensions can be found in Cox and Greven (1990)
and (1994b). The critical dimension voter model has been studied by Cox and Greven
(1991). Comparison of finite to infinite systems of linearly interacting diffusions labelled
by the hierarchical group in high and critical dimension can be found in Part II of this
work. In this part we will also relate the behaviour of our branching processes to that of
their finite versions, defined on d-dimensional tori, in both cases d > 3 and d = 2.

One aim of this part is to exhibit how the clustering phenomenon can be studied with
probabilistic tools. Namely by techniques from the theory of infinite particle systems.
These will be applied to both branching particle systems and super processes. In par-
ticular we rely on moment calculations and develop coupling and comparison techniques
in Section 3. Thus our approach is completely different from Lee’s (1991) and provides
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a more probabilistic understanding of these processes. Also our methods might be more
easily adapted to related problems.

1.2 The Models

We only give a short heuristic description of the considered models. An extensive treat-
ment can be found in Dawson (1977) and (1993) and in Fleischman (1978). Nevertheless
we have to give the basic definitions for random measures first.

Basic Definitions for Random Measures

Let E be a locally compact polish space. By B(FE) we denote the Borel o-field on E. A
measure £ on B(E) is called locally finite if ;1(K) < oo for all bounded sets K C E. The

space
M(E) = {locally finite measures on E'} (1.1)

is a polish space topologized by p,, — p iff (1, f) — (u, f) for all f: E — R continuous
with compact support. The space of random measures M;(M(FE)) equipped with the
weak topology (denoted by “==") is also polish (see e.g. Kallenberg (1983)).

For a signed measure u we denote by

lll = [lpllry = sup{p(B) — w(E\ B) : B € B(E)}
the total variation of . We denote by M;(E) the space of finite measures in M(E)

Mi(E) ={pe M(E) : u(E) < co}. (1.2)
The space of (non-negative) integer valued measure p on B(FE) will be denoted by
N(E)={pe M(E) : u(A)€{0,1,2,...,00} VAeB(E)}. (1.3)
The space of finite measures in N'(E) is denoted by
Ni(E) = {n € N(E) : u(E) < oo}. (1.4)

Branching Brownian Motion

Let (St)t>0 be the semi group of a Feller process on £. We will consider a particle moving
on E according to (S;) having an exponential life time with mean £. At the time of death,
with probability p,. there will be an offspring of & particles, all located at the parent’s
position. The probability function (px) is a basic data of the process. The offspring
behaves as k independent copies of the one-particle system started at time zero. The
process started in 2 € E will be denoted by (n¥);>o. Its state space is N;(E).

For initial configuration 7y = Z dz, (0, = Dirac-measure on z) in N'(E) we define
i=1

i=1
where ((nf)>0, @ € N) are independent copies of (177%);>o. In the case py = ps = 1 we will
refer to (1) as the critical binary branching process associated with (S;). One main object
of consideration will be the critical binary branching Brownian motion on R¢ (shorthand
BBM(RY)).



66 PART 111, THE BRANCHING MODELS

Dawson-Watanabe Process

Next we consider the short life time high density limit of binary branching processes. Let

r € Eand N € N. Let (n));>0 be the branching process corresponding to py = ps = %

with expected life time - and with initial state n)’ = N - d,. It is well known that the

diffusion limit
1
Nizo =w— lim | —¢ 1.
@ == Jim (56) (1.6
exists and is a Markov process with values in M¢(E) (see Dawson (1993), Section 4.4ff).

The total population ¢f(E) is known to be Feller’s branching diffusion (Z;/,). This is
the diffusion on [0, co[ with generator

82

xw (1.7)

Hence the finiteness of (7 is clear. Also P[¢F(E) = 0] == 1 since (Z,) is a martingale
and 0 is an absorbing boundary point.

Let ((¢f)i>0, € E) be independent copies of this process with (§ = §,. For u €
M(E) we can define ({;);>o with initial configuration (o = u by

G = [ Gutao) (1.8)

The process ((;) has values in M(F) and will be called the super process associated with
(S;). Of particular interest will be super Brownian motion on R? (short hand SBM(R?)).

Another more analytic, though less intuitive, description is the following. For u €
M(FE) and ¢ : E — R measurable and pu-integrable or non-negative we write

(o) = [od (1.9)

For ¢ : E — [0,00[ bounded and measurable with compact support and for ¢ > 0 we
define the (nonlinear) operator V; by

1 t
Vid = Sy — 5(;/ Si_o(Vag)?)ds. (1.10)
0
Then ((;) is defined by its log-Laplace-semi group (V;), this is by the relation

(G0, Vig) = —log Elexp(—((t, ¢))]- (1.11)

A path wise construction of ({;) can be found in Le Gall (1991).

From the scaling properties of Brownian motion on R? and Feller’s diffusion (i.e.
LPYaZs] = LP|Zap]) it is clear that SBM(R?) has the following basic scaling property:
For a > 0 and p € M(R?) let p/(-) = au(a~/?-). Then

L [a™ Caela? )] = LMG()]. (1.12)
In particular for d = 2 and = A (Lebesgue measure on R?) this becomes
A [Oé_lgat(al/z )} - E/\[Ct(')]- (1.13)

For simplicity we will hence forward only consider (the expected life time) ¢=! = 1.
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1.3 Basic Ergodic Theory

In the following we will state the results for BBM(R?) and SBM(R?) simultaneously. For
convenience we will thus denote by (1;)¢>0 either BBM(R?) or SBM(R?). Also let for

p=>0
H(p) it () is BBM(RY)
M(p) :{ Jo () is SBM(RY) (1.14)

where A is the (d-dimensional) Lebesgue measure and H(p) is a Poisson point process on
R? with intensity p - .

It is well known (see Dawson (1977) and Fleischman (1978)) that if d = 1 or d = 2
then (¢;) clusters, i.e.

LM =26, Vp>0, (1.15)

where Jg means the unit mass on 0 € M(RY).
For any d > 3 (v) is persistent (or stable). This means that there exists a family
(v,, p>0), v, € My(M(R?) of invariant (under the dynamics) measures such that

LMP ] EX2 0, (1.16)

Of course, the v, depend on whether (¢;) is BBM(R?) or SBM(R?). In the first case
m € N(E) v,(dm)-a.s. The v, have the following properties. v, is translation invariant
and ergodic with intensity p, this is

[m)v,tdm) = o+ (00) (1.17)

for ¢ : R? — [0, o[ measurable. By the additivity property (1.5) the v, form a convolution
semi group
Vpto = Vp ¥ Uy, p, 0> 0. (1.18)

Hence any v, is infinitely divisible and thus allows a description via its canonical measure.
For details and proofs see Gorostiza and Wakolbinger (1991) Thm. 2.2 for ¢, BBM(IR?)
and Dawson (1977) for SBM(R?). For extension of the basic ergodic theory to more gen-
eral branching mechanisms and motion semi group see Gorostiza, Roelly and Wakolbinger
(1992). Extensions to initial configuration with infinite intensity or that are not trans-
lation invariant see Bramson, Cox and Greven (1993) and (1995) for the d = 1,2 resp.
d > 3 case for ¢y BBM(R?) and SBM(RR?).

2 Results

2.1 Cluster formation for d = 2

Since the branching mechanism has mean 1 the local extinction implies the existence of
relatively small areas where more and more mass piles up. We call this phenomenon
clustering. Our goal is to determine the spatial profile of the clusters. One a way to do so
is to condition a test set B on being in a cluster. This precise statement for (1;) BBM(RR?)
is given by Fleischman (1978)

log ¢ log ¢
_gPM(l) Y(B) > g

3 8—|B|z EX e , x>0, (2.1)
T T
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where B € B(R?). Roughly speaking, with probability % we see a cluster of “height”

t

1‘;;5: - times an exponential mean 1 random variable. For BBM(R?) Lee (1991) has a
more precise statement (Thm 2.4) due to conditioning on 7:(B) > 0. Lee studies sub-
and super-solutions of Kolmogorov’s equation for the Laplace functional. His methods
probably apply to SBM but it is still open whether the same is true for branching random
walk on the lattice resp. linearly interacting Feller’s diffusions (super random walk).
This reflects the fact that difference equations are usually more difficult to treat than the
related differential equation.

Our approach to describe the structure of clusters is based on two concepts.

(1) Blow-up
At time t > 1 we define
~ ~ 8T
_Jo0._ °T
o= = ot (22)
with
—~ logt
L) = M(t) = M (8%) . (2.3)

This serves first to obtain a nontrivial limiting probability of local non extinction.
Secondly the height of the clusters is scaled down to have a nontrivial limit.

