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The theory of DAEs
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Problem setting

Consider the Cauchy problem for the systems of differential-algebraic
equations which in a vector form have the representation as
the semilinear differential-algebraic equation (DAE)

d
g Ax(0)] + Bx(t) = £(tx), (1)

X(to) = X0, (2)
- t,t0 >0, x,x0€R?, f(t,x): [0,00) x R® — R™ is a nonlinear function;
- AB: R" — R™ are linear operators (A, B are corresponding m x n matrices),
for n = m the operator A is degenerate (noninvertible);
denote by rk(A A +B) the rank of the pencil AA+B (A € C);
The pencil AA+B is called regular if n =m =1k(AA+B) (n=m,
det(AA+B)#0). Otherwise, if n #m or n =m and rk(AA+B) <n
(det(AA+B)=0), the pencil is called singular.
Notice that the system of equations corresponding the DAE (1) with the singular
pencil may be underdetermined or overdetermined.
@ A function x(t) is called a solution of the Cauchy problem (1), (2) on some
interval [to,tl), £t < oo, if X(t) € C([to,tl),Rn), AX(t) S Cl([to,tl),Rn), X(t)
satisfies the equation (1) on [to,t1) and the initial condition (2).

©

[



Definitions. The objective of the work

The Cauchy problem (1), (2): %[Ax(t)] +Bx(t) = f(t,x), x(to) =x0

@ A solution x(t) of the Cauchy problem (1), (2) is called global if it exists on
the whole interval [tg,).

@ A solution x(t) of the Cauchy problem (1), (2) has a finite escape time if it
exists on some finite interval [to,T) and is unbounded, i.e., there exists T < o
(T > to) such that . li%n0||x(t)|| = +-00.

ST

@ A solution x(t) of the Cauchy problem (1), (2) is called Lagrange stable if it
is global and bounded, i.e., the solution x(t) exists on [tg,) and
sup. [[x(t)]] < +oo.
t€fto,)
@ A solution x(t) of the Cauchy problem (1), (2) is called Lagrange instable if
it has a finite escape time.

The objective of the work is to find conditions of the existence and uniqueness
of a global solution, as well as conditions of the boundedness of global solutions,
and to find conditions of the existence and uniqueness of a solution with finite
escape time for the semilinear DAE (1). The obtained results are applied to a
study of the dynamics of nonlinear electrical circuits.




Preliminaries [1

The nonlinear function on the right side of the DAE generates one of the main
challenge for the research of the global solvability and stability. To solve this
challenge we use, in particular, the solution extension method. The following
lemma is the generalization of La Salle’s theorem on extension of solutions of an
ordinary differential equation (ODE) [J. La Salle, S. Lefschetz, Stability by
Liapunov's direct method with applications].

Lemma. Let £(t,x) € C([0,00) x R*R™), %f(t,x) be continuous on [0,00) x R®
and there exist K(t,v) € C([0,0) x (0,%0),R) and a positive definite function
V(t,x) € C1([0,00) x R*R) such that:

1) V(t,x) =4 as ||x|| — 400 uniformly in t on every finite interval [a,b) C[0,%);

2) for any T > 0 there exists a bounded set Q1 € R, containing the origin, such

that V‘ <K(t,V(t,x)) Vx € QF, t > 0, where V|(3 = (3t + (grad V,fr(t,x))
. f(t,x), 0<t<T,
=fr(t,x), fr(tx)= 3
x=fr(tx), fr(tx) {f(T,x), t>T (T>0) 3

(fr(t,x) is the truncation of f(t,x) over t).

3) the differential inequality v < K(t,v), t > 0, has no positive solution v(t) with
finite escape time.

Then every solution x(t) of the ODE x = {(t,x) exists on the semiaxis [to,).



Preliminaries [2

@ A system of one-dimensional projectors {Oyx};_; such that @k 17— 7,
©;0; =0;0; = §;0; (§; is the Kronecker delta), and Ez = 2 Oy is called an
additive resolution of the identity in s-dimensional normed I|near space Z.

@ Let X, Z be s-dimensional normed linear spaces, D C X. An operator function
®(x): D — L(X,Z) is called basis invertible on the convex hull conv{u,v}
of vectors u,v € D if for any set of vectors {x*}$_, C conv{u,v} and some
additive resolution of the identity {©y};_; in the space Z the operator

A= % O, P(x*) € L(X,Z) has the inverse operator A~ € L(Z,X).
K=1

Let us represent the mapping ®(x) : D — L(X,Z) as the matrix relative to some
bases in the s-dimensional spaces X, Z:

¢’11 (X) s q)ls(X)
P (x) 0 DPy(x)
then the operator A has the form
¢’11 (Xl) s (Dls (Xl)
A=
P (x5) 0 Dg(x5)



The case of the regular pencil AA+ B

Recall that AA + B is regular if n = m =rk(AA +B).
Let AA + B be a regular pencil of index 1, that is
3C1,C2>0:||(AA+B) 1| <C1 VA EC:|A|>Cs. (4)

Then there exist the spectral projectors of Riss type [ A.G. Rutkas, Cauchy
problem for the equation Ax'(t) +Bx(t) = f(t)]:

1:%% (AA+B)'AdA, P,=E—P,
71T1 |A|=Ca (E is an identity operator) (5)
Q= L AAA+B) 1A, Qu=E-Q,,
21 J)A|=Cy

which decompose the space R" into direct sums of subspaces:
R*=X;+X2 =Y14+Y2, Xj=PjRY;=QR", j=1,2. (6)
A= A|Xj (X5 =Y, By = B|Xj :X;—Yj, j=1,2 are such that Ay =0,
AT e L(Y1,Xy) (if Xq # {0}), 3B3 ' € L(Y2,Xo) (if X2 # {0}).

