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The usual result is a strong resolvent convergence: f ∈ L2
(Hε − λ)−1f → (H0 − λ)−1f strongly in L2 and weakly in W 1

2 .
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Boundary homogenization in bounded domains

An elliptic operator Hε in

Perforation along

a curve
Fast oscillating boundary

Frequently alternating

boundary conditions

The usual result is a strong resolvent convergence: f ∈ L2
(Hε − λ)−1f → (H0 − λ)−1f strongly in L2 and weakly in W 1

2 .

Main questions (motivated by works by M.Sh. Birman, T.A. Suslina &
V.V. Zhikov, S.E. Pastukhova)
• Is there a norm resolvent convergence?
• If yes, what is the rate of the convergence?
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Perforation

Formulation of the problem

Distances between the holes are ∼ ε, their sizes are ∼ εη(ε), 0 < η 6 1
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Perforation

Formulation of the problem

Distances between the holes are ∼ ε, their sizes are ∼ εη(ε), 0 < η 6 1
The operator is

Hε := −
n

∑

i ,j=1

∂

∂xi
Aij

∂

∂xj
+

n
∑

j=1

(

Aj

∂

∂xj
−

∂

∂xj
Aj

)

+ A0 in L2(Ω
ε)
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∂

∂xi
Aij

∂

∂xj
+

n
∑

j=1

(

Aj

∂

∂xj
−

∂

∂xj
Aj

)

+ A0 in L2(Ω
ε)

subject to the Dirichlet condition on some of the holes and to the Robin

condition

(

∂

∂Nε
+ a

)

u = 0,
∂

∂Nε
:=

2
∑

i ,j=1

Aijν
ε
i

∂

∂xj
+

2
∑

j=1

Ajν
ε
j ,

on the others, where νε = (νε1 , ν
ε
2) is the inward normal.
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+ A0 in L2(Ω
ε)

subject to the Dirichlet condition on some of the holes and to the Robin

condition

(

∂

∂Nε
+ a

)

u = 0,
∂

∂Nε
:=

2
∑

i ,j=1

Aijν
ε
i

∂

∂xj
+

2
∑

j=1

Ajν
ε
j ,

on the others, where νε = (νε1 , ν
ε
2) is the inward normal.

The main aim: to study the norm resolvent convergence for Hε as ε → +0.
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Perforation

Notations

The domain and curve: Ω := {x : 0 < x2 < d}, γ is a C 2-curve in Ω
separated from ∂Ω, with a bounded curvature, with no self-intersections
and is either infinite or finite and closed, s is the arc length of γ
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ε are some
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k ∈ γ are associated with s = skε.
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and is either infinite or finite and closed, s is the arc length of γ

Position of holes: Mε ⊆ Z is an arbitrary set, and sk , k ∈ M
ε are some

points, sk < sk+1, y
ε
k ∈ γ are associated with s = skε.

Holes: ωk , k ∈ M
ε, are bounded domains in R

2,
ωε
k := {x : ε−1η−1(ε)(x − y εk ) ∈ ωk}, Ω

ε := Ω \ θε.
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Notations

The domain and curve: Ω := {x : 0 < x2 < d}, γ is a C 2-curve in Ω
separated from ∂Ω, with a bounded curvature, with no self-intersections
and is either infinite or finite and closed, s is the arc length of γ

Position of holes: Mε ⊆ Z is an arbitrary set, and sk , k ∈ M
ε are some

points, sk < sk+1, y
ε
k ∈ γ are associated with s = skε.

Holes: ωk , k ∈ M
ε, are bounded domains in R

2,
ωε
k := {x : ε−1η−1(ε)(x − y εk ) ∈ ωk}, Ω

ε := Ω \ θε.

Holes with Dirichlet and Robin conditions: θεD :=
⋃

k∈MD

ωε
k , θ

ε
R :=

⋃

k∈MR

ωε
k ,

M
ε
D ∪M

ε
R = M

ε.
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Perforation

Assumptions

Sizes and position of the holes:

∃ fixed numbers 0 < R1 < R2, b > 1,
L > 0, and points xk ∈ R

2, k ∈ M
ε,

s.t. BR1
(xk) ⊂ ωk ⊂ BR2

(0), |∂ωk | 6 L,
BbR2ε(y

ε
k ) ∩ BbR2ε(y

ε
i ) = ∅, i 6= k .
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Perforation

Assumptions

Sizes and position of the holes:

∃ fixed numbers 0 < R1 < R2, b > 1,
L > 0, and points xk ∈ R

2, k ∈ M
ε,

s.t. BR1
(xk) ⊂ ωk ⊂ BR2

(0), |∂ωk | 6 L,
BbR2ε(y

ε
k ) ∩ BbR2ε(y

ε
i ) = ∅, i 6= k .

