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INTRODUCTION:
BEYOND
PURE PERIODICITY



−divA(x1/ε, x2)∇uε + uε = f in R ×T

Analytic perturbation theory?

Before

A(0) = −divx A∇x on L2(0, 1)
N = ker(A(0)) ≃ C

Now

A(0) = −divx1
A∇x1

on L2((0, 1) ×T)
N = ker(A(0)) ≃ L2(T)
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Suslina • 2004

A(x) = (A11(x) 0
0 A22(x))

⇓

∥(−divA(x1/ε, x2)∇+1)−1
− (−divA0(x2)∇+1)−1∥B(L2)⩽Cε



PROBLEM FORMULATION



d1 the number of periodic directions

d2 the number of non-periodic directions

Λ a lattice in Rd1 with basic cell Ω
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Example: Λ = Z
d1, Ω = [−1/2, 1/2)d1

Ω



d1 the number of periodic directions

d2 the number of non-periodic directions

Λ a lattice in Rd1 with basic cell Ω

Ξ the cylinder Rd1 × Td2



Deínition of the Operator

Aε
= D∗AεD∶ H1(Ξ)n

→ H−1(Ξ)n

• ε ∈ E= (0, ε0]
• D = −i∇

• Aε(x) = A(x1/ε, x2)
• A∶ Ξ → B(Cd×n)



Assumptions

Aε
= D∗AεD∶ H1(Ξ)n

→ H−1(Ξ)n

1 A is periodic w.r.t. Λ
2 A ∈ Lip(Td2 ; L∞(Ω))
3 For any u ∈ H1(Ξ)n

Re(AεDu, Du)2,Ξ + CA∥u∥2
2,Ξ ⩾ cA∥Du∥2

2,Ξ

uniformly in ε ∈ E



Aε strictly m-sectorial

Aε − µ∶ H1(Ξ)n
→ H−1(Ξ)n

isomorphism ∀µ ∉ S1

S1

C



Goal

1
(Aε

− µ)−1
≃ ?1

D(Aε
− µ)−1

≃ ?2

2
∥(Aε

− µ)−1
− ?1∥B(L2(Ξ)) ⩽ ?

∥D(Aε
− µ)−1

− ?2∥B(L2(Ξ)) ⩽ ?
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Overview of the Results

∥(Aε
− µ)−1

− (A0
− µ)−1∥B(L2(Ξ)) ⩽ Cε

∥D2(Aε
− µ)−1

− D2(A0
− µ)−1∥B(L2(Ξ)) ⩽ Cε

∥D1(Aε
− µ)−1

− D1(A0
− µ)−1

− εD1K
ε
µ∥B(L2(Ξ)) ⩽ Cε

∥(Aε
− µ)−1

− (A0
− µ)−1

− εCεµ∥B(L2(Ξ)) ⩽ Cε2
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EFFECTIVE OPERATOR
AND CORRECTORS



Cell Problem

N∶ Ξ → B(Cn×d ,Cn)
the periodic solution of the elliptic problem

(D1
0 )

∗
A( ⋅ , x2) ((

D1
0 )N( ⋅ , x2) + I) = 0, ∫

Ω
N( ⋅ , x2) = 0

⇓

N ∈ Lip(Td2 ; H̃1(Ω))
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Eéective Operator

A0
= D∗A0D∶ H1(Ξ)n

→ H−1(Ξ)n

A0(x2) = ∣Ω∣−1∫
Ω
A(y1, x2)((

D1
0 )N(y1, x2) + I) dy1

A, N ∈ Lip ⇒ A0 ∈ Lip
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A0 strictly m-sectorial

A0 − µ∶ H1(Ξ)n
→ H−1(Ξ)n

isomorphism ∀µ ∉ S0

S0

C



Corrector Kε
µ

Kε
µ = NεD(A0

− µ)−1P ε
∶ L2(Ξ)n

→ H1(Ξ)n



Corrector Kε
µ

Kε
µ = NεD(A0

− µ)−1P ε
∶ L2(Ξ)n

→ H1(Ξ)n

P ε
∼ 1ε−1Ω∗

Ω∗ the írst Brillouin zone of Λ



Corrector Kε
µ

Kε
µ = NεD(A0

− µ)−1P ε
∶ L2(Ξ)n

→ H1(Ξ)n

P ε
= (F ⊗ I)−1

1ε−1Ω∗(F ⊗ I)

