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Logvinenko-Sereda Theorems

Let S C R. S is (v, a)-thick if there exist v > 0 and a > 0 such that for all
| intervals of R of length a we have

SN > ~va.
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Logvinenko-Sereda Theorems

Let S C R. S is (v, a)-thick if there exist v > 0 and a > 0 such that for all
| intervals of R of length a we have

SN > ~va.

Theorem 1 (Logvinenko-Sereda '78)

Let J C R of length b > 0. If f € LP(R), p € [1, 0], with supp f C J and
if S is (v, a)-thick, then

ab+1

1flle(s) = exp (= €222 1 Flluogey.
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Logvinenko-Sereda Theorems

Let S C R. S is (v, a)-thick if there exist v > 0 and a > 0 such that for all
| intervals of R of length a we have

SN > ~va.

Theorem 1 (Logvinenko-Sereda '78)

Let J C R of length b > 0. If f € LP(R), p € [1, 0], with supp f C J and
if S is (v, a)-thick, then

ab+1

1flle(s) = exp (= €222 1 Flluogey.

@ The position of J is irrelevant.
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Improvements by Kovrijkine (2001).
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Improvements by Kovrijkine (2001).

@ Polynomial constant

Theorem 2 (Kovrijkine, '01)

Under the same assumptions of Thm 1, we have

) C(ab+1)

.
IFllses) = (& Qg
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Improvements by Kovrijkine (2001).

@ Polynomial constant

Theorem 2 (Kovrijkine, '01)

Under the same assumptions of Thm 1, we have

) C(ab+1)

.
IFllses) = (& 11l

o Extended support assumption

Theorem 3 (Kovrijkine, '01)

Let n € N, f € LP(R) with p € [1,00] and assume that
suppf C J1U...UJ,, where each J is an interval of length b. Let S be a
(v, a)-thick set. Then,

p—1

ab(g)n+nf
Il = ()7 7 Il (1)

v
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Question 1: Let S be (v, a)-thick. Let Eg € R and
f € Ran(x(gy—1,6,](AT,))- Does the estimate

2 2
/sm > C(%a>/m\fr , )

hold true?
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Question 1: Let S be (v, a)-thick. Let Eg € R and
f € Ran(x(gy—1,6,](AT,))- Does the estimate

2 2
/sm > C(%a>/m\fr , )

hold true? The main point: the constant doesn't depend Eg, the position
of the energy interval of unit length, and it is independent of L.
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Question 1: Let S be (v, a)-thick. Let Eg € R and
f € Ran(x(gy—1,6,](AT,))- Does the estimate

2 2
/sm > C(%a>/m\fr , )

hold true? The main point: the constant doesn't depend Eg, the position

of the energy interval of unit length, and it is independent of L.
Answer: work in progress...
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Question 1: Let S be (v, a)-thick. Let Eg € R and
f € Ran(x(gy—1,6,](AT,))- Does the estimate

2 2
/sm > C(%a>/m\fr , )

hold true? The main point: the constant doesn't depend Eg, the position
of the energy interval of unit length, and it is independent of L.
Answer: work in progress...

Question 2: What if | replace the energy interval with a momentum
interval of any length?
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Question 1: Let S be (v, a)-thick. Let Eg € R and
f € Ran(x(gy—1,6,](AT,))- Does the estimate

2 2
/sm > C(%a>/m\fr , )

hold true? The main point: the constant doesn't depend Eg, the position
of the energy interval of unit length, and it is independent of L.
Answer: work in progress...

Question 2: What if | replace the energy interval with a momentum
interval of any length?
Answer: Yes!
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2. Results
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Results

Theorem 4

Let T, = [0,2nL], f € LP(T.) with p € [1,00] such that suppf C J,
where J C R is an interval of length b. Let S C R be a (v, a)-thick set
with 0 < a < 2wL. Then,

c1 Cgab-i-§
1Flermy < (5) ™ Wfllusgsomy, 3)

where c1, cp are universal constants.
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Results

Theorem 4

Let T, = [0,2nL], f € LP(T.) with p € [1,00] such that suppf C J,
where J C R is an interval of length b. Let S C R be a (v, a)-thick set
with 0 < a < 2wL. Then,

c1 Cgab-i-§
1Flermy < (5) ™ Wfllusgsomy, 3)

where c1, cp are universal constants.