The invertible auxiliary operator G = AP; + BP2 = Q; A+ Q2B [ L.A. Vlasenko,
Implicit linear time-dependent differential-difference equations and applications].



The case of the regular pencil AA+ B

The method of Riss type spectral projectors

Applying Q1, Q2 and G™! to the DAE (1) <L[Ax(t)] + Bx(t) = f(t,x), we obtain
the equivalent system

%(Plx) + G_IBP1X = G_lQlf(t,X),
G Qof(t,x) — Pox = 0.



The global solvability of the regular DAE

The Cauchy problem for the DAE (1), (2): %[Ax(t)] +Bx(t) =1{(t,x), x(tg) = x0.

Theorem 1. Let f(t,x) € C([0,00) x R*,R™), %f(t,x) be continuous on
[0,0) x R, AA + B be a regular pencil of index 1 and

1) Vt > 0Vxy € X1dx0 € Xo (t,Xl +X2) elyg= {(t,X) S [0,00) x R® |
Qo [Bx — f(t,x)] = 0};

2) V(t,x1 +w) € Lo, i=1,2, where x3 € Xy, u; € Xg, the operator function
®(u) = [j—x(qgf(t,xl +u))— B}P2 - X5 —L(Xa2,Y2) be basis invertible on the
convex hull conv{uy,us};

3) there exist a self-adjoint positive operator H € L(X;) and for each T >0
there exist a number Rt > 0 such that

(HPlx,G_lQlf(t,X)) <0 V(t,X) €Llg:0<t<T, HP1X|| > Rr. (7)

Then for every initial point (t9,x9) € Lo there exists a unique solution x(t)
of the Cauchy problem (1), (2) on [t,).

Corollary 1. Suppose that in Theorem 1 the projection Q1f is of the form
Q1f(t,x) =S1(t)P1x+ Y(t,x) +e(t), where S1(t) € C([0,0),L(X1,Y1)),

Y(t,x) € C([0,00) x R, Y7), % is continuous on [0,00) X R™, e(t) € C([0,0),R™).

Then Theorem 1 remains valid if instead of (7) the condition
(HP1x,G 1(t,x)) <0 V(t,x) €Lo:0 <t < T, ||P1x| > R is fulfilled.



The global solvability of ODEs

Notice that if n = m and the operator A ;: R® — R" is invertible
(nondegenerate), then the semilinear DAE (1) < [Ax(t)]+ Bx(t) = f(t,x) is
equivalent to the ODE £-x(t) + A7!Bx(t) = A~ f(t,x).

In this case Corollary 1 may be represented in the following form.

Theorem ( The existence and uniqueness theorem of the ODE global solution).
Let F(t,x) € C([0,00) x R",R"), % be continuous on [0,0) x R®, S is a real
n x n matrix, e(t) € C([0,»),R*) and
there exist the matrix H=H* > 0 and for each T > 0 there exist Rt > 0 such
that

(Hx,F(t,x)) <0, 0<t<T, |x]|>Rr.

Then for every initial point (to,x0) € [0,00) x R™ there exists a unique solution of
the Cauchy problem for the ODE x(t) = Sx(t) + F(t,x) +e(t), x(to) =xo
on [tp,).



The model of a hybrid four-pole radio

An input current I, an input voltage Uy,
nonlinear resistances ¢1, ¢2, ¢3,

a nonlinear conductance h,

linear resistances rq, ro, 3,

a linear conductance g,

an inductance L and

a capacitance C are given.

Let I3 (t), Uy (t) € C([0,0),R),

h(y), ¢1(y), $2(v), $3(v) € C'(R,R),

ry, rg, r3, g, L, C>0.

The model of the circuit Fig. 1 is described

by the system with the variables

X1 :IL, X2 = Uc, X3 :Ig, X4 = 142
L%xl—krle:Ul(t)—(pl(xl), (

C%Xg +gxo—x3=I;(t) —h(x2), (
—X2 —13X3 = P3(x3) — P2(x4), (1
ro(x3+x4) = Up(t) — Pa(xq). (1
The vector form of the system is the DAE

d
prS [Ax(t)] 4+ Bx(t) = f(t,x), (12)

where x = (x1,x2,x3,x4)T € R4
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Fig. 1. The electric circuit diagram
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The model of a hybrid four-pole radio engineering

It is easy to verify that AA + B is a regular pencil of index 1.
The projection matrices Py, Qi, k = 1,2, and the matrix G~! have the form

1 0 0 0 0 0 0 0 1 0 0 0
po_[0 1 00} [0 0 00 o1 5t o0
1= 0 _rgl 0 0 s 2= 0 I‘gl 1 0 5 Ql = 0 0 0 0 s
0 r3' 0 0 0 -r;' 0 1 00 0 0
0 0 0 0 L1 0 0 0
-1 -1
o o0 3t oo 1 0 C —(r3Q) 0
Q={y o % oS =] 0o - (r30)' —rzt4rz?cTt 0
00 0 1 0 (rgc)—l r?:1 —rng* r;l
The projections of the vector x have the form
X1 Z1 0 ug
. B X2 B 79 B B 0 B Us
z=Pix= —rgl)(g e u="Pox= X3 + rgle =
r:;lXQ Z4 X4 — rglxz Ug



The model of a hybrid four-pole radio engineering

Conclusions. Let the following conditions be fulfilled:
1) Vt > 0Vz2 € R3u3,uyq € R such that
{ —r3u3 = P3(ug — 13 22) — P2 (s +15 ' 22), (13)
ra(uz+ug) = U (t) — do(ug +15" 29);
2) for any v, w € Xj satisfying (13) under u=v and u=w, the condition
é(u4+f +r2] [¢3(u3 E)+r3] +r2¢2(u4+€) #0, & eR, is fulfilled for any
= (u¥,uk, vk, uf)T € conv{v,w}, k=1,2;
3) —x16¢1(x1) — 3x2h(x2) +3r3 x3 +3xox3 <0 VxeR*: /x? +x3(1+ %) >R, (11).