(2) Spatial rescaling
For (1) BBM resp. SBM let I = [0, 1] resp. I =] —00,1]. We fix a € I and define

(f) by N N N
wf(B) = Sa,t¢t(B) = t_a¢t(ta/2B)a (2-4)

where Sy 1 M(R2) — M(R2), u(-) — t=*u(t/2.). As above we let ¢, = ¢0. This
is the right notion since clusters turn out to grow spatially as t*/? for any o € 1.

Remark: Note that by blowing up and rescaling we do not loose too much information
on the family structure. This is because the blow-up is so smooth that by (2.1) in the
limit ¢ — oo we get a Poisson mean 1 number of families in each bounded set B € B(R?).
On the other hand the spatial extension of a typical family is of order t*/2, a < 1 random.
Hence the rescaling does not cause an overlap of the families. The blow-up also proves
useful to give a description of the finite versions of our branching models that underlines
the similarities to other models.

Now we are able to formulate the first theorem (recall that (Z;) is Feller’s branching
diffusion defined in (1.7)).

Theorem 1 (Infinite System, d = 2)
Let () be either BBM(R?) or SBM(R?) and I = [0,1] resp. I =] — o0, 1]. Fiz v € I.
Then the following holds

LYO[Je] =2 LY7o - A (2.5)

Theorem 1 gives a first rough description of the profile of clusters. The averaging pro-
cedure induced by scaling however looses information about the spatial structure inside
blocks of size /2.
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x§172,1) $A2,1)/2

$§1,272)
+A(1,2,2)/2
A(1)/2
Ay i
Figure 1. The points (dotted centers of the small circles) are grouped at distances

growing at different scales t4()/2. The small circles represent the windows of observation
which also grow at different scales.

The next aim is to give a more detailed description of the clusters via multiple space
scales. That is, we want to look for different spatial scales on tuples of windows of
observation (see Figure 1). To describe this properly on a formal level we introduce a
rooted tree T (see Figure 2) and a space scale A associated with it.

Tree. We give the following representation of a (rooted) tree T. Let T be a finite set of
finite sequences with values in N. The root will be denoted by §) € T. Let e, f € T,
e = (e1,...,em), f = (f1,---, fa) (possibly m = 0 or n = 0) and | = max{k :
(e1,...,ex) = (f1,..., fr)} V0. We then define the minimum e A f of e and f by

. 0 if [ =
e/\f'_{(el,...,el) if 1> 0.

We will assume that (eq, ..., ex) € TVEk < m whenever (e, ...,e,) € T. In particu-
lar this implies e A f € TVe, f € T. T allows a partial ordering by e < f if and only
if e = e A f. The set of maximal elements in T will be denoted by T*. Note that
we do not exclude the case in which T is partially ordered, i.e. #T = 1. In order
to avoid redundancy we will assume that (e1,...,e,-1,9) € T for g = 1,... e,
whenever (ey,...,e,) € T.
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Figure 2. Diagramm of the tree (1)
T={0,(1),(2),(1,1),(1,2),(1,2,1),(1,2,2),(2,1),(2,2),(2,3)}

Space scale. A pair L = (T, A) consisting of a tree T and a strictly decreasing map
A:T—1T

(recall that I = [0,1] resp. I =| — o0, 1] in the case of BBM resp. SBM) will be
called a multiple space scale. Given a multiple space scale L = (T, A) we assume
that X = (2¢, e € T, t > 0) is a family of points ¢ € R? such that

|x§ — af || & tACN2 ) as t — 0.

By a; ~ b; we mean (loga;)/(logb;) == 1. We refer to X as to be L-spaced. Our
goal is to investigate the common distribution of (recall S, ; from (2.4))

(SA(e),tTpgTZt)eeT as t — oo,

where 7, : M(RY) — M(RY) is the translation by z, (Z,u)(-) = p(z + -).

Feller tree. Let (Z¢, e € T);>o be the following diffusion on RT. Each (Z¢);> is a Feller
diffusion. For e, f € T with e # f we let Z¢ = Z! for t € [0,1 — A(e A f)]. For
t>1— A(e A f) the evolutions of Z¢ and Z/ shall be independent (see Figure 3).

Theorem 2 (Infinite System, Multiple Scale)
Let (1) be either BBM(R?) or SBM(R?). Then the following holds

(a) LM [(3A<e>,t7;fit)eeﬂr] = E[(Zle—A(e)'A)eeT]'
In particular for T linear
(b) LY@ (Bact| =X LBl (Zioaact], B € BRY.
Remarks:

1. Since Z7_ ) = Z{_A(e) for e < f it would suffice to define (Z¢) only for e € TM.

2. In order to understand why Theorem 2 should be true we draw a time-space picture
(see Figure 4). Consider a point (z,t) € R? x [0, 00[ in the “four space” (which is
actually a “three space”). We want to investigate the events C(x,¢) that form the
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A

}

Z(1,2,1)

Zs(l,l)

Y

1-A(0)  1-A((1)) 1-A((2)) 1-A((1,2)) i

Figure 3. A sample of (Z¢)s>0, e € TV for

T={0,(1),(2),(1,1),(1,2),(1,2,1),(1,2,2),(2,1),(2,2),(2,3)}

history of (z,t). Since Brownian motion at time s has range ~ /s we may roughly
set

C(xz,t) = {(u,s), |lu—z|| < (t — )% ueR? s €0}
Now let for a € [0, 1]
Co(z,t) = C(z,t) N (R? x {t —t*})

be the events at time t—t* that may influence (z,t). Fix @ € [0, 1] and let (), (y;) €
R? be such that ||z; — y|| ~ t*/2. Then for v < « we have that C,(z;,t) and
C,(yt, t) are (asymptotically) completely disjoint. For § > a we have that Cg(z4, 1)
and Cs(y., t) (asymptotically) overlap completely. By the Markov property the the
common history is contained in Cy(x¢,t) = Cy(y;, t). After time ¢t —t* the evolutions
leading to (x,t) and (y,t) are independent.

We have to justify that the information contained in C,(z¢,t) ~ Cy(ys,t) is suffi-
ciently well described by the common value of Z;_,. Technically this done by show-
ing that the distribution of mass is not “too inhomogeneous”. A more philosophical
point of view would be the following. At each scale of observation quasi-equilibria
are exhibited that are determined by their density. Observation at different scales
shows a certain self-similarity of those quasi-equilibria. This is reflected by the fact
that the transition between scales is determined by a homogeneous Markov process.
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(@,t)  garz (Y1)

T /\

t—t7 - C’y(yta t)

t—te N )

sl Cilirest) = Clyn, 1)
0 . R?

Figure 4. Historical cones for ||z, — y,|| ~ t%/2

2.2 Finite Systems, Stable Case

Computer simulations of particle systems evidently have to be restricted to finite versions
of the model. On the other hand, finite systems can be considered in their own right.
They model a finite nature and the infinite system can be regarded as an idealisation for
analytical convenience only. So the questions arise: How well do finite systems approxi-
mate the infinite system (and vice versa)? How long can a finite system be observed until
it “feels” its finiteness and which effects of finiteness do occur?

We start with the definition of the finite versions of the d-dimensional BBM and SBM.
Fix d € N and let A¢ for ¢ > 0 the torus of size ¢, that is

AL =R/ (t7%). (2.6)

We will regard A¢ as the cube [0,¢[* with periodic boundary conditions. A¢ inherits the
Brownian motion (X;,)s>o from R?. This is, (X; ) has transition densities

pt,S(x7y) = Zps(x7y+tk>7 (27)
kezd
where )
pulo) = (2me) e (L2220 (2.5)

is the transition density of d-dimensional Brownian motion. Finally denote by M,(p),
H:(p) ete. the restrictions of M(p), H(p) etc. to AL

The objects of interest will be critical binary branching Brownian motion (7 s)s>0
on A¢ (shorthand BBM(AY)) and super Brownian motion ((;)sso on A¢ (shorthand
SBM(AY)). Again let (¢;)s>0 be either BBM(AY) or SBM(A?). The behaviour of the
system is dictated by the empirical population density of the finite system

t~ %, J(AD).

Note that we obtain .
L) [0, 1 (M) == LP[Z, 0], (2.9)
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if the observation time T'(t) satisfies
T =S, €0, 00l (2.10)

The idea of how to describe stable, i.e. d > 3, finite systems is suggested by Cox and
Greven (1990) and (1994b): The system is dominated by the macroscopic variable of the
empirical population density. Roughly speaking it relaxes to the “equilibrium state” vy
with intensity 6, given that the empirical population density is #. This relaxation takes
place faster than the fluctuation of the empirical population density.

Thus by (2.9) t? is the right time scale to look at the finite system. At this scale the
empirical population density becomes random.