o Filz — R F(X) =5 fp Fx)e 't dx, k € Z.
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Results

Theorem 4

Let T, = [0,2nL], f € LP(T.) with p € [1,00] such that suppf C J,
where J C R is an interval of length b. Let S C R be a (v, a)-thick set
with 0 < a < 2wL. Then,

c1 Cgab-i-§
1Flermy < (5) ™ Wfllusgsomy, 3)

where c1, cp are universal constants.

o Filz — R F(X) =5 fp Fx)e 't dx, k € Z.
o suppf:={k€Z| kKeizZnJ}cCJ.
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Results

Theorem 4

Let T, = [0,2nL], f € LP(T.) with p € [1,00] such that suppf C J,
where J C R is an interval of length b. Let S C R be a (v, a)-thick set
with 0 < a < 2wL. Then,

C1

crab+3
1Flermy < (5) ™ Wfllusgsomy, 3)

where c1, cp are universal constants.

o Filz — R F(X) =5 fp Fx)e 't dx, k € Z.
o suppf:={k€Z| kKeizZnJ}cCJ.

@ The bigger L, the more active Fourier coefficients are in J, but this
does not affect the estimate

Michela Egidi (joint with I. Veseli¢) (German-Logvinenko-Sereda Theorems for periodic fun: 13th September 2016 8/25



Results

Theorem 4

Let T, = [0,2nL], f € LP(T.) with p € [1,00] such that suppf C J,
where J C R is an interval of length b. Let S C R be a (v, a)-thick set
with 0 < a < 2wL. Then,

C1

crab+3
1Flermy < (5) ™ Wfllusgsomy, 3)

where c1, cp are universal constants.

o Filz — R F(X) =5 fp Fx)e 't dx, k € Z.
o suppf:={k€Z| kKeizZnJ}cCJ.

@ The bigger L, the more active Fourier coefficients are in J, but this
does not affect the estimate

@ The position of J is irrelevant.
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Let f € LP(T,) with p € [1,00]. Assume that supp f C \J_, Jj, where
Ji C R are intervals of length b. Let S be a (v, a)-thick set with
0 < a<2nl. Then,

) (5) e

1Flermy < (5 " WFllsgsemys

where ¢; and & are universal constants.
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3. Application to PDE
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Application to PDE

Assume J C R such that |J| = b and consider

Ar,ux = —N3ux  with periodic boundary conditions. (5)

Michela Egidi (joint with I. Veseli¢) (German-Logvinenko-Sereda Theorems for periodic fun: 13th September 2016 11 /25



Application to PDE

Assume J C R such that |J| = b and consider

Ar, uy = —A,z(uk with periodic boundary conditions.

Corollary 6

Let f be a linear combination of eigenfunctions of (5), i.e.,

and let S be (v, a)-thick. Then,

3
p N ~ czab+2 p
11l 2(smr,) = o 11l c2(T,)-

(5)
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4. Application to Control Theory
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A warm-up result - the uncontrolled heat equation

We consider the uncontrolled heat equation with periodic boundary
conditions

Oru—Au=0 in (0, T) x T,
8ou(t,x) =3 4(t,x) Ym>0 in(0,T)x 9T, (7)
u(0,x)=u € V in Ty,

where V = {f € L?(T}) | suppr Uj—; Ji} with J's intervals of length
b>0.
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A warm-up result - the uncontrolled heat equation

We consider the uncontrolled heat equation with periodic boundary
conditions

Oru—Au=0 in (0, T) x T,
8ou(t,x) =3 4(t,x) Ym>0 in(0,T)x 9T, (7)
u(0,x)=u € V in Ty,

where V = {f € L?(T}) | suppr Uj—; Ji} with J's intervals of length
b>0.