Uniform regularity of the holes:
For R3 := R2(b + 1)/2 and k ∈ M

ε the b.v.p.

divXk = 0 in BR3
(0) \ ωk ,

Xk · ν = −1 on ∂ωk , Xk · ν = ϕk on ∂BR3
(0),

is solvable in L∞(BR3
(0) \ ωk) and bounded in this space

uniformly in k ∈ M
ε. Here ν is the outward normal, ϕk ∈

L∞(∂BR3
(0)) satisfies

∫

∂BR3
(0)

ϕk ds = |∂ωk |.
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Perforation

Main results: Homogenized Dirichlet condition on γ

Theorem

Let ε ln η(ε) → 0, ε → +0. Suppose there exists a constant R4 > bR2

such that

{x : dist(x , γ) < εbR2} ⊂
⋃

k∈Mε

D

BR4ε(y
ε
k ).
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Perforation

Main results: Homogenized Dirichlet condition on γ

Theorem

Let ε ln η(ε) → 0, ε → +0. Suppose there exists a constant R4 > bR2

such that

{x : dist(x , γ) < εbR2} ⊂
⋃

k∈Mε

D

BR4ε(y
ε
k ).

Then

‖(Hε − i)−1 − (H0
D − i)−1‖L2(Ω)→W 1

2 (Ω
ε) 6 Cε1/2

(

| ln η(ε)|1/2 + 1
)

,

where H0
D

is the operator with the same differential expression and subject

to the Dirichlet condition of γ and ∂Ω, C is a positive constant

independent of ε.
The estimate is order sharp.

D. Borisov (IM USC & BSPU & UHK) On norm resolvent convergence. . . http://borisovdi.narod.ru/ 6 / 24



Perforation

δ-interaction on γ

For β ∈ W 1
∞(γ), H0

β denotes the operator with the above differential
expression subject to the boundary conditions

[u]γ = 0,

[

∂u

∂N0

]

γ

+ βu
∣

∣

γ
= 0,

∂

∂N0
:=

2
∑

i ,j=1

Aijν
0
i

∂

∂xj
, (1)

where ν0 = (ν01 , ν
0
2) and [u]γ = u

∣

∣

τ=+0
− u

∣

∣

τ=−0
.
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Perforation

Homogenized δ-interaction on γ: exponentially small

Dirichlet holes

Theorem

Let (ε ln η(ε))−1
→ −ρ, ε → +0, and M

ε
D 6= ∅.

D. Borisov (IM USC & BSPU & UHK) On norm resolvent convergence. . . http://borisovdi.narod.ru/ 8 / 24



Perforation

Homogenized δ-interaction on γ: exponentially small

Dirichlet holes

Theorem

Let (ε ln η(ε))−1
→ −ρ, ε → +0, and M

ε
D 6= ∅. Denote αε(s) := π

bR2
as

|s − εsk | < bR2ε, k ∈ M
ε
D , and αε(s) := 0 otherwise.
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Perforation

Homogenized δ-interaction on γ: exponentially small

Dirichlet holes

Theorem

Let (ε ln η(ε))−1
→ −ρ, ε → +0, and M

ε
D 6= ∅. Denote αε(s) := π

bR2
as

|s − εsk | < bR2ε, k ∈ M
ε
D , and αε(s) := 0 otherwise. Assume that there

exists α ∈ W 1
∞(γ) and κ = κ(ε), κ(ε) → +0, ε → +0, such that

∑

q∈Z

1

|q|+ 1

∣

∣

∣

∣

∫ n+ℓ

n

(

αε(s)− α(s)
)

e
− iq

2πℓ
(s−n) ds

∣

∣

∣

∣

2

6 κ
2(ε),

where n = −|γ|/2, ℓ = |γ|, if γ is a finite curve, and n ∈ Z, ℓ = 1, if γ is

infinite.