(9

uk =

Then by Corollary 1 for every initial point (t,xo) € [0,0) x R?* satisfying the
algebraic equations (10), (11) there exists a unique solution of the Cauchy problem
for the DAE (12), x(to) = xo on [to,®) (x(to) = (IL(to), Uc(to),I3(to).La(t0)) ™).

It means that for any initial moment to and any initial currents and voltages
IL(to), Uc(to), Is(to), La(to) satisfying —Uc(to) —r3I3(to)=¢3(I3(t0)) — d2(I4(to)),
r2(I5(to) +14(t0))=U1(to) — ¢2(I4(to)) there exists a unique distribution of the
currents and voltages in the circuit Fig. 1 for all t > tg.

The particular case. The conditions of Corollary 1 are satisfied for
$1(y) = ary®™ ™, h(y) = aay®*, ¢s3(y) = asy® !, da(y) = asy® ', yeR,
m,n,r,seEN, o >0,k=14.



Lagrange stabilit

The Cauchy problem (1), (2): %[Ax(t)] +Bx(t) = f(tx),  x(to) = xo.

@ A solution x(t) of the Cauchy problem (1), (2) is called Lagrange stable if it
is global and bounded, i.e., the solution x(t) exists on [tg,) and

sup |x(t)[| < +o.
t€[to,e)

@ The equation (1) is Lagrange stable if every solution of the Cauchy
problem (1), (2) is Lagrange stable.
@ A solution x(t) of the Cauchy problem (1), (2) has a finite escape time if it
exists on some finite interval [to,T) and is unbounded (t li{pOHx(t)H = +00).
ST

@ The equation (1) is Lagrange instable if every solution of the Cauchy
problem (1), (2) has a finite escape time.



The Cauchy problem (1), (2): %[Ax(t)] +Bx(t) = {(t,x), x(tg) = xo.
Theorem 2. Let f(t,x) € C([0,00) x R*,R™), %f(t,x) be continuous on
[0,0) x R, AA + B be a regular pencil of index 1 and
1) Vt>0Vxy € X1 3Ixa€Xa : (t,x1 +x2) €L = {(t,x) €[0,00) xR™ | Q2[Bx — f(t,x)] = 0};
2) ¥(t,x1 +u;) € Lo, i = 1,2, where x; € X1, u; € X2, the operator function
®(u)= [%(ng(t,xl +u)) —B] Py: Xo—L(X2,Y2) be basis invertible on conv{uj,us};
3) for some self-adjoint positive operator H € L(X;) and some number R >0
there exist functions k(t) € C([0,),R), U(v) € C((0,0),(0,0)) such that

00

Jr
= 1 (HP;x,P1x), J 1oy = +o0 (¢ > 0) and

(HPx,G ' [-BP1x+ Q:f(t,x)]) < k(t)U(v) V(t,x) € Lo: |[|P1x| > R.
Then for every initial point (to,xg) € Ly there exists a unique solution x(t)
of the Cauchy problem (1), (2) on [t,).

If, additionally, f k(t)dt < 4o and 3C,M > 0 such that

|G1Qaf (t,P1x)|| < C Vt € [0,0), ||P1x|| <M, then for the initial points
(to,x0) € Lo the equation (1) is Lagrange stable.



The Cauchy problem (1), (2): % [Ax(t)] + Bx(t) = £(t,x), x(to) = xo.
Theorem 3. Let {(t,x) € C([0,0) x R*,R"), %f(t,x) be continuous on
[0,00) x R", AA + B be a regular pencil of index 1 and
1) Vt>0Vxy € X1 Ixa€Xa : (t,x1 +x2) €L = {(t,x) €[0,00) xR™ | Q2[Bx — f(t,x)] = 0};
2) V(t,x1 +u;) € Lo, i =1,2, where x; € X3, u; € X2, the operator function
®(u)= [%(sz(t,xl +u)) —B] Py: X9 —L(X2,Y2) be basis invertible on conv{uj,ua};
3) there exist a region Q C X; such that Pyx=0¢ Q and the component
P1x(t) of every existing solution x(t) with the initial point (to,xo) € Lo, where
Pixg € Q, remains all the time in Q;

4) for some self-adjoint positive operator H € L(X;) there exist functions
k(t) € C([0,0),R), U(v) € C((0,),(0,0)) such that v = (HP1x,P1x),

+oo oo
<t (¢>0), [ k(t)dt =0 and
c to
(HP1x,G ' [=BPix+ Qif(t,x)]) > k(t)U(v) V(t,x) €Lg:Pix€Q.

Then for every initial point (t9,xg) € Lo, where P1xq € Q, there exists a
unique solution of the Cauchy problem (1), (2) and this solution has a finite
escape time.



The numerical method for solving

Consider the Cauchy problem (1), (2): & [Ax(t)] + Bx(t) = f(t,x), x(to) =xo,
where AA + B is a regular pencil of index 1.
{ti =to+1ih,i=0,...,N, t5y =T} is a uniform grid on an interval [to,T] (h = (T —tg)/N).

z =P1x, u= Psx are the projections of the vector x = z+u € R™ onto the subspaces
X1, X2 correspondingly;

xi =z +uj, i=0,...,N are the values of an approximate solution of the problem at t;.

E is the identity n x n matrix.

Initial values zg, ug are chosen so that the consistency condition
ug = G71Qaf(tg,z0 +up) is satisfied (the condition (tg,xq) €Lg of the theorems).