Proposition 7

The solution of the above system satisfies the observability inequality

1/¢ 2(5—2) ab+2n—1
(T Mamy < () 2.7y

where w = SN T, and S is (v, a)-thick.
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Proof of Prop. 7
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Proof of Prop. 7

Following [Le Roussea-Lebeau '12], we observe that
w(0,x) = > Bijrk(x)
%€U7:1 Ji

where v/, are the eigenfunctions of the periodic Laplacian on T arising
from the active Fourier modes,
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Proof of Prop. 7

Following [Le Roussea-Lebeau '12], we observe that
> Bigruk(x)
%€U7:1 Ji

where v/, are the eigenfunctions of the periodic Laplacian on T arising
from the active Fourier modes,
Consequently, we have

u(t,x) = Z e BBy ug (%) Z By (t)uyL(x),

k
Z€U7:1 Ji ZGUI:1 Ji

where Ei's denote the eigenvalues arising from the active Fourier modes.
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Then,

;
Tllu(T,-)Ilizm)g/ /|u(t,x)y2dxdt
o J1,
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Then,
2 T 2
TIIu(T,.)IILZ(TL)g/ /|u(t,x)y dxdt
o J1,

-
_/0 . | Z /Bk/L(t)Uk/L(X)|2 dxdt

k
I€U7:1 Ji
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Then,
2 T 2
TIIu(T,.)IILZ(TL)g/ /|u(t,x)y dxdt
o J1,

-
_/0 . | Z 5k/L(t)Uk/L(X)|2 dxdt

k
I€U7:1 Ji

C 2(%2)nab+2n—1 T
= (g) /0 /SOTL|k Z By (Dug(x)P dx dt

fy n
ZGUI:1 Ji
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Then,
2 T 2
TIIu(T,.)IILZ(TL)g/ /|u(t,x)y dxdt
o JT,
T
_/0 T’ Z 5k/L(t)Uk/L(X)|2dxdt
L

%€U7:1Jl
Cq\ 2 & nab+2n—1 T
< (%) ) [ LS buouur axa
N
L%GULlJI
%)nab+2n—1

lullZ2(0, 7yx(srm0)

- (&)
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Then,
2 T 2
TIIu(T,.)IILZ(TL)g/ /|u(t,x)y dxdt
o JT,
T
_/0 T’ Z 5k/L(t)Uk/L(X)]2dxdt
L

%€U7:1 Ji
&n2(2) abtan-1 T
< (;) ” . Y Bi(ug(x)P dx dt
0 OTL %Gule J/
%)nab+2n—1

~ L )1 S T,
and SO

1 (51 ) 2(2)"ab+2n-1

||U(T7 )H%Z(TL) < 7 ; HUH%Q((O,T)XUJ)'

13th September 2016
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The controlled heat equation

Let S be (7, a)-thick and consider the following controlled heat equation.

Oru — Au = vy, in (0, T) x Ty,
w:(O, T) X (TLOS)
OMu(t,x) = P8(t,x) Ym=>0 in(0,T)xdT, (8)

u(x,0) = ug(x) € L?(Ty)
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The controlled heat equation

Let S be (7, a)-thick and consider the following controlled heat equation.

Oru — Au = vy, in (0, T) x Ty,
w:(O, T) X (TLOS)
OMu(t,x) = P8(t,x) Ym=>0 in(0,T)xdT, (8)

u(x,0) = ug(x) € L?(Ty)

Null-controllability: driving the solution u to zero at time T > 0, yet only
acting in the sub-domain w. (For null-controllability results on general
non-empty set w, see [Lebeau-Robbiano '95] and [Fursikov-Immanuvilov
'96].
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The controlled heat equation

Let S be (7, a)-thick and consider the following controlled heat equation.

Oru — Au = vy, in (0, T) x Ty,
w=(0,T)x (T NS)

9t x) = LU(t,x) Ym>0 in(0,T)xadT, (8)

oxm oxm

u(x,0) = ug(x) € L?(Ty)

Null-controllability: driving the solution u to zero at time T > 0, yet only
acting in the sub-domain w. (For null-controllability results on general
non-empty set w, see [Lebeau-Robbiano '95] and [Fursikov-Immanuvilov
'96].

Control-cost: inf{[|v||2((0,T)xw) | t sol. of (8) and u(:, T) = 0}.
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The controlled heat equation

Let S be (7, a)-thick and consider the following controlled heat equation.

Oru — Au = vy, in (0, T) x Ty,
w=(0,T)x (T NS)

OMu(t,x) = P8(t,x) Ym=>0 in(0,T)xdT, (8)

u(x,0) = ug(x) € L?(Ty)

Null-controllability: driving the solution u to zero at time T > 0, yet only
acting in the sub-domain w. (For null-controllability results on general
non-empty set w, see [Lebeau-Robbiano '95] and [Fursikov-Immanuvilov
'96].