With these heuristics we are prepared for (recall v, from (1.16))

Theorem 3 (Finite System, Stable Case)
Let d > 3 and (14)s>0 be either BBM(AY) or SBM(AY). Fiz o € [0,00] and T(t) such

that t=2T(t) == 0. Then the following holds

1
L0 [y r] Z2 [ PZ,) € dB)us. (2.11)
0

2.3 Finite Systems, Critical Dimension

In dimension d = 2 we have to modify the ideas developed above in the fashion of rescaling
presented in Subsection 2.1.
Fix a € I and let for s,¢ > 1 (recall (2.4))
8T

Ui (B) = Togs® Ve ((s*2B)nA?) |, BeBR?. (2.12)

Denote by M,(s) the restriction of M(s) to A2. Then
LTy ()| Z £ [ Zieo), (2.13)

if the observation time T'(t) satisfies

() =% o 00
m ’ e [0, oc]. (2.14)

Here
B(t) = t*logt. (2.15)

It is due to the blow-up that t?logt is the right time scale to be used in the critical
dimension. Many models in the critical dimension show a behaviour similar to (2.13).
Namely linearly interacting diffusions with compact state space (Fisher-Wright, Fleming-
Viot etc.), the voter model, etc. Interacting diffusions have been investigated in the “crit-
ical dimension” on the so-called hierarchical group by Fleischmann and Greven (1994),
Dawson and Greven (1993a, 1993b), Dawson, Greven and Vaillancourt (1995) and in Part
IT of this work. Cox (1989) and Cox and Greven (1991) treat the voter model on Z?. The
point seems to be that the Greens function of the interaction kernel is growing so slowly
that taking the block averages is asymptotically the same as re-normalisation. Thus the
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role of the limiting diffusion (here the Feller diffusion in (2.13)) is played by the fixed
point of the re-normalisation (see also Baillon et al. (1995)). The appropriate time scale
in these models is the volume of the finite box times the recurrent potential kernel of the
interaction kernel, maximised over the resp. finite box. For an extensive treatment of this
latter point see Part II, Theorem 1.

Having in mind the proceeding of Subsection 2.1 the finite versions of Theorem 1 and
2 are easy to guess.

Theorem 4 (Finite System, d = 2)
Let (1 6)1.s be either BBM(A?) or SBM(A?) and I = [0,1] resp. | —00,1]. Fiz o € [0, 0]
and T(t) such that T(t)/B(t) == o. Then the following holds

LM () (@Zgﬂt)) i / P Zory € dp|LP[Z1-o] = L Zomos1-a], a€l.  (2.16)
0

Remark: Cox and Greven (1991) suggested to study the asymptotics of occupation
times for the related model of branching random walk on Z2. Note that our result is more
detailed than a description of the occupation time in that a time average is not made.

Let L = (T, A) be a multiple space scale and let X = (zf,e € T,t > 0) be L-scaled.

Theorem 5 (Finite System, Multiple Scale)
Under the conditions of Theorem 4 the following holds

M 0 t—oo 00 e
(a) £MO [<SA(6),T(t)7;f¢t,T(t))EGT_ = [P Z2ns € dp] L° [(Zl—A(e) : >‘> eeT] :
In particular for T linear
(b) LT | WGy (Baer| =5 L1|IBI- (Zarasi-o)aer |, B € B(RA).

2.4 OQOutline

The rest of Part III is organised as follows. In Section 3 we will collect some tools needed
later. This includes moment formulas, coupling techniques and comparison techniques.
In Section 4 we prepare for the proof of Theorem 1 with an, admittedly, rather tedious
moment calculation. Theorem 1 will be proved in Section 5. There we also apply the
refined coupling methods in order to prove Theorem 2. In Section 6 the finite version
theorems are proved with the comparison techniques from Section 3.

3 Basic Tools

In this section we develop the following tools for the investigation of the long time be-
haviour of our branching processes:

e We give a general basic coupling lemma and then give its applications to the special
setting of an underlying Brownian motion. A further refinement will be obtained
by the so-called local coupling (Lemma 3.5). This is the main result of this sec-
tion. It serves to speed up the coupling. Hence it overcomes the difficulty that
the subsequently given comparison technique works only for times L(t) of order
L(t) < %
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e A simple comparison technique

e n—th moment (recursion) formulas

For logical reasons we start with the presentation of the moment formulas.

3.1 Moment Formulas

Let E be either R? or AY. We will develop recursion formulas for the moments of BBM(E)
and SBM(E).
We start with (7;);>0 BBM(E).

Lemma 3.1 (Moment Formula, BBM) Let (1;);>0 be a BBM(E), where E is A¢ resp.
RZ. Denote by (Si)i>o the semigroup of Brownian motion on E.

(a) Forn e N, z € E and ¢ : E — R measurable and bounded or non-negative the n-th
moment fulfils the following recursion formula

1

B (617) = {00 560)+ 5. () / e (B {000 B 6" () ds. (31)

In particular the first and second moments are

E*[(m, )] = (dz,59) (3.2)
E* [(m,6)°] = (0 Si9) </ Sio((5,0)%) > (3.3)

(b) For u € Ni(E), or p € N(E) and ¢ with compact support, the first and second
moments are

E [(m,¢)] = <u,5t¢> (3.4)
E* [(n,0)?] = (1, 5:9) < /St J((5:0)?) >+<u,st<¢2)—(st¢>2>.(3.5>

Proof For f : N — R in the domain of the generator of BBM(R?) f(n,) fulfils the
following Kolmogorov backward equation

OB () = GAB* [Fn)] + 2B (7)) + 5B [F(n)] —B* [f(n)], (30

ot

where A denotes the Laplace operator with respect to  and 0 € N;(FE) means the zero
measure. (Here and in the sequel we use E® for E* to avoid double subscripts.) In
particular for ¢ : E — [0, oo[ twice continuously differentiable, n € N and f(u) = (p, ¢)"
equation (3.6) becomes (using the independence of the particles)

(%_QA) [ 9)"] = %i( ) (11, &) “TE" {1, 9)" 7). (3.7)

Integrating this yields (3.1). By an approximation argument (3.7) holds for ¢ : F — R
measurable and bounded or non-negative.
For the part (b) note that by the independence of the particles

B ({1, 6)°] = (1, S10) + / () Var®[{n,, 6)] (3.8)

and use part (a). O
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We continue with a moment recursion formula for SBM(E).

Lemma 3.2 (Moment formula, SBM)

Let ({;)i>0 be a SBM(E), where E is A¢ resp. RY. Recall that (S;)s>o is the semigroup of
Brownian motion on E. Let ¢ : E — R be bounded, measurable and with compact support
and be p € M(E). Then fort >0 andn € N

n—1

E"[{G, ) Z <n N 1) p, u (1) BF (G, 9)"], (3.9)
=0
where u™ (t) : RY — R is defined by
St , n=1
u®(t)=q 1ot : (3.10)
3 ; (Z) /0 S (u(k)(s)u("_k)(s)) ds , n > 2.
In particular the first and second moments are
E'[(Go)] = (u St¢> (3.11)
EX[(C0)°] = (1, Si9) < / Si—s((Ss9)?) > (3.12)

Note that the first moment coincides with that of BBM while the second moment of
BBM is greater than that of SBM. This reflects the fact that the “motion part” of SBM
is deterministic while that of BBM is random.

The result and the idea of the proof can be found in Dawson (1993), Lemma 4.7.1.
Unfortunately there are some misprints. So we give the proof in detail.
Proof Recall from (1.11) that (V) is the log-Laplace-semigroup of (¢;). Also recall that
we assumed ¢ =1 in (1.10).

For 8 > 0 and n € N let

W(1,6) = (1) Vi) (313)
and
uO(t,0) = ~Vi(69).
We can calculate u(™ (¢, §) recursively with (1.10)
S , n=1
u(t,6) = %c/t St—s (i <Z> u® (s, 0)u™ M (s, 9)) ds , n > 2. (3.14)
0 k=0

Differentiating (1.11) w.r.t. 6 yields
(e, uD (2, 0)) B [{Ge, ) exp(—0(Ce, 0))] = B [exp(=0(C, 9))] (3.15)

Differentiate equation (3.15) (n — 1)-times w.r.t. 6 to obtain

B (G ) exp( 010G )] = 3 (" i 1) (s w08, 0)) B (G, 0)" exp(=0(Gi, 0))]

k=0
(3.16)
Evaluating (3.16) at # = 0 yields the assertion. O
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3.2 Coupling

In this subsection we shall construct two different couplings for our processes, the so-called
basic coupling lemma (Lemma 3.3) and the local coupling (Lemma 3.5). On the way we
recall in Lemma 3.4 the usual coupling for Brownian motions. We start explaining the
notion of coupling in general.