D. Borisov (IM USC & BSPU & UHK) On norm resolvent convergence. . . http://borisovdi.narod.ru/ 8 / 24



Perforation
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Theorem

Let (ε ln η(ε))−1
→ −ρ, ε → +0, and M
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D 6= ∅. Denote αε(s) := π
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ε
D , and αε(s) := 0 otherwise. Assume that there

exists α ∈ W 1
∞(γ) and κ = κ(ε), κ(ε) → +0, ε → +0, such that

∑

q∈Z

1

|q|+ 1

∣

∣

∣

∣

∫ n+ℓ

n

(

αε(s)− α(s)
)

e
− iq

2πℓ
(s−n) ds

∣

∣

∣

∣

2

6 κ
2(ε),

where n = −|γ|/2, ℓ = |γ|, if γ is a finite curve, and n ∈ Z, ℓ = 1, if γ is

infinite. Denote β := −α ρ
A11A22−A2

12
, µ(ε) := −(ε ln η(ε))−1 − ρ → 0. Then

‖(Hε − i)−1 − (H0
β − i)−1‖L2(Ω)→L2(Ωε) 6 C

(

ε1/2 + κ(ε) + µ(ε)
)

,

where C is a positive constant independent of ε.
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Perforation

Homogenized δ-interaction: absence of Dirichlet holes

Theorem

Let η = const, Mε
D = ∅.
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Homogenized δ-interaction: absence of Dirichlet holes
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Let η = const, Mε
D = ∅. Denote αε(s) := |∂ωk |

2bR2
as |s − εsk | < bR2εη,

k ∈ M
ε, and αε(s) := 0 otherwise.
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Perforation

Homogenized δ-interaction: absence of Dirichlet holes

Theorem

Let η = const, Mε
D = ∅. Denote αε(s) := |∂ωk |

2bR2
as |s − εsk | < bR2εη,

k ∈ M
ε, and αε(s) := 0 otherwise. Assume that there exists α ∈ W 1

∞(γ)
and κ = κ(ε), κ(ε) → +0, ε → +0, such that

∑

q∈Z

1

|q|+ 1

∣

∣

∣

∣

∫ n+ℓ

n

(

αε(s)− α(s)
)

e
− iq

2πℓ
(s−n) ds

∣

∣

∣

∣

2

6 κ
2(ε)

is valid. Then

‖(Hε − i)−1 − (H0
αa − i)−1‖L2(Ω)→W 1

2 (Ω
ε) 6 C

(

ε1/2 + κ(ε)
)

,

where C is a positive constant independent of ε.
Term ε1/2 is order sharp.

D. Borisov (IM USC & BSPU & UHK) On norm resolvent convergence. . . http://borisovdi.narod.ru/ 9 / 24



Perforation

Homogenized “no condition”

H0 is the operator with the above differential expression subject to
Dirichlet condition on ∂Ω and with no condition on γ.
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Perforation

Homogenized “no condition”

H0 is the operator with the above differential expression subject to
Dirichlet condition on ∂Ω and with no condition on γ.

Theorem

Let Mε
D = ∅ and either a ≡ 0 or η(ε) → 0, ε → +0.
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Perforation

Homogenized “no condition”

H0 is the operator with the above differential expression subject to
Dirichlet condition on ∂Ω and with no condition on γ.

Theorem

Let Mε
D = ∅ and either a ≡ 0 or η(ε) → 0, ε → +0. Then

‖(Hε − i)−1 − (H0 − i)−1‖L2(Ω)→W 1
2 (Ω

ε) 6 Cη(ε)
(

| ln η(ε)| + 1
)

,

if a 6≡ 0, and

‖(Hε − i)−1f − (H0 − i)−1f ‖L2(Ω)→W 1
2 (Ω

ε) 6 Cε1/2η(ε)(| ln η(ε)|1/2 + 1),

if a ≡ 0, where C is a positive constant independent of ε.
The estimates are order sharp up to the absence of the term | ln η|1/2.
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Fast oscillating boundary

Model

Domain:

Ωε := {x ∈ R
2 : ηb(x1ε

−1) < x2 < d}, b ∈ C 2(R), b is 1-periodic, b > 0,
η = η(ε) > 0, ε → +0
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Fast oscillating boundary