Control-cost: inf{[|v||2((0,T)xw) | t sol. of (8) and u(:, T) = 0}.

Goal: estimate the control cost with respect to the geometric properties of
the subset w.
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Controlled heat equation - Partial result

Consider

{ Oru— Au=Tg(vxw) in(0,T)x T ,w=(0,T)x (T NS)
u(x,0) = up(x) € F

with periodic boundary condition on dT; x (0, T), and where
F = span{¢ /. eigenfunction of A, | (k/L)* < b?}. Then, there exists a
v that drives the solution to zero and such that

1 czab+%
IVl mxw < 7= (5 ol 27, )- (9)

v

g is the orthogonal projection on F.
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Proof:
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Proof:

@ By duality between null-controllability and observability, we consider

{ —0:q—Ag=0 in(0,T)xT, (10)

q(T)=qreF

with periodic boundary conditions on (0, T) x OT}.
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Proof:

@ By duality between null-controllability and observability, we consider

{ —0:q—Ag=0 in(0,T)xT, (10)

q(T)=qreF

with periodic boundary conditions on (0, T) x OT}.

@ Use same method of the proof of Prop. 7 to obtain

c cr2ab+3
Ty < (2) T laliago
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Proof:

@ By duality between null-controllability and observability, we consider

{ —0:q—Ag=0 in(0,T)xT, (10)

q(T)=qreF

with periodic boundary conditions on (0, T) x OT}.

@ Use same method of the proof of Prop. 7 to obtain

c cr2ab+3
Ty < (2) T laliago

@ This already yields

1 a czab+%
Ivilzo,myxw) < —= | — [ uollc2(T,)-
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Controlled heat equation - Full result

Consider the following system

Oru — Au = vy in (0, T) x Ty,
w=(0,T)x (T NS)
9 (t,x) = 9°4(t,x) Ym>0 in(0,T)x T,

u(x,0) = up(x) € L?(Ty)

Then, there exists a v that drives the solution to zero and such that

IvIl2(0, Tyxw) < C(T, a,7)luoll2(r,) (11)

v
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Controlled heat equation - Full result

Consider the following system

Oru — Au = vy in (0, T) x Ty,
w=(0,T)x (T NS)
9 (t,x) = 9°4(t,x) Ym>0 in(0,T)x T,

u(x,0) = up(x) € L?(Ty)

Then, there exists a v that drives the solution to zero and such that

IvIl2(0, Tyxw) < C(T, a,7)luoll2(r,) (11)

v

o C(T,a,7y)~e YT
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Controlled heat equation - Full result

Consider the following system

Oru — Au = vy in (0, T) x Ty,
w=(0,T)x (T NS)
9 (t,x) = 9°4(t,x) Ym>0 in(0,T)x T,

u(x,0) = up(x) € L?(Ty)

Then, there exists a v that drives the solution to zero and such that

[vIl2(0, Tyxw) < C(T, a,7)llwoll2(r)) (11)

v

o C(T,a,7y)~e YT
e C(T,a,~) is still polynomial in
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Idea of the Proof:
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Idea of the Proof:

o Set Fj = span{¢y, eigenfunction of A, | (k/L)* < bj2} with
increasing b;.
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Idea of the Proof:
o Set Fj = span{¢y, eigenfunction of A, | (k/L)* < bj2} with
increasing b;.
o [0, T] = U;>olaj, aj+1] with ag = 0 and a;41 = a; + 2T}, T; decreases
as j grows.
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Idea of the Proof:
o Set Fj = span{¢y, eigenfunction of A, | (k/L)* < bj2} with
increasing b;.
o [0, T] = U;>olaj, aj+1] with ag = 0 and a;41 = a; + 2T}, T; decreases
as j grows.

) [aJ-, aj+1] = (aj, aj + TJ] U [aj + TJ 3j+1)-
On (aj, aj + T;] we solve a controlled heat equation with a control v
that satisfies Lemma 8 with initial data in F;.
On [aj + Tj,aj;1) we solve an uncontrolled heat equation.
On both part, we estimate the L2-norm of the solution.

Michela Egidi (joint with I. Veseli¢) (German-Logvinenko-Sereda Theorems for periodic fun: 13th September 2016 20 / 25



Idea of the Proof:

° .Set F; = span{ ¢y, eigenfunction of A, | (k/L)* < bjz} with
increasing b;.

o [0, T] = U;>olaj, aj+1] with ag = 0 and a;41 = a; + 2T}, T; decreases
as j grows.