Let (S)i>0 be the semigroup of a Feller process on the polish space E. By a coupling
we mean a bivariate Feller process (X, Y:)i>0 such that (X;) and (Y;) are each copies
of a Feller process with semigroup (S;). These copies need not be independent and in
general will not. Note this definition is more general than the usual. In particular our
coupling needs not be successful. In fact, we will use different notions of the “success” of
a coupling.

Let

r=inf{t > 0: X; =Y;}. (3.17)

We say that the coupling is successful for (z,y) € E x E if
P@Y[r < 0o] =1 (3.18)

and
POY{X, 2V n{r<t}]=0 Vt>0. (3.19)

We come to the first coupling (basic coupling). It deals with the coupling of two
deterministic initial configurations p!' and 2.
Let u', u?> € M¢(E) and let H be a non-negative random variable such that

LEY[7] < L]H] stochastically for u' @ p*-almost all (z,v) (3.20)
and assume that (3.19) holds. For A € B(FE) let
Ci(A) = sup{(S;14)(2), x € supp(u' + 11*)}.

Let (7})i>0 and (72)s>0 be binary branching processes resp. super processes associated
with (S;). In the former case we will also assume that u!, u? € NV (E).

Lemma 3.3 (Basic Coupling)
There exists a coupling (7}, 72 )i>0 with o = (', u?) that is successful in the sense that

E ||| =] ||] < ) [t = 12| + 2 minga ), 1621 - PUE > 4. (3.21)

A

In particular for ||ut]| = |42
E [||(v; =2D|] <2llp'll-PH > 1. (3.22)

Proof W.l.o.g. we may assume [|u!| < ||p?||. We make the decomposition

i = i i

with [|z%]] = ||#!]|. Then (3.20) holds with u? replaced by either 2 or p?. It is clear (by
the first moment formulas of the previous subsection) that (3.21) holds for any coupling
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3 = (3},737) with 7y = (0, #%). Thus if we can show (3.22) for (¥;) with 5o = (u!, @?) we
are done by setting v/ =7/ + 7}, i = 1,2.

Thus we will now assume ||u!|| = ||p?||. Let p € My(E x E) (resp. p € Ni(E x E))
with marginals p!'(-) = u(- x E) and p?(-) = u(E x -). Let (X4, Y;);>0 and 7 be as above.
Then we have by assumption

PV X, # Y] <P[H >t for p-almost all (x,y). (3.23)

Define (7:)¢>0 to be the critical branching (resp. super) process on E x E associated with
the bivariate process (X;, Y:)i>0 on Ex E. For t > 0 we have that v; is in M;(FE x E) resp.
Ni(E x E) almost surely. Let v/ (-) = (- x E) and v2(+) = v;(E x -) be its marginals. Since
the branching mechanism is spatially homogeneous it is clear that (7} )>0 and (72)¢>o are
critical branching (resp. super) processes associated with (X;) resp. (¥;). Thus (v}) and
(72) are both associated with (S;).

Denote by D = {(z,z) : € E} the diagonal in F x E. Then

B [ — 2] < E*0u((E x B)\ D)) < ||ul| - P[H > 1]. (3.24)
O

We come back to the special situation £ = R? or E = A¢ and (S,),>0 the semigroup of
Brownian motion on E. In this case there exists a successful coupling:

Lemma 3.4 Let E be either A or RY and let R > 0. For x,y € E with ||z —y|| < R
there exists a coupling (W}, W2),so for the (standard) Brownian motion on E such that

P (w2 w2 < \[Lr. s (3.5

Proof We may assume E = R? since on A¢ the coupling works even better. By translation
and orthogonal transformation we may also assume z = 0 and y = (r,0,...,0) with
r=lo—yl <R
If d > 2 we let
Wi= (Y Z,), i=1,2. (3.26)

Here (Z,)s>0 is a Brownian motion on R4 with Z; = 0. (Y]!)ss0 and (Y2)sso are
Brownian motions on R that move independently until they first meet and then move
together. The initial points are Yy = 0 and Y? = 7. In the case d = 1 we simply let
(Wsl) = (}/;Z)a 1=1,2.
Let H = 1inf{s > 0: Y? = 0}. Then (since Y2 — Y,! is a Brownian motion running
at double speed)
L[inf{s >0: W} =W?2}] = L'[H]. (3.27)

By the reflection principle

r/\/%

2 2 1
P'[H > s| = \/; / e du < \/;Rs_l/z. (3.28)

0
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The aim is now to couple the evolution of (¢s)s>o started from two different (random)
configurations. In the context of our problem one of those laws is only vaguely known
since it will be the result of long-time evolution of a (vs)-type process. The other will
be better known and will typically be M(p’). Here the (random) value p’ is obtained by
some averaging over the first configuration. The details follow in the subsequent sections.

Since supp(y* + 7?) will typically be too large to apply Lemma 3.4 directly we have
to construct a local coupling. The idea is the following.

We start with a translation invariant initial configuration. Thus the support is large.
In order to apply Lemma 3.4 successfully we divide E into boxes of length R > 0. We
do the coupling independently in each box according to Lemma 3.4. Finally we have to
shift the pattern of boxes by a random offset z € [0, R[? in order to obtain a translation
invariant coupling.

Let Q = Q(dv!, dv?) € M{(M(E) x M(E)) be translation invariant. Fix R > 0. In
the case £ = A? we will assume that t/R =: N € N.

Lemma 3.5 (Local Coupling)
There exists a (translation invariant) coupling (¥}, 1?)s>0 of BBM(E) resp. SBM(E)
with
L[(o,95)] = Q (3.29)

and such that

E || w!-v?)

i o

1
SVU'@

d _
E {1004 — 48)(0. RO + B [0} + 03)(0. (Y] -/ 2R- 1/2] .
Proof Fix an initial configuration (u!, u?) € M(E) x M(E). Let
Cr = kR+ [0, R[* (3.31)
for k € Z% resp. k€ {0,...,N — 1} Let
wh, = p'le, i=1,2 for each k. (3.32)

We want to use the independence in the branching systems to obtain a coupling
(Vo0 Vis)szo for pg and pg for each k separately. Fix k. We apply Lemma 3.3 and

Lemma 3.4 with A = E (note that two points in C} have distance at most Rvd) to get

L2 , d, _
B [k, = a2 )1) < [kl = a2l + 2 minlladl], D) - \ER s (3.33)

Integrating (3.33) with respect to Q(du', du?) and using translation invariance we get

E [, - 22.0] < B[] - (G| + Bl + vd)(Co) \@R sV e (330)

If we let 7% = 3, i, @ = 1,2 then L[(75,75)] = @ and (by translation invariance)

B 0: -2

} <e Vk. (3.35)
Ck
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In order to get a translation invariant coupling we pick z € Cy at random and shift the
“orid” RZ? by z: For z € Cy define (7i(2))i>0, i = 1,2 as above with C} replaced by
Ci(2) = 2+ Ck. Let

] = % / L) de,  i=1,2 (3.36)

Then (¢}, 1?) is a coupling with the asserted properties: (3.29) holds because it holds
for each (¢3(2),v3(z)), z € Cy. By construction E [H(@D; —?) BH

ant on E as measure in B. Hence it is a multiple of the Lebesgue measure on E. By
(3.35) its density is < e.

] is translation invari-

O

Corollary 3.6 Let Q € M(M(AY) x M(AD)) resp. My(N(AL) x N (AL)) be translation
wvariant with

pimt ! 21D Q) < o (3.37)

Given v under Q(dvy', dv?) the distribution of ¥ shall be My(p') with p' := t=y*(AY).
Let further N € N, R=1t/N and ¢ > 0 such that

B[l (Af) - Ny ([0, BRI < =t (3.38)

Then there exists a coupling (Y} ., 17 ,)s>0 of BBM(AY) resp. SBM(A{) with L[(1 o, 170)] =
Q and such that for B € B(A%) and s > 0

E || @l -2

ol =181

6+2\/pR_d+2\/ng-s_l/2]. (3.39)

Proof In the case of SBM clearly E[| (1, —¢7,)([0, R[?)|] < eR?. Consider now the case
of BBM. Note that for a Poisson random variable X with mean 6 > 0

1
E[|X — 0] < V0 + %Var[X] — 2V0. (3.40)

By this and Jensen’s inequality we obtain

E (o = 020) (0, R[] < eR'+E[|y*([0,R[) - N (AD)]]  (341)

< eRY+2v/pRe.

