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Introduction

We consider evolution equations

∂u

∂t
= cαDα+u, (1)

∂u

∂t
= cαDα−u, (2)

where cα = (−1)[
α
2
]Γ (−α) and Dα± are fractional derivative

operators of the order α > 0, defined by

(Dα±f )(x) =
1

Γ (−α)

∞̂

0

f (x ∓ t)−
[α]∑
k=0

f (k)(x)
k! (∓t)k

t1+α
dt.
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We also consider an evolution equation

∂u

∂t
= cαDαu, α /∈ N, (3)

where Dα is a symmetric fractional derivative operator of the order
α > 0, defined by

Dα = Dα+ +Dα−,

and therefore

(Dαf )(x) =
1

Γ (−α)

+∞ˆ

−∞

f (x − t)−
[α
2
]∑

k=0

f (2k)(x)
2k! t2k

|t|1+α
dt.

For (1), (2) and (3) we consider the Cauchy problem

u(0, x) = ϕ(x), (4)

where ϕ ∈ L2(R).

M.V.Platonova
Symmetric α-stable distributions for noninteger α > 2 and

associated stochastic processes.



The case α ∈ (0, 1) ∪ (1, 2)

If α ∈ (0, 1) ∪ (1, 2), then the solutions (1), (4) and (2), (4) can be
represented in the forms

u (t, x) = Eϕ(x − ξ+α (t)), u(t, x) = Eϕ(x − ξ−α (t)), (5)

where ξ±α (t) are the Lévy processes with the Lévy measure
Λ± (dx) = Cαdx

|x |1+α1R±(x).
The solution (3), (4) can be represented in the form

u(t, x) = Eϕ(x − ξα(t)), (6)

where ξα(t) is the symmetric stable Lévy process with the Lévy
measure Λ(dx) = Cαdx

|x |1+α .
For α > 2 the solutions can not be represented in this form because
the fundamental solutions of (1), (2) and (3) are not probability
densities.
Previous results.
E.Orsingher, B. Toaldo, 2014 - theory of pseudo-processes.
N.Smorodina, M.Faddeev, 2010 - generalized function theory.
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Namely, the symmetric stable distribution with α > 2 was defined
as a generalized function l that acts on a test function ϕ as

(l , ϕ) = lim
ε→0

Eϕ ∗ ωε(ηε), (7)

where ωε is a special family of rapidly oscillating functions,
ηε =

´
|x |>ε xdµ, and µ is a Poisson random measure on R with

intensity measure Cαdx
|x |1+α . If α ∈ (0, 2), then in (7) for every ε the

function ωε is δ−function and in this case the generalized function
l is a regular functional of the form

(l , ϕ) =

ˆ ∞
−∞

ϕ(x)pα(x)dx ,

where pα(x) is a density of the symmetric stable distribution with
index α. For α > 2 the generalized function l is a regular functional,
but corresponding density is the function with alternating signs.
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Note, that this method works well only if α ∈
∞
∪

m=1
(4m, 4m + 2), in

this case the Fourier transform gα(p) of the stable distribution
(defined by (7)) has the ”right” form (as for α ∈ (0, 2)), namely

gα(p) = exp (−c |p|α) ,

where c is a positive constant.
For α ∈

∞
∪

m=1
(4m − 2, 4m) the method of Smorodina, Faddeev gives

us not so ”natural” result, namely

gα(p) = exp
(
c0 |p|α − c1p

4m
)
.
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For α ∈
∞
∪

m=1
(4m, 4m + 2) we also used the methods of Smorodina,

Faddeev only, but in the case α ∈
∞
∪

m=1
(4m − 2, 4m) we suggest a

new method based on the theory of Hardy classes. In fact, instead
of one real-valued process we consider two complex-valued
processes (in the nonsymmetric case) and four complex-valued
processes (in the symmetric case). Note that this method provides
us the ”right” view of the Fourier transform

gα(p) = exp(−c(p)|p|α)

for any α, where c(p) depends on sign(p) in the nonsymmetric case
and does not depend on p in the symmetric case.
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Let ν(dx , dt) be a Poisson random measure on R× [0,T ] with
intensity measure Eν(dx , dt) = Λ (dx) · dt = dx ·dt

|x |1+α , α > 2 and
α /∈ N.
Denote Rε = R \ (−ε, ε).
For ε>0 by ξ+ε (t) we denote the random process