Model

Domain:

Ωε := {x ∈ R
2 : ηb(x1ε

−1) < x2 < d}, b ∈ C 2(R), b is 1-periodic, b > 0,
η = η(ε) > 0, ε → +0

Operator: Hε := −
2
∑

i ,j=1

∂
∂xj

Aij
∂
∂xi

+
2
∑

j=1
Aj

∂
∂xj

− ∂
∂xj

Aj + A0 in L2(Ωε)

u = 0 on Γ
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Fast oscillating boundary

Model

Domain:

Ωε := {x ∈ R
2 : ηb(x1ε

−1) < x2 < d}, b ∈ C 2(R), b is 1-periodic, b > 0,
η = η(ε) > 0, ε → +0

Operator: Hε := −
2
∑

i ,j=1

∂
∂xj

Aij
∂
∂xi

+
2
∑

j=1
Aj

∂
∂xj

− ∂
∂xj

Aj + A0 in L2(Ωε)

u = 0 on Γ
Boundary condition on Γε is the Dirichlet, Neumann or Robin one
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Fast oscillating boundary

Dirichlet condition on Γε

Suppose we have the Dirichlet condition on Γε.
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Fast oscillating boundary

Dirichlet condition on Γε

Suppose we have the Dirichlet condition on Γε.

Homogenized operator: Ω0 := {x ∈ R
2 : 0 < x2 < d}

H0 := −
2
∑

i ,j=1

∂
∂xj

Aij
∂
∂xi

+
2
∑

j=1

Aj
∂
∂xj

− ∂
∂xj

Aj + A0 in L2(Ω0) subject to

the Dirichlet condition on Γ and on Γ0 := {x : x2 = 0}.
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Fast oscillating boundary

Dirichlet condition on Γε

Suppose we have the Dirichlet condition on Γε.

Homogenized operator: Ω0 := {x ∈ R
2 : 0 < x2 < d}

H0 := −
2
∑

i ,j=1

∂
∂xj

Aij
∂
∂xi

+
2
∑

j=1

Aj
∂
∂xj

− ∂
∂xj

Aj + A0 in L2(Ω0) subject to

the Dirichlet condition on Γ and on Γ0 := {x : x2 = 0}.

Main result: The estimate holds:

‖(Hε − i)−1 − (H0 − i)−1‖L2(Ω0)→W 1
2 (Ωε) 6 Cη1/2

This estimate is order sharp.
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Fast oscillating boundary

Neumann condition on Γε

Suppose we have Neumann condition on Γε.
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Fast oscillating boundary

Neumann condition on Γε
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Fast oscillating boundary

Robin condition on Γε

Boundary condition on Γε:
(

∂
∂νε

+ a
)

uε = 0, a > 0.
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Fast oscillating boundary

Robin condition on Γε

Boundary condition on Γε:
(

∂
∂νε

+ a
)

uε = 0, a > 0.

Cases

Weakly oscillating boundary: lim
ε→+0

ε−1η(ε) = α > 0

Highly oscillating boundary: lim
ε→+0

ε−1η(ε) = +∞
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Fast oscillating boundary

Robin condition on Γε:

Weakly oscillating boundary: lim
ε→+0

ε−1η(ε) = α > 0
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Fast oscillating boundary

Robin condition on Γε:

Weakly oscillating boundary: lim
ε→+0

ε−1η(ε) = α > 0

Homogenized operator:

H0 := −
2
∑

i ,j=1

∂
∂xj

Aij
∂
∂xi

+
2
∑

j=1
Aj

∂
∂xj

− ∂
∂xj

Aj + A0 in L2(Ω0)

Boundary condition on Γ0:
(

∂
∂ν0

+ a0

)

u = 0.

a0 := a(x1, 0)
∫ 1
0

√

1 + α2b′(t)2 dt.
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Fast oscillating boundary

Robin condition on Γε:

Weakly oscillating boundary: lim
ε→+0

ε−1η(ε) = α > 0

Homogenized operator:

H0 := −
2
∑

i ,j=1

∂
∂xj

Aij
∂
∂xi

+
2
∑

j=1
Aj

∂
∂xj

− ∂
∂xj

Aj + A0 in L2(Ω0)

Boundary condition on Γ0:
(

∂
∂ν0

+ a0

)

u = 0.

a0 := a(x1, 0)
∫ 1
0

√

1 + α2b′(t)2 dt.