Now apply Lemma 3.5. O

< st+2E[ N—dyl(Ag)]

Corollary 3.7 Let S > R > 0 and E = R?. Consider (1})s>0 BBM(R?) resp. SBM(RY).
Assume that L[] is translation invariant and that €,6 > 0 and 0 < p < oo are chosen
such that

E[y([0,1[)] = »
E[|R™%q([0, R*) — S™5([0, S[*)]]
E[|¢5([0, S[) — (S(= + [0,1[)]]
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Then there exists a coupling (¥}, 1?)s>0 such that

LI [d] = M(S~ 04 (10, S[%) (3.42)
and
Bll(w! —v3)| I < 1B e+35+de-D2/2s+2\/pR—_d+2\/§ pRs2|,  (3.43)

where B € B(RY), B C [0, S[* and D = dist(B,R%\ [0, S[%).

Proof If the common distribution of 1} and ¢2 was translation invariant we could argue
as in Corollary 3.6. However, in general it is not. So we have to work a little more. The
aim is to construct a third process (1?).>¢ such that L[i, 3] is translation invariant
while ¢? and 2 are close. Here are the details.

Let for v € M(R?) and z € R?

L(z,7) = Y M(S™(S(z + k +[0,1[%)) - Lsgerarione) (3.44)

kezd

and

L[5 lg] = / [(z,) dz.

[0,1[¢

Then clearly (by a suitable coupling of the Poisson processes in (3.44) and (3.42) in the
case of BBM) we can assume

E[|(v5 —v5)| Il <dlAl, Aco,S[, (3.45)

I
which implies that we can couple (1)?) and 1?) such that
Bl - B < dBl+20 [ do [ dynitey (3.40
B

R4\[0,S[¢
< |B|(6 + 2pd e D).

(This coupling is done by defining three independent processes with initial configurations
g AR, (V6 — 0) T, (UF — ¥5)7-) Asin (3.41) we get

E[|(v§ — )0, R < B [Jui(o. RI") — Blui(o. R (3.47)
+E [[ud([0, RI") — EL(0, R |will]
< 2y/pRe + (e +0)R%

Now apply Lemma 3.5 to (14, ¥3). 0
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3.3 Comparison

In this subsection we compare the finite versions of our branching processes to their infinite
versions. We show that the finite system is not “too far oft” from its infinite counterpart
if the time L(t) of observation is not too large. Unfortunately “not too large” here means
L(t) < t?. Hence the obtained comparison result is not at all surprising. However, with
the strong tool of local coupling this will be sufficient for our purposes.

Lemma 3.8 (Comparison) Let t > 0 and A € B(A{) such that D = 5(t — diam(A)) >
0. There exist two BBM resp. SBM (})s>0 on R and (V7,)s=0 on A{ on one probability
space such that for s > 0

Yo =M(p)  and Py = M(p) (3.48)
and

B [[63(4) — 2.(4)]) < 2dexp (~0- ) oA (3.49)

In particular for a sequence L(t) < t* and A, = t*?A, a € [0,2] we get uniformly in

p>0
tdoc/2

plA|

Proof W.lo.g. we may assume that A is centered in A¢ such that

E [|0hq (2 A) — 21, (t°24)]] == 0. (3.50)

1
sup{[lz —yll, # € A,y € RT\ Af} < S (¢t — diam(4)).

For m € Z¢ let (yY™)s>0 be independent BBM(R?) resp. SBM(R?Y) with (independent)
initial configurations
L'l = M(p) - Lypmsio1(4)- (3.51)
Let
=D W) and () =) Al(mt+) (3:52)

mezZ4 mezZa

Then (¢}) and (¥7,) are as asserted and we have to show (3.49). By construction

E[[¢X(A) - ¢ (A)]] < D ERF(A]+ER(mt + A) (3.53)
meZ4\{0}
= 2 Z [0 (mt + A)]
mezZd\{0}
= 2p / da:/dypsxy
RA\AY

< 24P’ ||Wi] = D),

where (W) >0 is a standard Brwonian motion on R%. The proof of (3.49) is now a standard
estimate while (3.50) is an immediate consequence of (3.49). O
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4 Moment Calculations in the Critical Dimension

In this section we give the asymptotics of the moments of BBM(R?) and SBM(RR?). We will
obtain bounds for the moments as well. These allow us to express the Laplace transform

in terms of the moments in the next section.
Fix B € B(R?) and let for t > 0

B, = B, = t**B. (4.1)
Now forn € N, x € R?2,s >0 and t > 1 let

mn(a?, S, t) = mn(x, s, t, a) =E”" [(¢S(Ba,t))n] (42)
t"E" [(¥s(Bay))"] - (4.3)

mn(:l?,s,t) = mn(l',S,t,a): W

By E* we mean of course the expectation when the initial configuration is §, € N;(R?).
Let (recall p; from 2.8)

o(z) = p1(0, 2) —exp{—||x|| /2} z € R% (4.4)

Although an abuse of notation no problems will arise by suppressing the dimension in the
notation. Fix x € R? and three non-negative sequences (a;) | 0, (b;) | 0 and (¢;) T oc.

Lemma 4.1 Let B € B(R?) be bounded.

(a) Uniformly in B such that 1 > 3 > a and uniformly in the sequences (z¢)i>0 and
(st)i>0 such that

Ty

— — 4.

N x| < a (4.5)
and |

Og St - ﬂ‘ (4.6)
and such that s; > t%c; the followmg holds

n—1
o B|™n!
tli)m mn(zta Stat Oé) (,0(113') <1 - B) (|87T|)n_1 (47)

and

n—1
a | B|"n!
tlirglos—t/mn Y, S, t,a) dy = (1 — B) (8T (4.8)

(b) There exists I' < oo such that

1
sup sup ———my (x4, $¢, t, ) < 00 (4.9)
t:t>s:>3 neEN n!l'"

and L1
— | mn(y, st t, o) dy < oo. (4.10)

sup sup
t:t>s:>3 neN nlrn
]R2
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Proof Throughout this proof we will suppress the o where no ambiguities may occur.
Our main tool is the moment recursion formula for BBM(R?)

E*[(n;(A))"] = E*[ns(A)] (4.11)
sdu

s (1) [ [ dvmeesto ) ) v e B,

(this is (3.1) with ¢ = 14). In particular, for A = B, equation (4.11) becomes
127 N
my(z,s,t) = ml(z,s,t)+§z (k:) /du/dyps_u(x,y)mk(y,u,t)mn_k(y,u,t). (4.12)
k=1 0 R?

Compare this with the moment formula for SBM(R?) given in Lemma 3.2. Since the
leading terms coincide it suffices to prove the assertion for the case (1;) = (1;) is BBM(IR?).
Note that for the case (¢;) SBM also the existence of I with the asserted properties also
follows easily from the existence in the case considered here.

We start with the proof of part (a). The proof follows an idea of Durrett (1979) (proof
of Thm. 8.1). We proceed by induction over n using (4.12). To do so we cut the left
and right side of the domain [0, s;] of integration. In the remaining term we may use the
asymptotics (4.7) and (4.8). On the other hand the error terms from the truncation of the
domain of integration will be estimated by the following bounds. These will be proved
successively in the course of the induction.

We show the existence of constants C,,, D,, and E,, (depending on B) with

sup l /(s —w)ps—u(y, 2)Mp (2, u, t)dz < Cp, (4.13)
tzysezﬂgzzg uR2
sup my(y, u,t) < Dy, (4.14)
tyzeuﬂgg
and
sup / dyn(y, 5,t) < En. (4.15)
t>5>3 SRZ

For n = 1 the assertions clearly hold because

7711(1'1&, Stat) = t_ast/pst(x7y)dy = <p(x)|B|, (4'16)
By

1 -~ —
— [ mu(y, s, t)dy = ¢ /@/w%@m (4.17)

St
R2 By R2
= t_a/dy: |B|,
By
1 — —
- / (s = w)pa-u(y, 2 (2, u, 1) dz = ——ut™ / Py, ) dz < =—=|B| < |B|, (4.18)

R2 By
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iy, u,t) = ut_a/pu(y, 2)d= < |B), (4.19)
By
and .
g/ﬁll(y,s,t) dy:t_o‘/dy/dzps(y,z) = |B|. (4.20)
R2 R2 B
We will also need the following bound for the moments of the total mass

E7[(n(R*)"] < Fy - (¢t +1)"7, (4.21)

where F,, = n!. For n = 1 this is clear since the Lh.s. of (4.21) equals 1. For n > 2 this
is easily shown by induction using (4.11)
n—1 t
1
E*[(n:(R*))"] < F(t+1)+ 52 (Z) FuF,_y, / (s+1)"2ds (4.22)
k=1 0

n—1

1 1

= Rt+1)+-——
1(+)—0—2n_1k:1(

< nlt+1)"h

n

k) F.E, o (t+ 1)t

The uniformity of the claim in terms of the sequences (a;), (b;) and (¢;) will be needed
to do the induction properly. Following the lines of the proof it can easily be established.
We omit the details to avoid an unnecessary blow-up of the proof.