° [aj,a11] = (a,a/ + Tj]U[aj + T}, aj11).
On (aj, aj + T;] we solve a controlled heat equation with a control v
that satisfies Lemma 8 with initial data in F;.
On [aj + Tj,aj;1) we solve an uncontrolled heat equation.
On both part, we estimate the L2-norm of the solution.

@ 'Glue together’ the two estimates to infer that the solution goes to
zero at time T.
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Idea of the Proof:

° .Set F; = span{ ¢y, eigenfunction of A, | (k/L)* < bjz} with
increasing b;.

o [0, T] = U;>olaj, aj+1] with ag = 0 and a;41 = a; + 2T}, T; decreases
as j grows.

o [aj,aj1] = (g, & + Tj]U[aj + T}, aj11).
On (aj, aj + T;] we solve a controlled heat equation with a control v
that satisfies Lemma 8 with initial data in F;.
On [aj + Tj,aj;1) we solve an uncontrolled heat equation.
On both part, we estimate the L2-norm of the solution.

@ 'Glue together’ the two estimates to infer that the solution goes to
zero at time T.

: 2 _ 2

o Write ||VHL2((O,T)><TL) =250 HVHL2((aj,aj+7}]xTL) and use Lemma 8
on each interval together with estimates of the solution to get the
final estimate.
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5. Sketch of proof of Them 4
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Sketch of proof of Thm 4
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Sketch of proof of Thm 4

@ Assume p € [1,00), 2L > 1, a = 1. The case for general a follows by
a scaling argument.
Shift J by c € Z N J so that J — ¢ C [—b, b].
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a scaling argument.
Shift J by c € Z N J so that J — ¢ C [—b, b].

@ Cover T, = UJN:;l i, ‘IJ| =1
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Sketch of proof of Thm 4

@ Assume p € [1,00), 2L > 1, a = 1. The case for general a follows by
a scaling argument.
Shift J by c € Z N J so that J — ¢ C [—b, b].

e Cover T; = UJN:1 li, ;] =1.
@ Let A> 1. /; is bad if there exists o > 1 such that
120y > A (COY 1120,
and /; is good if for all & > 1 we have

172,04 < AM(CE 4.

Then, we can prove that ||fHLp (Ur oaalf) = %HfH’ZP(TL) so we can discard
the bad boxes.
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o It is all about proving

pcrb+3
)
1o < (2) 1l

as the full result follows by summing up over all good intervals /;.
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o It is all about proving

pcrb+3
)
1o < (2) 1l

as the full result follows by summing up over all good intervals /;.

e 3 B > 1 such that if /; is good there exists xo € /; such that

£ (x)] < 2B“”(CB)“"/|f|P Va0

1y
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o It is all about proving

pcrb+3
)
1o < (2) 1l

as the full result follows by summing up over all good intervals /;.

e 3 B > 1 such that if /; is good there exists xo € /; such that

£ (x)] < 2B°“’(CB)“"/|f|P Va0

Iy

o Assume [; = [-1/2,1/2] by shifting f by an appropriate n. Then, if
z € D(x,R+1/2) for x € I;, using Taylor's series we have

|f(2)] < 2P exp(Cb(R + 1/2))[If 17, (12)
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e Using a technical lemma for analytic functions, we conclude

2plog M/ log 2+1
e (B0 7
- C
NS Ij
fy 2pCb+3
N P
(27 [

where M < max|,j<a1/2|f(2)] < 21/P exp(5CB).
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e Using a technical lemma for analytic functions, we conclude

sAl 2plog M/ log 2+1
ez (B [t
KNS ¢ j
~ 2pCb+3/
~ |f|p7
)

where M < max|,j<a1/2|f(2)] < 21/P exp(5CB).

Let p € [1,00) and let ¢ be an analytic function on

D(0,5) :={z € C| |z| < b}. Let I C R be an interval of unit length such
that 0 € | and let A C | be a measurable set of non-zero measure, i.e.,
|A| > 0. Set M = max|;|<4|¢(z)| and assume that |$(0)| > 1, then

Iog M

Jiote < (w) / 5P,
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THANK YOU FOR YOUR ATTENTION
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