Main result: The estimate holds

‖(Hε − i)−1 − (H0 − i)−1‖L2(Ω0)→W 1
2 (Ωε) 6 C (η1/2 + |ε−1η − α|)

The estimate is order sharp.
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Fast oscillating boundary

Robin condition on Γε: highly oscillating boundary and

positive coefficient

Highly oscillating boundary: lim
ε→+0

ε−1η(ε) = +∞

D. Borisov (IM USC & BSPU & UHK) On norm resolvent convergence. . . http://borisovdi.narod.ru/ 16 / 24



Fast oscillating boundary

Robin condition on Γε: highly oscillating boundary and

positive coefficient

Highly oscillating boundary: lim
ε→+0

ε−1η(ε) = +∞

Homogenized operator:

H0 := −
2
∑

i ,j=1

∂
∂xj

Aij
∂
∂xi

+
2
∑

j=1
Aj

∂
∂xj

− ∂
∂xj

Aj + A0 in L2(Ω0)

Boundary condition on Γ0: Dirichlet condition.
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Fast oscillating boundary

Robin condition on Γε: highly oscillating boundary and

positive coefficient

Highly oscillating boundary: lim
ε→+0

ε−1η(ε) = +∞

Homogenized operator:

H0 := −
2
∑

i ,j=1

∂
∂xj

Aij
∂
∂xi

+
2
∑

j=1
Aj

∂
∂xj

− ∂
∂xj

Aj + A0 in L2(Ω0)

Boundary condition on Γ0: Dirichlet condition.

Main result: Let a > c > 0. Then the estimate holds

‖(Hε − i)−1 − (H0 − i)−1‖L2(Ω0)→W 1
2 (Ωε) 6 C (η1/2 + ε1/2η−1/2)

The term ε1/2η−1/2 is order sharp.
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Fast oscillating boundary

Robin condition on Γε: highly oscillating boundary and

non-negative coefficient

Highly oscillating boundary: lim
ε→+0

ε−1η(ε) = +∞

Homogenized operator: as above
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Fast oscillating boundary

Robin condition on Γε: highly oscillating boundary and

non-negative coefficient

Highly oscillating boundary: lim
ε→+0

ε−1η(ε) = +∞

Homogenized operator: as above
Main result: Let a > 0 and for small δ the set

{x : a(x) 6 δ, 0 < x2 < (sup b + 1)η} is contained in at most countably

many rectangles {x : |x1 − Xn| < µ(δ), 0 < x2 < (sup b + 1)η}, where

µ(δ) → +0 as δ → +0, numbers Xn, n ∈ Z are independent of δ and

satisfy the estimate |Xn − Xm| > c > 0, n 6= m. Then the estimate holds

‖(Hε − i)−1 − (H0 − i)−1‖L2(Ω0)→W 1
2 (Ωε)

6 C
(

η1/2 + ε1/2η−1/2δ−1/2 + µ1/2(δ)| lnµ(δ)|1/2
)

,

where δ = δ(ε) → +0, ε → +0 is an arbitrary function.
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Fast oscillating boundary

Robin condition on Γε: highly oscillating boundary and

non-negative coefficient

Highly oscillating boundary: lim
ε→+0

ε−1η(ε) = +∞

The most general case: µ(δ) ∼ δ1/2
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Fast oscillating boundary

Robin condition on Γε: highly oscillating boundary and

non-negative coefficient

Highly oscillating boundary: lim
ε→+0

ε−1η(ε) = +∞

The most general case: µ(δ) ∼ δ1/2

Main estimate:

‖(Hε − i)−1 − (H0 − i)−1‖L2(Ω0)→L2(Ωε)

6 C
(

η1/2 + ε1/6η−1/6| ln εη−1|−2/3
)

.
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Frequently alternating boundary conditions

Formulation of the problem

Consider the waveguide

ε → +0, η = η(ε), 0 < η < π
2
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Frequently alternating boundary conditions

Formulation of the problem

Consider the waveguide

ε → +0, η = η(ε), 0 < η < π
2

Hε := −∆ in L2(Ω) subject to D.b.c. on � and to N.b.c. on �
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Frequently alternating boundary conditions