Let now n > 2. In the following we will assume that the validity of (4.7), (4.8) and
(4.13)-(4.15) is already shown for all n’ < n.

First note that log t

my(wy, 8¢, 1) <K osg ) (4.23)
t
i.e. the Lh.s. in (4.23) is negligible compared with the expected main term. We thus
calculate now

hmk(llf,S,'U,UJ) = / du/dyps—u(x>y)mk(yvuvt)mn—k(y>u>t) (424)
v e

Let (0¢)i>0 be a sequence with d; T oo so slowly that 1(;% %0, By (4.21)

Opt™
hn,k(xta St, 07 5tta> S Fan—k / (u + 1)n—2 / dyp&—u(xtu y) /deu(y, Z) (425)
0 R2 By
FyF g,

n—1
no

< —(logs;)"* (4.26)

S¢

tOL
< (5, + 1)"‘1S—|B|
t

is small. The other side of the integration interval will be estimated as follows. Let (&;)¢>0
be a sequence such that ¢; | 0 and such that % =% 0. Then

t’l’LCl{

P (24, St €454, 81) < 2(0k+Dk)Dn—k—/

St tSt

1 o 1 nol
= 2(Cy+ D) Dyp—— " (log )"t [1— (1 2BE
n—1s log s

St n—2
% du (4.27)

no

< —(logsy)"
St
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So the main term results from the integration over [§;t%, &;s;]. To evaluate this integral
we split the spatial integral into the integral over the disc D, = {y € R? : ||y|| < K, /u}
and its complement D¢ = R?\ D,,, where K, T 0o as u — oo will be fixed later. By the
induction hypotheses (4.7), (4.13) and (4.14) we get

EtSt

1
/ du E / dyPSt—u(xtv y) u My (y, u, t)mn_k(y7 U, t) (428)

Ot D¢

u

—no

limsup ————
t—>oop (log St)n_l

EtSt

1 1 n-2 1.
< D,_plimsup ———— / duﬂfdy St Dss—ulTt, Y) =1 (Y, u, t)
t—oo  (logs;)n—1 U u
Ot D¢

u

EtSt

_ 1 log u)" 2 1_
§2Dn_khmsupW/du%/dy amk(y,u,t).

t—o0

et D¢

. Fix ' > 0 and let (u;) be a

N[ =

The last inequality holds since s;ps, (7, y) < 2 for g, <

sequence such that l‘l’fgqf iy (#'. Then by Fatou’s lemma
1 _ ~
litm inf / — my(y,u, t)dy = li{n inf / My (y/us, ug, t) dy (4.29)
—00 Uy —00
Dy, Iyl <K,
k—1 k
a | B|*K!
> 1—— . d
> (1-5) o [ewa

R2

_ (o U BIRE
N (‘@) (8m)h-1

Let (u¢) be a sequence with u; > t* and let § > 0. Then by (4.8) for ¢ sufficiently large

/lﬁ%k(y,u,t) dy < 0. (4.30)
u

Dg

Thus the expression in (4.28) is less or equal than

20D, .. (loggss)" ™t — (log ;)" 20D, 1 a\"
1 = 1—(= . 4.31
n—1 Htriilolp (log s¢)7—1 n—1 g (4:31)

Since § > 0 was arbitrary the three expressions in (4.28) are equal and equal to zero.
Our task is now to determine the main term. By (4.7), (4.14) and the theorem of
dominated convergence we may let K, T oo so slowly that (uniformly in 5’ < 1)

1 - - - ~
U_ my (y7 Ut, t)mn—k(yv Ut, t) dy = / mg (y7 Ut, t)mn—k(yv Ut, t) dy (432)
t
Dy, Iyl <HKug

n—2
o a L, |B"Kl(n — k)
= (5) [ B

- 2( _3)”‘2 \Blzl;(;_—l B!
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Assuming further K.,/ %0 we get uniformly in u < g8, and y € D,

Stpst—u(zta y) t_)_o)o SO(':E) (433)

We are now in the position to calculate

EtSt

st
t{%lom / du/dypSt (@, Y)Y, u, t)ma iy, u, t) (4.34)
Ot D,
s [ (logu)n? / 1 _
—1 - d - d St—U ) - ) 7t n— 9 7t
et (log s¢)m~1 / “ u Y Psuule y)umk(y s )y, 0, )
Ot Dy,
) / (log u)"2 / 1 _
= lim ————— du—=——"— | dy— tm,—r(y,u,t 4.35
oo (logst)n—l(S YT J yumk(y,u, =iy v, ) (4:35)
™ n

EtSt

7kl — k! n—2 n—2
:<p(x)2|B| kl(n —k)! lim 1 / (log u) <1_alogt) du

(8m)n=t  t—oo (log sy )™t u logu
Ot

2 |B|"k!(n —k)! (log(gss;) — alogt)™ 1 — (log(6,t*) — alogt)" !

lim

n—1 (871')”_1 t—00 (lOg St)n—l
B 2 o\ Bk (n — k)
= @(x)n 1 (1 - B) (8m)n—1

Summation over k in (4.12) now yields (4.7).
To show (4.8) we integrate (4.12)

/mn:)sstdx:/mlxst (4.36)

0
R2

As above the first term is small and we have to evaluate

Gnx(v, W) ::/ du/dymk(y,u,t)mn_k(y,u,t). (4.37)

n—1

1
2
k=1

For (§;) as above we get from (4.15) and (4.21) that

lOg u)n—k—l

5tt
Ini(3,0%) < tRepy / ! (u4 1)1 / dy i (y,u,t)  (4.38)
3

E{Z

u

4 k= 1FkEn k b1 n—k
< _ a
< (3) — ¢ (t5 )7 (log(044%))" " <

note that “t < 2 on the domain of integration). Let A = diam(B). B assumption
u 3 g y
A < oo which serves to show that
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3
gnk(0,3) < /du/dymn(y,u,t) (4.39)
0

= / du / dyZmny+ZAta/2ut)

[OAtQ/Q lEZd
< /du / dy EY[(n,(R*))"]
[0,Ate/2[2
4n — 1
< A% F,.
n

Since the expected main term is of order t"*(log?)"~! we have got that g, x(0,8;t%) is
negligible. Let also (g;) be as above to obtain by (4.14) and (4.15) that

St

log u)"—2 1.
Gni(EtSt,81) = tna/du%/dymk(y,u t)—m,—k(y, u,t) (4.40)
€tSt R2
DBk e . o . .
= 71:_ 1kt [(log s)" " — (log(ers))" '] < t"*(log s¢)"

is small. We split up g, (0%, £:5¢) as above. The part resulting from the integral over
D¢ is small since

/ du/dy m(y, w, )my,_k(y, u, t) (4.41)

tte i
D¢,

EtSt

1 n—2 1
SDn—ktna/dU%/dlyamk(yvuvw

Ost® D¢

u

< t"*(log s;)" .

The integral over D, has already been determined in (4.35).

So far we have shown part (a) of the lemma. To prove part (b) we still have to show
that (4.13)-(4.15) hold and that the size of the constants can be controlled. We will do
this by means of recursion formulas for C,,, D, and E,. Note that

mi(z,u,t) < Fy(u+ 1)1 /pu(fv, y)dy.
By

Therefor we have
3

/du /dy (s — w)ps—u(y, 2)my(z, u, t)my,_x(z, u, t) (4.42)

0 R

3

< FFy [duur 12 [ds [ dw(s = upesty. Ot
0 R2 By

3

SFan—k/ du (u+1)"‘2/dw (s —u)ps(z,w)

0 4
< Bl

4nlBta
ALzl
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Putting this into the recursion formula (4.12) we get

s —u 1 1 FF,
— s—u Nn t d < — . hone k4n ! B 44
[ sl ) < iy [01+22(k)< Wby (4a3)
R2 k=1
[ (logv)™? 1
—i—/dz/de/dz/ (s = Wps—u(Y, 2)Pu—v(z, 2" ) =My (2', v, )My (2, 0, t)
v v
R2 3 R?

Doing the integration the summands equal

U n—2
/ dv % /dz' (s — u)ps_o(y, z')%ffzk(z',v,t)ﬁln_k(z’,v,t) (4.44)
3

R2
w (] n—2
<op, [ Uoe)™ o L(l gu)" L,
3 v —1
We have shown that (4.13) holds with
n—1
1 n\ (CiDn—r  FiFok .4
< - 4Bl . 4.4
0_01+2Z(k)(n_1+n_1 |B| (4.45)

k=1

We now turn to the D,,. By the recursion formula (4.12) we get for t > s > 3 and y € R?