ξ+ε (t) =

¨

[0,t]×(ε,+∞)

xν(dx , dt). (8)

and by ξε(t) we denote the random process

ξε(t) =

¨

[0,t]×Rε

xν(dx , dt). (9)

The characteristic function of ξ+ε (t) is

fξ+ε (t)(p) = exp(t

+∞̂

ε

(e ipx − 1)Λ(dx)).
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The characteristic function of ξε(t) is

fξε(t)(p) = exp(t

ˆ

Rε

(e ipx − 1)Λ(dx)).

For the case α ∈
∞
∪

m=1
(4m, 4m + 1) ∪ (4m + 1, 4m + 2) and

α ∈
∞
∪

m=1
(4m − 2, 4m − 1) ∪ (4m − 1, 4m) we use different

approaches. Consider the first case.
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The case α ∈
∞
∪

m=1
(4m, 4m + 1) ∪ (4m + 1, 4m + 2)

Firstly, we consider the nonsymmetric case.
For ε>0 define a function uε(t, x) by

uε(t, x) = E[(ϕ ∗ ωt
ε)(x − ξ+ε (t))],

where

ω̂t
ε(p) = exp

(
− t

+∞̂

ε

( [α]∑
k=1

ikpkxk

k!

) dx

x1+α

)
. (10)

Theorem

Suppose that ϕ ∈W
l+[α]+1
2 (R), l > 0 and let u(t, x) be a solution

of the Cauchy problem (1), (4). Then there exists C = C (α) > 0,
such that

sup
t∈[0,T ]

‖uε(t, ·)− u(t, ·)‖W l
2(R)

6 CT ‖ϕ‖
W

l+[α]+1
2 (R) ε

1−{α}.
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The case α ∈
∞
∪

m=1
(4m, 4m + 1) ∪ (4m + 1, 4m + 2)

Now we consider the symmetric case. For ε>0 define a function
uε(t, x) by

uε(t, x) = E[(ϕ ∗ ωt
ε)(x − ξε(t))],

where

ω̂t
ε(p) = exp

(
− t

ˆ

Rε

( 2m∑
k=1

i2kp2kx2k

(2k)!

) dx

|x |1+α
)
. (11)

Theorem

Suppose that ϕ ∈W l+4m+2
2 (R), l > 0 and let u(t, x) be a solution

of the Cauchy problem (3), (4). Then there exists C = C (α) > 0,
such that

sup
t∈[0,T ]

‖uε(t, ·)− u(t, ·)‖W l
2(R)

6 CT ‖ϕ‖W l+4m+2
2 (R) ε

4m+2−α.
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For M > 0 by PM denote the projector in L2(R) on the subspace of
the functions ψ, such that supp ψ̂ ⊂ [−M,M]. Namely, for
ψ ∈ L2(R) set

PMψ = ψ ∗ DM ,

where DM is the Dirichlet kernel

DM(x) =
1

π

sinMx

x
.

The Fourier transform P̂M of the operator PM is a multiplication
operator of the form

P̂M ψ̂ = ψ̂ · D̂M ,

where D̂M(p) = 1[−M,M](p).
We use the notation ψM(x) for PMψ(x).
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The case α ∈
∞
∪

m=1
(4m − 2, 4m − 1) ∪ (4m − 1, 4m)

Denote R+
ε = (ε,+∞) and R−ε = (−∞,−ε).

As above for ε>0 we define random processes ξ±ε (t) by
ξ±ε (t) =

˜
[0,t]×R±ε

xν(dx , dt). But now we consider the

complex-valued processes σξ±ε (t), where σ is a complex constant.
For ξ+ε (t) we have

E exp(ipσξ+ε (t)) = exp(t

+∞̂

ε

(e iσpx − 1)Λ(dx)).