The numerical method:

X0 :Z0+u0, Zi+1 = (E—hG_lB)Zi+hG_1Q1f(ti,Zi+ui), (14)

Ujt1 = {E—GleQ%f(tiH,ziH—Fui)} GilQQX (15)
X [f(tiH,ZiH +u)— %f(tiJrleiJrl + ui)ui] ;
Xit1 = Zi+1 + Uir1, 1=0,..,N—1, (16)

The spectral projectors of Riss type can be calculated by the formulas

-1 -1
P, :Re(?(W), Q :Res(%), Py=E-P;, Q=E-Q
“:



Input currents 1y, Io,
nonlinear resistances @1, ¢o,
nonlinear conductances hy, ho, LY\,
linear resistances ry, ro, L

a linear conductance g, hy Uc] J: c ” 2 i

an inductance L and
a capacitance C are given.

Let I;(t),I2(t) € C([0,»),R), 2
$1(y), $2(v),h1(y) ha(y) eC*(R,R), o
ry, ro, g L, C>0.

The model of Fig. 2 is described
by the system with the variables

x1=1p,, x2 =1Ir, x3 =Ug, y(x1) =h1(d1(x1)): 0 L0
4 A=|1 0 0 C
L§ix2 —r1X1 +raxe —x3 = ¢1(x1) +11 Y(x1) — P2 (x2), (17) 0 0 0
Cfxg—x1 +gx3 =Iz(t) + y(x1) —ha(x3), (18) -1 1o -1
x1+x2 =11 (t) = y(x1). (199 B=| -1 0 g
The vector form of the system is the DAE 1 10
d $1(x1) +r1y(x1) — P2(x2)
—[Ax(t)] + Bx(t) = {(t,x), 20
au OB O g < | ) 4y ()
where x = (x1,x2,x3)" €R L1 (t) — y(x1)



The model of an impedance four-pole radio engineering
It is easy to verify that AA + B is a regular pencil of index 1.

Let the following conditions be fulfilled:
1) Vt > 0Vx2 € R3w € R such that
w=1I(t) — y(w—x2). (21)
2) for any w1, wo € R satisfying (21) the condition y'(w —x3) # —1 is fulfilled
for any w € conv{wy,w2}, x2 €R;
3) there exist R > 0 and functions k(t) € C([0,»),R), U(v) € C((0,00),(0,00))

00

such that v = Lx3 + Cx3, % =00 and —(r1 +12)x3 — gx3 — XoPa(x2)—

—x3ho(x3) + X201 (x1) + r1x211 (t) + x312(t) < k(t)U(v) Vt>0,4/2x3+x3 >R.

Then by Theorem 2 for every initial point (tg,x°) € [0,00) x R? satisfying
x§ +x9 =T (t) — y(x9) there exists a unique solution x(t) of the Cauchy problem
for the DAE (20), x(to) = x° on [tg,%)
(x? = (xPxGx) T, x(to) = (I, (to),IL(t), Uc(to)) ™).
too
If, additionally, [ k(t)dt <+o and IC,M >0: sup max |I;(t)—y(z1)| < C,
to te[0,e0) l21 /<M
then for the initial points (to,x°) satisfying x{ +x3 =1 (t) — y(x9) the equation
(20) is Lagrange stable.



The model of an impedance four-pole radio engineering

It means that if the aforementioned conditions are fulfilled, then for any initial
moment to and any initial currents and voltage Ig, (to), Ir.(to), Uc(to) satisfying
Ip, (to) +1In(to) =11 (to) — y(Ig, (to)) there exists a unique distribution of the
currents and voltages in the circuit Fig. 2 for all t > tg.

The currents and voltages for the obtained distribution are bounded for all

400
t > to (Lagrange stability) if [ k(t)dt < 4+ and there exist M1, My > 0 such
to

that sup max |I1(t) — y(z1)| < Mj.
t€[0,00) 121 [<M2



The model of an impedance four-pole radio engineering

The particular cases.

d1(y) = a1y?, 92(y) = a2y?, (22)
ha(y) = asy®, y(y) =hi(¢1(y)) = oay?, ai > 0;

¢1(y) = aisin(y), ¢2(y) = azsin(y), (23)
ha(y) = ascos(y), Y(y) = 0.5cos(cos(y)), ax > 0,y € R

The conditions of Theorem 2 (the aforementioned conditions) are fulfilled for
the nonlinear resistances and conductances of the form (22) or (23).
The existing currents and voltages are bounded if
+o0
sup [I;(t)| <o and sup |[Ia(t)| <o or [ [I2(t)|dt < +oo.
te[0,) te[0,) to
In particular, these requirements are fulfilled for input currents of the form
_(=qp)?

L (t) = bee ®" T (t) =bge % ,I(t) = bsin(wct + ), (24)

where a, > 0, by, Ok, di, wx €R, 6 € [0,27'[], k=1,2.



The model of an impedance four-pole radio engineering

L=0.5nH, C=0.4 pF, r; =0.02 ohm, ro = 0.01 ohm, g=0.2 ohm~".

¢1(y)=sin(y), ¢2(y)=sin(y), ha(y) =cos(y), y(y)=0.5cos(cos(y)),
I, (t) =50sin(0.5t — 1.6), I,(t) =50sin(t), to=0, xo = (0,—50.2488,0)7.
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Fig. 5. The current Ip,(t)



The model of an impedance four-pole radio engineering

L=0.5nH, C=0.4 pF, r; =0.02 ohm, r5 = 0.01 ohm, g =0.2 ohm™!

$1(y)=0.1y%, $2(y)=0.1y>, ha(y)=0.1y°, y(y)=0.1y?,
I (t)=0.1t, I(t)=0.001t2, tg=0, xo = (0,0,0)T.