Ω∗ the írst Brillouin zone of Λ

F the Fourier transform in the x1-variable



Corrector Cεµ

Cεµ = (Kε
µ − Lµ) + ((Kε

µ)+ − L+
µ)
∗
∶ L2(Ξ)n

→ L2(Ξ)n

Lµ = (A0
− µ)−1D∗L D(A0

− µ)−1



Corrector Cεµ

Cεµ = (Kε
µ − Lµ) + ((Kε

µ)+ − L+
µ)
∗
∶ L2(Ξ)n

→ L2(Ξ)n

Lµ = (A0
− µ)−1D∗L D(A0

− µ)−1

L∶ H1(Ξ)n
→ L2(Ξ)n

írst-order diéerential operator with coeêcients
depending on x2



Corrector Cεµ

Cεµ = (Kε
µ − Lµ) + ((Kε

µ)+ − L+
µ)
∗
∶ L2(Ξ)n

→ L2(Ξ)n

Lµ = (A0
− µ)−1D∗L D(A0

− µ)−1

L∼k↦∣Ω∣−1∫
Ω
(( k
D2

)N+(y1, ⋅ ))
∗
A(y1, ⋅ )(I+(

D1
0 )N(y1, ⋅ ))dy1



MAIN RESULTS



Theorem
∀µ ∉ S1 ∪ S0 ∀ε ∈ E

∥(Aε
− µ)−1

− (A0
− µ)−1∥B(L2(Ξ)) ⩽ Cε

∥D2(Aε
− µ)−1

− D2(A0
− µ)−1∥B(L2(Ξ)) ⩽ Cε

∥D1(Aε
− µ)−1

− D1(A0
− µ)−1

− εD1K
ε
µ∥B(L2(Ξ)) ⩽ Cε

∥(Aε
− µ)−1

− (A0
− µ)−1

− εCεµ∥B(L2(Ξ)) ⩽ Cε2

Sharp order in ε
C depends only on n, d1, d2, µ, Λ, cA, CA and ∥A∥C0,1



SCHEME OF THE PROOF



The Scaling Transformation and
the Floquet–Bloch Theory

(Aε
− µ)−1

≃ ε2∫
⊕

Ω∗
(A(k , ε) − ε2µ)−1dk

A(k , ε)∶ H̃1(Ω ×T
d2) → H̃−1(Ω ×T

d2)

A(k , ε) = ε2(
ε−1(D1 + k)

D2
)
∗

A (
ε−1(D1 + k)

D2
)



The Scaling Transformation and
the Floquet–Bloch Theory

(Aε
− µ)−1

≃ ε2∫
⊕

Ω∗
(A(k , ε) − ε2µ)−1dk

(A0
− µ)−1

≃ ε2∫
⊕

Ω∗
(A0(k , ε) − ε2µ)−1dk

Kε
µ ≃ ε2∫

⊕

Ω∗
Kµ(k , ε) dk

Cεµ ≃ ε2∫
⊕

Ω∗
Cµ(k , ε) dk



A «Resolvent» Identity

(A(k , ε) − ε2µ)−1
− (A0(k , ε) − ε2µ)−1

−Kµ(k , ε)
= (A(k , ε) − ε2µ)−1( . . . )(A0(k , ε) − ε2µ)−1



BEYOND
PURE PERIODICITY and
EVEN FURTHER



Locally Periodic Operators
Aε

= D∗AεD∶ H1(Rd)n
→ H−1(Rd)n

• Aε(x) = A(x , x/ε)
• A∶Rd× Rd

→ B(Cd×n)
• A ∈ C0,1(R̄d ; L̃∞(Ω))

∥(Aε
− µ)−1

− (A0
− µ)−1∥B(L2(Rd )) ⩽ Cε

∥D(Aε
− µ)−1

− D(A0
− µ)−1

− εDKε
µ∥B(L2(Rd )) ⩽ Cε

∥(Aε
− µ)−1

− (A0
− µ)−1

− εCεµ∥B(L2(Rd )) ⩽ Cε2
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