This integral converges if p > 0 and Imσ > 0 or if p 6 0 and
Imσ 6 0 .
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For ξ−ε (t) we have

E exp(ipσξ−ε (t)) = exp(t

−εˆ

−∞

(e iσpx − 1)Λ(dx)).

This integral converges if p > 0 and Imσ 6 0 or if p 6 0 and
Imσ > 0 .
By P+ we denote the Riesz projector. This projector acts from
L2(R) to Hardy space H2

+({Imz > 0}). Analogously, the projector
P− acts from L2(R) to Hardy space H2

−({Imz < 0}). So that for
every ϕ ∈ L2(R) we have

ϕ = ϕ+ + ϕ− = P+ϕ+ P−ϕ.

Set σ+ = exp( iπα ) and σ− = exp(− iπ
α ). Note that σ+ belongs to

the upper half-plane and σ− belongs to the lower half-plane and

σα± = −1.
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Now we consider the nonsymmetric case.
For ε>0 define a function uε(t, x) by

uε(t, x) = E[(ϕ−M ∗ ω
t
ε)(x − σ+ξ+ε (t)) + (ϕ+

M ∗ ω
t
ε)(x − σ−ξ+ε (t))],

where

ω̂t
ε(p) =


exp

(
− t

+∞́

ε

( [α]∑
k=1

ikσk
+p

kxk

k!

)
dx

x1+α

)
, p > 0,

exp
(
− t

+∞́

ε

( [α]∑
k=1

ikσk
−p

kxk

k!

)
dx

x1+α

)
, p < 0.

(12)

Theorem

Suppose that ϕ ∈W
l+[α]+1
2 (R), l > 0 and M(ε) = 1

ε . Let u(t, x)
be a solution of the Cauchy problem (1), (4). Then there exists
C = C (α) > 0, such that

sup
t∈[0,T ]

‖uε(t, ·)− u(t, ·)‖W l
2(R)

6 C (T + εα) ‖ϕ‖
W

l+[α]+1
2 (R) ε

1−{α}.
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The case α ∈
∞
∪

m=1
(4m − 2, 4m − 1) ∪ (4m − 1, 4m)

In the symmetric case for ε>0 we define a function uε(t, x) by

uε(t, x) = E[(ϕ−M ∗ ω
t
ε)(x − σ+ξ+ε (t)− σ−ξ−ε (t))

+ (ϕ+
M ∗ ω

t
ε)(x − σ−ξ+ε (t)− σ+ξ−ε (t))],

where

ω̂t
ε(p)

=



exp
(
− t

+∞́

ε

( [α]∑
k=1

(iσ+px)
k

k!

)
dx

x1+α

)
exp

(
− t

−ε´
−∞

( [α]∑
k=1

(iσ−px)k

k!

)
dx
|x|1+α

)
,

if p > 0,

exp
(
− t

+∞́

ε

( [α]∑
k=1

(iσ−px)k

k!

)
dx

x1+α

)
exp

(
− t

−ε´
−∞

( [α]∑
k=1

(iσ+px)
k

k!

)
dx
|x|1+α

)
,

if p < 0.
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Theorem

Suppose that ϕ ∈W
l+[α]+1
2 (R), l > 0 and M(ε) = ε−1. Let

u (t, x) be a solution of the Cauchy problem (3), (4). Then there
exists C = C (α) > 0, such that

sup
t∈[0,T ]

‖uε(t, ·)− u(t, ·)‖W l
2(R)

6 C (T + εα) ‖ϕ‖
W

l+[α]+1
2 (R) ε

1−{α}.