0 50 100 150 200 250 300 350 400 450 500 50 100 150 ZDO 250 300 350 400 450 500

Fig. 6. The current Iy, (t) Flg 7. The current Iy, (t)
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Fig. 8. The current I.(t)



The model of a radio engineering

A voltage source e(t),
nonlinear resistances ¢, ¢qg, Y,
a nonlinear conductance h,
a linear resistance r,
a linear conductance g,
an inductance L and
a capacitance C are given.
Let e(t) € C([0,0),R),
$(v): $o(y), ¥(y),h(y) € C'(R,R),
r,g L, C>0.

The model of the circuit Fig. 9 is described
by the system with the variables

Fig. 9. The electric circuit diagram

x1 =11, xo=Ug, x3=1: L 0 0
Lim +x2+rx3 = e(t) —Po(x1) — P(x3), (25) A= 0 C 0
dt d 0 0 0
Cgpxe Tex2 —x3 = —h(x2), (26) 0 1 r
x241x3 = P(x1 —x3) — P(x3). (27) B=|0 g -1
0 1

The vecto(; form of the system is the DAE oft) ¢0(X1§— 6 (x3)

S ax]+Bx(t) = f(tx),  (28)  H(tx) = ~h(x2)
where x = (x1,x2,x3)T € R3 Y(x1 —x3) — $(xs)



grange stability of the model of a radio engineering

It is easy to verify that AA + B is a regular pencil of index 1.

Let the following conditions be fulfilled:
1) for any a,b € R there exists w € R such that
rw=a—b—w)—@(b+w); (29)
2) for any a,b,wi,wy € R satisfying (29) the condition
Y (a—b—w)+¢'(b+w)# —ris fulfilled for any w € conv{wy,wa};
3) there exist R > 0 and functions k(t) € C([0,%),R), U(v) € C((0,%0),(0,00))
Yoo

such that v = Lx? + Crx3, Ud(‘\’,) =+ and —(gr+1)x3—x1¢0(x1)+

+(x2 —x1)P(x1 — x3) —rx2h(x2) —x2¢ (x3) +x16(t) < k(t)U(V) for any
(t,x) € [0,0) x R3 such that \/x2+ (1+1r2)x3 >R

Then by Theorem 2 for any initial moment ty and any initial currents and
voltage I,(to), Uc(to), I(to) satisfying Uc(to) +1I(to) = Y(IL(to) —I(to))—
—@(I(to)) there exists a unique distribution of the currents and voltages in the
circuit Fig. 9 for all t > tg.

The currents and voltages for the obtained distribution are bounded for all
+00
t > to (Lagrange stability) if [ k(t)dt < co.
to



The particular cases.

do(y) = ony™ 1, o (y) = aoy® 1, W(y) = asy® !, h(y) = auy™ (30)
a;>0,krjseN;

do(y) = ony®™ 1, ¢(y) = azsiny, Y(y) = azsiny, h(y) = aysiny, (31)
a; >0,keN.
The conditions of Theorem 2 (the aforementioned conditions) are fulfilled for
the nonlinear resistances and conductances of the form (30) if j <k, j <s and a3

is sufficiently small, and for the nonlinear resistances and conductances of the
form (31) if ax + a3 <r.
The existing currents and voltages are bounded (in both cases) if
400
sup le(t)] <o or [ |e(t)|dt < oo.
t€[0,00) to

In particular, these requirements are fulfilled for voltages of the form
_a)2

_(t—a)
e(t)=b(t+a) ™ e(t) =be *, e(t) =be o2  e(t)=bsin(wt+0), (32)
where a >0, b,0,weR, n€N, 8 €0,2m].



Lagrange stability. The numerical solution

L=0.5nH, C=0.5 pF, r =2 ohm, g =0.2 ohm™1, t; =0, xo = (0,0,0)T,
$o(y) =v* ¢(v) =y°, h(y) =v* @(y) =y e(t) = 100e *sin(5t)

x10°

L L L L L L
5 0 5 10 15 20 25 30

Fig. 12. The current I(t)
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L=0.3nH, C=0.5 pF, r=2.6 ohm, g=0.2 ohm™!, t; =0, xo = (7T/6,0.5,0)T,
do(y) =y3, ¢(y) =siny, Y(y) =siny, h(y) =siny, e(t) = 200sin(0.5t) — 0.2

35
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of " 01
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SO IR0 0 LI L A A0SO ottt dttabvob sl
o 100 200 300 400 500 600 700 800 900 1000 o 100 200 300 400 500 600 700 800 900 1000
t t
Fig. 13. The current Iy, (t) Fig. 14. The voltage Uc(t)
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Fig. 15. The current I(t)



Lagrange stability. The numerical solution
L =50 pH, C=1 pF, r =0.001 ohm, g=1 ohm™!, t4 =0, x¢ = (0,0,0)T
$o(y) =v* ¢(v) =y°, W(y) =y°, h(y) = 0.01y%, e(t) = 2sint

x10

(
Uc(t)

10 20 30 40 50 60 70 80 % 100 o 10 20 30 40 50 60 70 80 % 100

Fig. 16. The current I, (t) Fig. 17. The voltage Uc(t)
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t
Fig. 18. The current I(t)



grange instability of the radio engineering device model

Consider the system (25)—(27) with the nonlinear resistances and conductance

$o(y) = —y* ¢(y) =y’, ¥(y)=y°, h(y) =y". (33)
It is assumed that there exists M, = sup |e(t)] < +o. Choose
tE[tQ,OO)
Q= {(xl,xz)T €ER?|x; >my,my = max{l—i—\/Me, ¥/g+1r-1,3CL1,
\/max{Sfl(L(rC)*l—r),O}},Xz < —rx; — X5 —mg, (34)

my = max{g — ZCLlr,O}}.