W <m1 Y, 5,1) +%2< ) (Y, 5,0 t)) (4.46)

M (y, s,t) < 7

Now

2 1
hok(y,$,3,t) < Dy dua / d2 pu—s(y, 2)mi(z, s, t)(log su)" *~1  (4.47)
0

real?

s 1 n—2

< 2(Cr + Dy)Dyy, %
3

Q(Ck —+ Dk>Dn—k (log S)n_l
n—1 s '

du

<

From this and (4.25) we get that D,, can be chosen to be

n—1

1 n
D, <D FyFy 4" Y B| + 2(Cy + Di) Dy - 4.48
<Dt gy 2 (1) [Pt B 420G+ DD (49
Finally the E,, will be determined as follows
1 n—1
< B +-= 4.4
/mny,stdy 1+2k:1<) lOgSnlgnk(O ,8)- (4.49)
Now
s 1
or(3.5) < Dy / L (log u)h! / dz (2 u,1) (4.50)
3 U 2
5 (] k—2
< DkEn—k/ (log )™ du
3 u
DE,_
< b 1]‘3(1ogs)"_1
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Together with (4.39) this yields that we can choose E,, to be

1 n—1
En §E1+
2(n

1) ; (Z) [DyEni + A*4"F,] . (4.51)

Putting together (4.21),(4.45), (4.48) and (4.51) we see that we can choose
C, =D, = E, = nll" (4.52)
for some I' < oo (depending on A). O

Since we will need some uniformity in different spatial scalings that are = t*/? (recall
that a; ~ b, means (log a;)/(logb;) == 1) we state one more lemma.

Lemma 4.2 Let () be BBM(R?) or SBM(R?) and I = [0,1] resp. | — 00, 1]. Fixa € 1
and v(t) < u(t) with u(t),v(t) ~ t* Then uniformly in all sequences w(t) such that
u(t) <w(t) <v(t)Vt >0 the following holds

h(t) ;= EM® <T¢t 0, v/u( ¢t ([0, /w( ) ] =%0. (4.53)
Proof Let ) .
¢t = @H[O,u(t)l/zp - mﬂ[()’w(t)l/zp.

Then by the second moment formulas (3.5) and (3.12) (recall that (S;) is the semigroup
of Brownian motion on R?)
h(t) < ag + bt + ¢4, (454)

(with equality in the case of BBM) where

& = (8—”) [ (i Bito) )

logt
by = (logt) /(,u,St ®7) — (Siy) >M )(dp) (4.55)
o = (1%) [ [ sty as) o

t—o0

Clearly a; iy 0, by — 0. For ¢ 2% 0 we have to be more careful. By translation
inavariance we get (recall that A is the Lebesgue measure)

8m ¢ 9
Cy = @ <)\,/0 (Ss¢t) d$> . (456)
Note that by Holder’s inequality
(A (Ss0)?) < [1Sstello = Sup |Ss¢(2)] (4.57)
z€ER2

= (271r ok wb) = (% u(t)) |
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Thus
87T v(t)logt ) 87T 2
— S 1 1 —1 t)/logt
7] Setds < T+ (loB(v(t) log?) — log(u(t)/ log)
=% . (4.58)

On the other hand

195¢illc < sup  sup sup |ps(z,y) — ps(, 2)| (4.59)
2€R2 ye[0,u(t)1/2[2 2€[0,0(t)/2[2
1
= —sup sup |exp{—r?/2s} — exp{—(r — ¢)*/2s}|
2TS reR cel-(20())V/2 (20(1))"/2)
o1
< —/2v(t)/s.
< g V2u(t)/s
Thus .
8 8 —00
T (M(Ss0:)?) ds < i\/l/logt =%0. (4.60)
10gt v(t) logt €
We conclude ¢ % 0 and the proof is complete. O

5 Proof of the Clustering Results for the Infinite Sys-
tems

5.1 Proof of Theorem 1

The proof of Theorem 1 will be based on an asymptotic result related to the Laplace
transform. This is formulated in Proposition 5.1 and 5.2 below.

t—o0

Let € R? and ()0 a sequence in R? such that 2 —= z.
> Vi

Proposition 5.1 Then for B € B(R?) and 6 > 0

tl t - t—o0 9 B
Jim SO (1 B foxp(~00(8))]) ¥ o) (5.1)
1 t - t—oo 9 B
Jim S5 (1= B0 e {007 (B))] ) = 9\B||(|1 “a) (52)

Proposition 5.1 can be reformulated in terms of distributions.

Proposition 5.2 Let (z;) as in Proposition 5.1 and let u > 0. Then for B € B(R?) and
>0

pe [Jg(B) > u] - %exp {—ﬁ} (5.3)
1

. logt ., ~ U
lim ——PM® |y (B = — _ . 5.4
o S [W )>“] 1_anp{ \B|(1—a)} (5.4)

. tlogt
lim
t—o0 871‘
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Proof (of Proposition 5.1)
Let

64(0) = “gft (1 - B exp{~04¢(B)}])  6€C Re(6) > 0. (5.5)
Then tlog+
(0] < —==16] - E" [ (B)] < |9 (5.6)

Thus ¢;(f) is uniformly bounded for € in compact sets. Let I' < oo be as in Lemma
4.1(b). By (4.9) for |f] < £ we can express ¢;(6) in terms of the moments

o) = 1Bt OB o
2 (=) (87) g, (2, St t,
S s nte)
Hence by (4.7) - .
0 (0) = — 9|£L|(|1 = o] < & (5.8)

By Vitali’s theorem (see e.g. Remmert (1991)) equation (5.8) holds for all 6 on the right
half plane.
The proof of (5.2) is analogous. Here we take

_ logt

o) = - [1 = E"O |exp{~00¢ (B)} | (5.9)

and use (4.8) and (4.10). 0

Proof (of Theorem 1)

From Proposition 5.1 the proof is easy. From (1.7) the Laplace transform

L(s,0) = E'[exp{—07,}] (5.10)
of the Feller diffusion (Z;) solves
9 _ a2 _ 20
aSL(S,Q) = E'[0°Z;exp{—0Z;}] = —0 89L(8’9) (5.11)
L(0,0) = exp{—0}.
The solution of (5.11) is
6
= — > > 0. .
L(s,0) exp{ 1—|—9$}’ 0>0,5s>0 (5.12)
Let a € [0,1]. Use (5.2) to obtain
M ~ ~ 3
EYO lexp{-007(B)}| = (1- (1-B"O [exp{-002(B)}])) T (5.13)

s S .
PV eB—a) [
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Comparing this with (5.12) yields the claim.
The case a < 0 and 1, = ¢, SBM(R?) can be done with the scaling property (1.13) as
follows

M@ [Eta(B)} — M@ [%t—act(ta/23):|

=~ 8
= M(t) 1-o(B
L [bg tCt ( )}

_ M) /-a) [(1 — ) B)} (5.14)

=X V001 —a) 2] = LY Z1_4).

O
5.2 Proof of Theorem 2
It is sufficient to check that
L0 (S T (B een| == £ [(1BelZin) |- (5.15)

for B¢ € B(R?) bounded for all e € T.

We do the proof by induction over the length of the tree T. For T = {{} this is the
assertion of Theorem 1 (together with Lemma 4.2). Now assume that the claim has been
shown for all trees shorter than T.

The idea of the proof is the following. We introduce a time scale L(t) =~ t*® and
couple (1) for s > t — L(t) with another process (¢?). This process shall have initial

configuration M(p), where p is the empirical population density of ! L) in a box of

length =~ t4@®/2 [(t) will be chosen small enough that the evolutions of the subtrees
(resulting from eliminating () from T) are approximately independent. On the other hand
L(t) has to be chosen large enough so that the local coupling with local size R(t) = t4(?/2)
is successful. Here a the details.

