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—divA(x; /&, x;)Vug +ug =f in RxT

Analytic perturbation theory?

Before

2(0) = —div,AV, on L,(0,1)
N = ker(RA(0)) = C

Now

A(0) = —div, AV,, on L((0,1)x T)
M = ker(2A(0)) = Ly(T)



Suslina - 2004

[(—divA(xi/€, x;)V+1) "= (~divA () V+1) |, <Ce



PROBLEM FORMULATION
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Example: A = 29, Q = [-1/2,1/2)%




the number of periodic directions

the number of non-periodic directions
a lattice in R™ with basic cell Q

the cylinder R% x T



Definition of the Operator

A® = D*AD: H'(Z)" > H'(Z)
- e€6€=(0,5]
- D=-iV
- A%(x) = Alx/e, x2)
. A: E - B(Cdxn)



Assumptions

A® = D*AD: H'(Z)" > H'(Z)

1 Ais periodicw.r.t. A
2 A€ Lip(T% Lo(Q))
3 Foranyu € H'(Z)"

Re(A°Du, Du), = + CA||U||§,E > CA||DU||§,E

uniformly in € € €



AF strictly m-sectorial

A* = H(Z)" > H(2)"
isomorphism Yu ¢ §;

{

iy




Goal



Goal

1 (A=) =7
D(Ae - H)_1 =7
-1
) (A" = 1) = Allg ez S ?

[D(A" =)™ - Dl <7
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Overview of the Results

(A" =)™ = (A° - “)_1||B(L2(E)) s Ce
|| Dy(A" - u) ™ = Dy(A° - “)_1||B(L2(E)) s Ce

||D1(AE — u)_1 - D1(«40 - U)_1 - EDT’CE”B(LZ(E)) < Ce

(A" =)™ = (A" = )™ - eCyl g,z < CE



EFFECTIVE OPERATOR
AND CORRECTORS




Cell Problem

N: = - B(C™,C")

the periodic solution of the elliptic problem

(%1)*A(-,x2)((%1)N( %) +/ /N %)



Cell Problem

N: = - B(C™,C")

the periodic solution of the elliptic problem

(%1)*A(-,x2)((%1)N( %) +/ /N %)

|

N € Lip(T% H'(Q))



Effective Operator
A’ =D*A°D: H'(Z)" > H'(2)"

AO(Xz) = |Q|_1/O Alyr, Xz)((%)/\/(yw(z) + /) dy



Effective Operator
A’ =D*A°D: H'(Z)" - H'(=)"
AO(Xz) = |Q|_1/O Aly1, Xz)((%)/\/(yw(z) + /) dy

AN€elLip = A elip



A? strictly m-sectorial

A’ —p: HI(Z) > H(2)

isomorphism Yu ¢ S,

A
N




Corrector K,

Ky = N D(A° = )P 15(2)" - H'(Z)"
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Corrector K,

Ky = N D(A° = )P 15(2)" - H'(Z)"

P = (FO®T) Mg (F ® I)

Q"  the first Brillouin zone of A

F  the Fourier transform in the x;-variable
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Corrector C,

Ch=(Ch = £,) + (K5 = £3)": L(2)" = Ly(E)"

£, = (A=) 'D*LD(A° - )

L H'(ZE)" > L)
first-order differential operator with coefficients
depending on x,



Corrector C,

Ch=(Ch = £,) + (K5 = £3)": L(2)" = Ly(E)"

L, = (A" =W 'DLDA - p)”

ekl (o V0 1) A ) ({0 WO )



MAIN RESULTS




Theorem
VH$S1U80 Ve e €

[|(A° - #11)_1 - (A° - “)_1||B(L2(E)) s Ce
|Dy(A" — )™ - Dy(A° - U)_1||B(L2(E)) < Ce

1D4(A = )™ = Dy(A° - W) — €DK Iy, < Ce
(A" =)™ = (A7 - )™ - EC;”B(Lz(E)) < Ce’

Sharp order in €
C depends only on n, d;, d5, 4, A, ¢4, C4 and ||A| co



SCHEME OF THE PROOF




The Scaling Transformation and
the Floquet-Bloch Theory

®

(A5 =) = & / (A(K, €) - €2) dk
Q*
Alk, €): B(QxT%) > A7(Q xT%)

5_1([;1; k))*A (5‘1(%; k))

Ak, €) = 52(



The Scaling Transformation and
the Floquet-Bloch Theory

®

(A5 =) = & /Q (Alk, €) - €%n) "k
&
(A0 = ) = & / (A%(k, €) - €u) dk
Q*
&
ICE o gZA*K“(k, €) dk

@
C~¢ /Q Culk, €) dk



A «Resolvent» Identity

(A(k, €) — en)" = (A%k, €) — €)™ = Ku(k, €)
= (A(k, &) = u) (... (A (k, €) = €2n)



BEYOND
PURE PERIODICITY and
EVEN FURTHER




Locally Periodic Operators
A% = D*A°D: H'(RY)" - H'(RY)"
- A%(x) = A(x, x/¢)
- ARxR? > B(CT")
- Ae C*(R%:T(Q))

ICA" = )™ = (4° = ) [lgguyquey < Ce
ID(A = W)™ = DIA” = )™ ~ €DK [gy, oy < Ce

104° = )™ = (A = )" = €€l oy < CE
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