Then by Theorem 3 for any initial moment to and any initial currents and
voltage Ir.(to), Uc(to), I(to) satisfying Uc(to) +1I(to) = Y(IL(to) —I(to))—
—¢(I(to)) and such that (Ir,(to),Uc(to))™ € Q there exists a unique distribution
of the currents and voltages in the circuit Fig. 9 only for to <t < T ([to,T) is
some finite interval ) and the currents and voltages are unbounded.

It means that there exists a unique solution of the Cauchy problem for the DAE
(28) with the functions (33), e(t) such that sup [e(t)] < +oo, and the initial

t€fto,)
condition x(tg) = (I.(to), Uc(to),I(to))T, and this solution has a finite escape
time.



. The numerical solution

L=10 pH, C=0.5 pF, r=2 ohm, g=0.2 ohm™!, xo = (2.45, — 20.625125,2.5)"
do(x1)=—x2, ¢(X3):x§, h(xg)=x3, P(x1 —x3)=(x1 —x3)3, e(t)=2sint, to=0

10* 10
5500 45
5000 0 Rl A
4500 = .
4000
3500 -4 3
3000 . 25
= £ -6 =
i s =
8 15
1500
1000 0 B
05
500 2
0
-14
0 0.005 001 0015 002 0025 [ 0.005 001 0015 002 0025 0 0.005 001 0015 002 0025
t t t

Fig. 19. The current Ir,(t) Fig. 20. The voltage Uc(t) Fig. 21. The current I(t)



L=5pH, C=0.5 pF, r=2 ohm, g=10.5 ohm™!,
do(x1) = —x3, d(x3) =x3, h(xz) =x3, Y(x1 —x3) = (x1 —x3)%, e(t) =0,
to=0, xo = (1.1, —4.129,1.2)T

10 10 10*
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= = -15 . 6
£ < el
=, 5 =
-2 4
-25 2
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-35
0 002 004 006 008 01 012 014 0 002 004 006 008 01 012 014 0 002 004 006 008 01 012 014
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Fig. 22. The current I,(t) Fig. 23. The voltage Uc(t) Fig. 24. The current I(t)



The case of the singular pencil AA+ B

The block structure of the DAE operator coefficients [3]
Recall that AA + B is singular if n #m or n=m and rk(AA+B) <n.
There exist the direct decompositions of spaces
R” = X +X; = Xg, + X5, + Xy, R™=Ys+Y, =Yg, +Ys, +Yr (35)
such that the singular operator pencil A A + B takes the block form

( AAg + By 0 ) AAg+Bs : Xs — Y is a purely singular pencil,

0 AA +B; AA;+ B Xy — Y, is a regular pencil. (36)

We introduce the projectors onto subspaces of the decompositions (35):
S:R"=Xs, FIR™" =Yg, Si:R*—= X, Fi:R" =Y, PR =X, Q:R™"=Y,.

A 0 B B ; '
Ag= ( 0 0 >vBS - < Boy o > Xy X, 2 Yo=Y +Ys,,  (37)
FAgen Agen=F1AS1[x Been=F1BSi|x Buna=F1BS2|x ,Bov=FaBSilx

@ If rk(AA+B) =m <n, the corresponding system of equations is underdetermined:
As = (Agen 0)7 Bs = (Bgen Bund) : Xs1 ‘."st — Ys> Ys = Ys1 ) YS2 = {0} (38)

@ If rk(AA+B) =n <m, the corresponding system of equations is overdetermined:

0 Bov

AS:( Agen ) BS:( Bgen ) 1 Xs = Yo, +Ys,,quadXs = X, , Xs, = {0}. (39)



The case of the singular pencil AA+ B

It is assumed that A A, + By is a regular pencil of index 1: (4).
Then there exist the real spectral projectors of Riss type f)i (X — X, Qi Y=Y,
i=1,2, which decompose spaces X;, Y, into direct sums of subspaces

Xy =X1+X2, Yr=Yi+Ya. (40)
Ar—< A 0 ) : Br—< B 0 ) X1+ Xo — Y1+Ys. (41)
0 0 0 Bo
By P;: R® — X;, Qi: R™ —Y; denote the extensions of the projectors P, Qi.

To construct the subspaces X, Ys, Xg;, Ys;, i=1,2, X;, Y, and the corresponding
projectors it is necessary to examine solutions of (AA+B)x =0, (A AT+BT)y =0.

With respect to the decompositions (35), (40) any vector x € R™ can be uniquely
represented as the sum

X =ZXs, +Xg, +X1+X2, X5 =5ix€Xg;, xi =PixeXj,i=1,2.

The DAE (1) %[Ax(t)] +Bx(t) = f(t,x) is equivalent to the system

d
a(AgenXsJ +Bgenxs1 +Bundst = Flf(tvx)> (42)
Bovxs; —Faf(t,x) =0, (43)
d
E(A1X1)+B1X1 :Qlf(t,x), (44)
Qaf(t,x) —Baxa =0. (45)



The global solvability of the singular DAE

The Cauchy problem (1), (2): % [Ax(t)] + Bx(t) = £(t,x), x(to) = xo.

Theorem 4. Let f(t,x) € C([0,00) x R*,R™), %f(t,x) be continuous on
[0,00) x R™ and A A + B be a singular pencil with the regular component
AA, + B, of index 1. Suppose

1) Vt > 0Vxg, € X, Vx1 € Xq3xg, € X, Ju € Xo @ (t,%s; + X5y +x1+1) €
€ Lo ={(t,x) €0,00) x R* | (F2 + Q2)[Bx—1{(t,x)] = 0};

2) V(t,%s; +Xsy +x1+1;) € Lo, i=1,2, where u; € X5, the operator function
d(u) = [{,i (Qaf(txs, + Xy + %1+ 1)) — B} Py : Xy — L(X2,Ys) is basis invertible
on conv{uy,us}.