Let b = max{diam(B¢), e € T}. Let d; | 0, t — oo such that

AN =2 < lge — ] || — b/ 4 ¢AN/2) (5.16)

< a8 — &l || 4+ b2 4 AD/2) < ZyAlen))Fdi)/2

| —

for all e, f € T. We may and will assume that t% =% co. Let o := A(f). Let

S=S(t) = tltd/
R=R(t) = tlo3Wp
L=L(t) = t*7?",
Let
B¢ = a¢ + tA©/2pe (5.17)

and
B, =B (5.18)

ecT
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By shifting X = (2¢, e € T) if necessary we can assume that B; C [0, S[% for all ¢ > 0 and
L7V dist(B,, R?\ [0, S[?[) == oo. (5.19)
Apply Corollary 3.7 with ¢§ = ¢y_r1), s = L(t), p = logt/8m and with ¢ = § = logtgt’

where ¢, =% 0. This last choice is possible due to Lemma 4.2. Thus we obtain a coupling
(V1 ?) >0 with L[Y)|0)] = M(S724([0, S[?)) such that there exists a sequence §; | 0
with

B0 [| (04 — 920)(O)]] <0101 ¥CO e BER). (5.20)
So all we have to show is
87T —A(e e — e e
0[S (A (50) | 22 £ (515 ] (520

By Theorem 1 (and Lemma 4.2) we know that
£ | S5l . 58| =5 412100 (5.22)

Hence (using the Chapman-Kolmogorov equation) showing (5.21) amounts to showing for
p=0

o - & —Ale e —© e
[ M(plogt/sm) [ (t A( wL(t)(Bt))ee’]I‘:| R [( a_A(e))eeT] (5.23)

logt
= Lo [(aZf—A(e)/a)eeT] :

The last equality is the basic scaling property of Feller’s diffusion.

Let T; = {(j,la,..., 1) € T,n € N}, j=1,...,J be the partition of T into subtrees
T; (T={0}uUT,U---UT,). To prove (5.23) it suffices (by the induction hypothesis) to
show that

BN (B)) =1

(bgt Yo (B) cer, * 7 (5.24)
are J asymptotically independent random variables.

Fix one e¢; € T; for each j = 1,...,J and let C; = C;(t) = z;° + [~R(t), R(t)[? and

Co=R?\ (C1U---UCy). Then for ¢ large enough we have C; N C; = () for i # j. Let

A]’ = A](t) = eiean dlSt(Bte, R2 \ C])
Since A : T — I is strictly decreasing we have A;(t)/+/L t_)oo

Let (x?)s>0, J = 0,1,...,J be independent BBM(RQ) resp. SBM(R2) with y} =
M(*et)) . Ig,, j=0,1,...,J. We can assume

81
Vs =Xg X
Now for j=1,...,J and e € T

8m —A(e) e
E o’ ZXL(t (BY) (5.25)
Z#J
< plBetA© / dx / dy priey(z.y) < p| Bl exp{~AZ/L(t)} = 0.
R2\C; By

Thus (5.24) holds and the proof is complete. O
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6 Proofs for Finite Systems

6.1 Proof of Theorem 3

The idea of the proof is again to introduce a new time scale L(t) < * (recall A? has
width t) and to let T'(t) = T'(t) — L(t). As in the previous section we want to couple
(locally) given ¢~ %p ) (AY) = p with a process started in M;(p). This latter one will
then be compared to the infinite process started in M(p). So as to impose the local
coupling we will have to cut A¢ into a growing (with ¢) number N ()¢ of boxes. N(t) has
to be chosen such that the empirical densities of 17y within the boxes and within A¢
are asymptotically close.

Step 1. We start with showing this latter point. Let A, B € B(AY), |A|,|B| > 0 and
O = ‘t—i“][tA — ﬁﬂw for t > 0. Then by the second moment formulas (3.5) and (3.12)
(recall that (Ss) is the semigroup and p; (-, ) the transition density of Brownian motion
on AY)

vy | (L 1 i
e (LA) Yy (L) (6.1)

[£A] - [tB|

= / ({1, Sreeyde))” + {1t Sty (62) — (St b)) + <,u,/ St()—s(Ssbr)? ds> M, (p)(dp)

0

with equality in the case of BBM. Fix a sequence 7(t) such that * < ~(t) < T'(t). Then

sup sup |t%p;,(0,2) — 1| =: 5, == 0. (6.2)
u>y(t) zeAY

Thus for u > ~(t)

sup (0, Sup)| < 2e,t7¢ (6.3)
:(:EA?
and, of course, for all u > 0
sup |8, Su6)1 < ( 7+ 157 ) (6.4
ceng AL B ' '

Note that ¢? < t‘2d(ﬁ + ‘—;‘)2. Hence (6.1) is dominated by

. 11\
4272?12 4 pt) + p (WJFE) =+ p

1 1\° s
2 (4)¢¢ 4 —d| =%
2Tt + (IA\ + |B‘) v(t)t ] 0

(6.5)
If we replace T'(t) by 7"(t) this convergence is uniform in all sequences 7”(¢) such that
iT(t) < T'(t) < T(t). Thus we can find a sequence N(t) | oo, los V() 2% () and define

logt
L(t) = 35, T'(t) = T(t) — L(t) such that

t_szMt(p) |:

d t—oo
s () = N (0.5 [ )| =450 60)

Step 2. (Coupling) We continue arguing as in the proof of Theorem 2. We let
(Xt Xis)sz0 be the local coupling of BBM(A{) resp. SBM(A{) according to Corol-

lary 3.6 with R = R(t) = ﬁ The initial configuration shall be x;, = 1/ and
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Lx3|xd] = My(t72x3(AY)). By Corollary 3.6 we get for B € B(R?) bounded

5, + 2/ pR(t) +2\f N(t)~ 1/2] =2%0. (6.7)

B [[xtao —xtae] ] <181

Step 3. (Comparison) We apply the comparison lemma (Lemma 3.8) to (x2)>0 with
LIxgIxel = M(t~4(A{)) and (x7,) and with A; = B to obtain

E [|X7 oy (B) — X (B)]] ==0. (6.8)
Thus
E [|Xi 10 (B) = Xi(B)]] ==0. (6.9)
Step 4. (Conclusion) Fix f € C.(R%) and F € C,(R). Then
EYOIE($ura, /)] = EF (X0 )] (6.10)
= E[F((Xi L, /)] +o(1)
= E[F((X{ L), )] +o(1)
=, P?[Z, 2 € dp'TF((vp, ) + o(1).
The last equality holds because of (1.16) and (2.9). O

6.2 Proof of Theorem 4 and 5

The proofs are similar to that of Theorem 3. Hence we give only an outline. Recall
B(t) = t*logt. By (2.9) we know that

V3 8m
M(B(1)) —2 / = Pl

Choose L(t) < t* such that Jim o ggt)) = lim Log th(zt) = 1. Now we can proceed as in the

proof of Theorem 3. We couple locally with the configuration

o 1 t
[Pz € i (520 (6.12)
0 8T
and compare this with the infinite system started in
o 1 t
/ P Zsry € dp|M <p 08 A )) . (6.13)
0 &

Now we apply Theorem 1 resp. 2 to obtain the conclusions. O



Appendix

1 Description of the Simulations

We give a short description how the simulations of the Figures 1.1, 1.2 and II1.3 have been
generated.

Voter Model, Direct Approach

The direct approach to simulate a voter model on the finite site space S is the following:
Start with each site x € S being randomly coloured white or black. Repeat the following
procedure

e Pick one point x € S at random.
e Choose a “neighbour” y at random according to the interaction kernel a(-,-).
e Change x’s opinion to that of y.

This method has been applied to obtain the voter model in Figure 1.2 where we wanted
to see the evolution in time. However, proceeding like this has the disadvantage of being
hopelessly slow.

Voter Model via Duality

For the long-time simulation of Figure I.1 we needed something faster. Here we exploited
the fact that Figure 1.1 is a snapshot only and not an observation of the evolution. In
this situation it is appropriate to make use of the duality of the voter model to (instan-
taneously) coalescing random walks (which holds since our kernels a(-, -) are symmetric).
The state of the voter model at one fized time of observation can be described in terms
of a system of rate 1 coalescing random walks on S with jump distribution a(-,-) (see e.g.
Liggett (1985)).

The explicit procedure is the following. We start with a labelled particle at each site
x € S. In each step the following happens.

e An occupied site z € S is chosen at random.
e A “neighbour” y is chosen at random according to a(-,-).
e All particles located at x are moved to y.

e All particles at y (if any) stay at y.
97
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These steps are made repeatedly until the time of observation. (Actually the system time
is not the number of step but rather the sum of (#{x € S : z is occupied})~" along the
steps.) Then (independently) we associate with each occupied site = € S a random colour
c(x) € {White, Black}. The initial positions of all particles located now at x get coloured

c(x).

Sample Paths of Diffusion

We make the naive approach to simulate the trajectories of the solution of the following
stochastic differential equation

dXt == a(Xt) th y XO = X (Al)

(with a(z) the diffusion coefficient and (W;) a standard Brownian motion).
We discretise the time and sum up small Brownian increments weighted with a(X;).

More precisely we fix At > 0 and sample an independent family Wy, Wi, Wy, ... of
standard normally distributed random variables. We let X := x, and define successively

Xpi1 = X + a(X,) - VALW,.

Then (5( [t/A4])e>0 1S an approximate trajectory.
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