Homogenized operators

If ε ln η(ε) → 0 as ε → 0,
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Frequently alternating boundary conditions

Homogenized operators

If ε ln η(ε) → 0 as ε → 0, then the homogenized operator is HD := −∆
in L2(Ω) subject to the b.c. as on the figure

D
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Frequently alternating boundary conditions

Homogenized operators

If ε ln η(ε) → 0 as ε → 0, then the homogenized operator is HD := −∆
in L2(Ω) subject to the b.c. as on the figure

D

If ε ln η(ε) → −∞ as ε → 0, then the homogenized operator is
HN := −∆ in L2(Ω) subject to the b.c. as on the figure

N
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Frequently alternating boundary conditions

Homogenized operators

If ε ln η(ε) → −1/K as ε → 0, K > 0
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Frequently alternating boundary conditions

Homogenized operators

If ε ln η(ε) → −1/K as ε → 0, K > 0 then the homogenized operator is
HR := −∆ in L2(Ω) subject to the b.c. as on the figure

R

R :

(

−
∂

∂x2
+ K

)

u = 0 is the condition modeling δ-potential
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Frequently alternating boundary conditions

Resolvent convergence

Theorem (Dirichlet case). Let ε ln η(ε) → 0. Then

‖(Hε − i)−1 − (HD − i)−1‖L2(Ω)→W 1
2 (Ω) 6 Cε1/2| ln sin η(ε)|1/2

holds true, where ‖ • ‖X→Y is the norm of an operator from X to Y .
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Theorem (Neumann case). Let ε ln η(ε) → −∞,

µ := −(ε ln η(ε))−1 → +0. Then

‖(Hε − i)−1 − (HN − i)−1‖L2(Ω)→W 1
2 (Ω) 6 Cµ1/2

‖(Hε − i)−1 − (HN − i)−1‖L2(Ω)→L2(Ω) 6 Cµ
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holds true, where ‖ • ‖X→Y is the norm of an operator from X to Y .

Theorem (Neumann case). Let ε ln η(ε) → −∞,

µ := −(ε ln η(ε))−1 → +0. Then

‖(Hε − i)−1 − (HN − i)−1‖L2(Ω)→W 1
2 (Ω) 6 Cµ1/2

‖(Hε − i)−1 − (HN − i)−1‖L2(Ω)→L2(Ω) 6 Cµ

‖(Hε − i)−1 − (H
(µ)
N − i)−1‖L2(Ω)→L2(Ω) 6 Cεµ| ln εµ|

H
(µ)
N

:= −∆ with Dirichlet b.c. on Γ+ and ( ∂
∂ν + µ)u = 0 on Γ−.
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Theorem (Dirichlet case). Let ε ln η(ε) → 0. Then
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‖(Hε − i)−1 − (H
(µ)
N − i)−1‖L2(Ω)→L2(Ω) 6 Cεµ| ln εµ|

H
(µ)
N

:= −∆ with Dirichlet b.c. on Γ+ and ( ∂
∂ν + µ)u = 0 on Γ−. There

exists a corrector W = W (x , ε, µ) defined explicitly such that

‖(Hε − i)−1 − (1 +W )(H
(µ)
N

− i)−1‖L2(Ω)→W 1
2 (Ω) 6 Cεµ| ln εµ|.
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Frequently alternating boundary conditions

Resolvent convergence

Theorem (Robin case). Let ε ln η(ε) → −1/K ,

µ := −(ε ln η(ε))−1 − K → +0. Then

‖(Hε − i)−1 − (HR − i)−1‖L2(Ω)→L2(Ω) 6 C (ε| ln ε|+ µ)



Frequently alternating boundary conditions

Resolvent convergence

Theorem (Robin case). Let ε ln η(ε) → −1/K ,

µ := −(ε ln η(ε))−1 − K → +0. Then

‖(Hε − i)−1 − (HR − i)−1‖L2(Ω)→L2(Ω) 6 C (ε| ln ε|+ µ)

‖(Hε − i)−1 − (H
(µ)
R − i)−1‖L2(Ω)→L2(Ω) 6 Cε| ln ε|

H
(µ)
R

:= −∆ with Dirichlet b.c. on Γ+ and ( ∂
∂ν + K + µ)u = 0 on Γ−.
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Frequently alternating boundary conditions

Resolvent convergence
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