3) there exist self-adjoint positive operators Hy € L(Xj, ), Hy € L(X;) and for
each T > 0 there exists Rt > 0 such that

(H1S1x, A0 F1f(t,x)) + (HoP1x, AT T Quf(tx)) <0 V(tx) € Lo :

0<t<T,[(S:+P1)x]| = Rr.

Then for every initial point (t9,xo) € Ly there exists a solution x(t) of the
Cauchy problem (1), (2) on [tg,»), and if rk(AA + B) =n < m, the solution
is unique.

(46)



Theorem 5. Let {(t,x) € C([0,00) x R* R™), %f(t,x) be continuous on
[0,00) x R*, AA+ B be a singular pencil with the regular component A A, + B, of
index 1 and the conditions 1), 2) of Theorem 4 be fulfilled. Suppose there exist
self-adjoint positive operators H; € L(Xy, ), Ho € L(X;), number R >0 and
functions U(v) € C((0,00),(0,0)), k(t) € C([0,0),R), @,(t) € C([0,0),Xs,) such
that (t,S1x+ @,(t) + Px) €L for all t€[0,0), v=21[(H;S1x,51x)+ (HaP1x,P1x)],

+00

o1y = @ (¢>0) and (HiSix, A L F1[-BSix — B, (t) +£(tx)]) +
+(HoPix, A7 Qi [-BPix +£(t,x)]) <k(t)U(v) V(tx)€Lp:

OStST, ||(Sl+P1)X|| >Rr.

Then for every initial point (to,x¢) € Ly there exists a unique solution x(t)
of the Cauchy problem (1), (2) (& [Ax(t)]+Bx(t) = £(t,x), x(to) =x0) on [tg,®),
for which a choice of the function @, with the initial value @, (to) = S2x0
uniquely defines the component Syx(t) = @, (t) when rk(AA+B)=m < n.

400
If, additionally, | k(t)dt <o, sup |@,(t)|| <o and 3Cy,Ce,M,K > 0 such
to t€[0,00)
that ||Qaf (t,Sx 4+ P1x)|| < Cy for all t € [0,00), ||Sx+P1x|| <M, and
IF2f(t,x)]| <Cq for all t€[0,0), ||x|| <K, then for the initial points (tg,x0) € Lo
the equation (1) is Lagrange stable when substituted Sax = @, (t), if
rk(AA+B) =1 < m the component Sox is absent.




Theorem 6. Let {(t,x) € C([0,00) x R* R™), %f(t,x) be continuous on
[0,00) x R®, AA+ B be a singular pencil with the regular component A A, + B, of
index 1 and the conditions 1), 2) of Theorem 4 be fulfilled. Let there exist a
region Q C XSH—Xl such that (S; +P1)x =0¢ Q and the component
(S1+P1)x(t) of every existing solution x(t) with the initial point (to,x0) € Lo,
where (S1 +P1)xg € Q, remains all the time in Q. Suppose there exist self-adjoint
positive operators Hy € L(Xj, ), Ha € L(X;) and functions k(t) € C([0,0),R),
@, (t) € C([0,2),Xs,), U(v) € C((0,0),(0,0)) such that
(t Six+@,(t)+Px) € LO for all t € [0,0), v = 2 [(H1S1x,91%) + (HoP1x,P1x)],

f Ty dv < (c>0), fk(t)dt:ooand

(Hlle AgenFl[ BSix— B%2 (t) + f(t,X)]) + (H2P1X7AI1Q1 [_BPlx + f(t,X)]) 2>
Zk(t)U(V) V(t,X)ELO : (Sl +P1)XE Q.

Then for every initial point (t9,x0) € Lo, where (S; +P1)xo € Q, there
exists a unique solution x(t) of the Cauchy problem (1), (2)
(& [Ax(t)] +Bx(t) = f(t.x), x(to) = x0), for which a choice of the function @, with
the initial value @, (to) = Saxo uniquely defines the component Sox(t) = @, (t)
when rk(AA +B) =m < n, and this solution has a finite escape time.



Research of a mathematical model in the incomplete data conditions
To uniquely define the internal state of the quadripole electric circuit it is
necessary to know two input parameters.

In given case, the investigation of a mathematical model in the conditions

of incomplete data is make, because only one input parameter (the current I(t))
is given.

p!

[+

O

Fig. 25. The electric circuit diagram of the quadripole

An input current I(t) € C([0,»),R), a nonlinear resistance ¢(y) € C1(R,R), a
nonlinear conductance h(y) € C!(R,R), linear resistances 11, r2, an inductance L
and a capacitance C are given, r1, ro, L, C > 0.
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Research of a mathematical model in the incomplete data conditions

The model of the circuit Fig. 25 [4] is described by the underdetermined
system of equations with the variables
X1 = IL, Xo = Uc, X3 = Il, X4 = IQZ

dx
Ld_tl +TIo9X] —X9—I1X3 = —(I)(Xl), (47)
c% —x3s—x4 = —h(x), (48)
X1+X3 = I(t) (49)
The vector form of the system is the DAE
S [ax (1)) +Bx(t) = £(1%), (50)
L 0 0 O Io —1 —I7 0
A=fo0o CoO0O0O]|, B=f{ 0 0 -1 -1/,
0 0 0O 1 0 1 0
—¢(x1) X
ftx)=| —hixe) |, x=| 2 [er?
X3
I(t) X4

AA+B — is a singular pencil.



Research of a mathematical model in the incomplete data conditions

Let there exist number R > 0 and functions k(t) € C([0,0),R),

U(v) € C((0,),(0,00)) such that v = 1(Lx? + Cx3), HO% = o0 and for any
t €[0,00), \/3x3 +x35 > R the following condition is fulfilled:
—(1"2 + rl)xf — X1¢ (Xl) — Xgh(Xg) +X1X2 + E(t)XQ + rlxll(t) < k(t) U(V)

Then by Theorem 5 for any initial values to >0,
x0 = (IL(tQ),UC (to),ll (to),lg(to))T satisfying IL(tQ) +11(t0) = I(to) there exists
a unique solution x(t) of the equation (50) on [tg,%) with the initial condition
x(tg) = x", where the component Sox(t) = (0,0,0,&(t))T, &(t) € C([0,),R), is
chosen such that &(tg) = I1(to) + Ia(to).

If, additionally, sup |I(t)] <o, sup |&(t)] < and Jrfwk(t) dt < oo, the

t€[0,00) t€[0,00) to

solution x(t) will be bounded.

The conditions of Theorem 5 are satisfied for the particular case:
o(y) =1y h(y) = azy* !, where k,r€N, o; >0,i=1,2, y € R, and

sup [1(6)] < e, sup &(t)] < co.

t€[0,00) t€[0,00)



The inverse problem for the two-pole radio engineering

Consider the following inverse problem for the two-pole radio engineering filter
(the bipole) shown in Fig. 26. Let us verify that by selecting an input current
I=1(t) and corresponding initial data it is possible to ensure the evolution of a
current Iy within the bipole so that it will be equal to a given function Iy =1;(t),
to <t < oo,

Fig. 26. The electric circuit diagram of the bipole

Here an inductance L, a capacitance C, linear resistances r (k=1,4) and
conductivity g are positive real parameters; functions
¢1(y), 3(y), h(y) € C1(R,R) characterize nonlinear resistances and conductivity;
I(t), I, (t) € C(]0,),R) are the given currents.
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The model of the circuit Fig. 26 [5] is described by the overdetermined system
of equations with the variables x; =1Ir,, xo = Ug, x3 =1y,

d
L%+(T2+T3)Xl = 12l (t) + ¢1(x3) — P3(x1), (51)
d
c§+gx2 = L(t)—h(xs), (52)
Xo —I2X1 = I I(t) — (1'1 =+ 1'2) Il(t), (53)
x1+x3 = I(t) —q¢i(x3). (54)
The vector form of the system is the DAE
%[Ax(t)] + Bx(t) = f(t,x), (55)
L 0 O ro+r3 0 O <
1o cCco _ 0 g0 N
A=l o oo ['B7] = 1 o0 'X_(Xz)’
0 0 0 1 01 3
r211(t) + ¢1(x3) — P3(x1)
f(t,x) = l1(t) ~h(x) . tk(AA+B)=3.

Iy I(t) — (1“1 + 1“2)11 (t)
I(t) —ai(x3)
AA+B —is a singular pencil.



The inverse problem for the two-pole radio engineering

The particular cases.

$1(y) = a1y 1 93(y) = a2y¥ 1 h(y) = azy* L kjreN,a; >0, (56)

¢1(y) = ausin(y), ¢s(y) = azsin(y), ha(y) = agsin(y), o > 0. (57)
By Theorem 5 for any initial values to > 0, x° = (IL(t0),Uc(to).Ig, (to))
)

P Uc(to)—rQIL(to) —rlI(to) (1"1+I“2 Il( )
tisf
sanslying { I (to) + I, (to) = 1(t0) — a1 (Ip, (t0))
solution x(t) of the Cauchy problem for the DAE (55) on [tg,%) with the initial
condition x(tg) = x? if:

there exists a unique

@ the nonlinear functions have the form (56), a; is sufficiently small and
L#C(ra+4r3)/g, k<jorL=C(rz+r3)/g, k <j,r.
@ the nonlinear functions have the form (57) and a7 <r4.

The solution is bounded (in both cases) if sup |I(t)| <o and sup [I;(t)] < co.
te[0,) t€[0,0)
In particular, these requirements are fulfilled for currents of the form
I(t) = byt "1, Il(t) =bot™"2, I} (t) = ble_alt, I(t) = b2e—a2t'
_ (t—ap)?  (t—ag)?
Li(t)=be °  I(t)=bge % , Ij(t)=bysin(wt+6),
I(t) = besin(wyt + 6;), where n € N, a, > 0, by, 0, W €R, 6 € [0,2m], k=1,2.




References

1. M.S. Filipkovska, Extension of solutions of semilinear differential-algebraic
equations and applications to nonlinear radiotechnics, Bulletin of V. Karazin
Kharkiv National University. Ser. Mathematical Modeling. Information Technology.
Automated Control Systems 19 (1015) (2012), 306—319 (in Russian).

2. A.G. Rutkas, M.S. Filipkovska, Extension of solutions of one class of
differential-algebraic equations, The Journal of Computational and Applied
Mathematics, 1 (2013), 135-145 (in Russian).

3. M.S. Filipkovska, Lagrange stability and numerical method for solving
semilinear descriptor equations, Bulletin of V. Karazin Kharkiv National University.
Ser. Mathematical Modeling. Information Technology. Automated Control
Systems 26 (1156) (2015), 152-167 (in Russian).

4. M. Filipkovskaya, Global solvability of singular semilinear differential
equations and applications to nonlinear radio engineering, Challenges of modern
technology, 6 (1) (2015), 3-13.

5. M.S. Filipkovska, The global solvability of the overdetermined singular system
of differential-algebraic equations and applications of radiotechnics,
Radioelectronics and Informatics, 64 (2014), 7-16.



Thank you for your attention!
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