Thus we get a probability representation of the Cauchy problem
solution (1), (4) defined by

u(t, x) = lim
ε→0

E[(ϕ−M ∗ω
t
ε)(x−σ+ξ+ε (t)) + (ϕ+

M ∗ω
t
ε)(x−σ−ξ+ε (t))]

and a probability representation of the Cauchy problem solution
(3), (4) defined by

u(t, x) = lim
ε→0

E
[
(ϕ+

M ∗ ω
t
ε)(x − σ−ξ+ε (t)− σ+ξ−ε (t))

+ (ϕ−M ∗ ω
t
ε)(x − σ+ξ+ε (t)− σ−ξ−ε (t))

]
.
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Limit theorems

Let
{
ξ+j

}∞
j=1

be a sequence of i.i.d. nonnegative random variables

and
{
ξ−j

}∞
j=1

be a sequence of i.i.d. nonpositive random variables.

Suppose that the distributions P± of ξ±1 for |x | > 1 satisfy the
conditions

P(ξ±1 > |x |) =
1

α|x |α
(1 + h±(x)), (13)

where |h±(x)| 6 C
|x |β , and β > 1− {α} .

For k < α by µ±k = E(ξ±1 )k we denote the moment of the order k .
Let η(t), t ∈ [0,∞) be a standard Poisson process independent of
{ξ±j }.
Define random processes ζ±n (t), t ∈ [0,T ], by

ζ±n (t) =
1

n1/α

η(nt)∑
j=1

ξ±j . (14)
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The case α ∈
∞
∪

m=1
(4m, 4m + 1) ∪ (4m + 1, 4m + 2)

In the nonsymmetric case for n ∈ N define a function

un(t, x) = E[(ϕM ∗ κt
n)(x − ζ+n (t))],

where

κ̂t
n(p) = exp(−nt(

µ+1 ip

n1/α
+
µ+2 (ip)2

2n2/α
+ · · ·+

µ+[α](ip)[α]

[α]!n[α]/α
)).

We choose M = M(n).

Theorem

Suppose that ϕ ∈W
l+[α]+1
2 (R), l > 0, M(n) = n1/α and let u(t, x)

be a solution of the Cauchy problem (1), (4). Then there exists
C = C (α) > 0, such that

sup
t∈[0,T ]

‖un(t, ·)− u(t, ·)‖W l
2(R)

6 C
(
T +

1

n

)‖ϕ‖W l+[α]+1
2 (R)

n(1−{α})/α
.
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The case α ∈
∞
∪

m=1
(4m, 4m + 1) ∪ (4m + 1, 4m + 2)

Now we consider the symmetric case. Let {ξj}∞j=1 be a sequence of
i.i.d. symmetric random variables. Suppose that the distribution P
of ξ1 for x > 1 satisfies the condition

P(ξ1 > x) =
1

α|x |α
(1 + h(x)), (15)

where |h(x)| 6 C
|x |β , and β > 4m + 2− α.

For k < α by µk = Eξk1 we denote the moment of the order k .
Let η(t), t ∈ [0,∞) be a standard Poisson process independent of
{ξj}.
Define a random process ζn(t), t ∈ [0,T ], by

ζn(t) =
1

n1/α

η(nt)∑
j=1

ξj . (16)
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The case α ∈
∞
∪

m=1
(4m, 4m + 1) ∪ (4m + 1, 4m + 2)

For n ∈ N define a function

un(t, x) = E[(ϕM ∗ κt
n)(x − ζn(t))],

where

κ̂t
n(p) = exp

(
− nt

(µ2(ip)2

2n2/α
+ · · ·+ µ4m(ip)4m

(4m)!n4m/α

))
.

We choose M = M(n).

Theorem

Suppose that ϕ ∈W l+4m+2
2 (R), l > 0, M(n) = n1/α and let u(t, x)

be a solution of the Cauchy problem (3), (4). Then there exists
C = C (α) > 0, such that

sup
t∈[0,T ]

‖un(t, ·)− u(t, ·)‖W l
2(R)

6 C
(
T +

1

n

)‖ϕ‖W l+4m+2
2 (R)

n(4m+2−α)/α
.
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The case α ∈
∞
∪

m=1
(4m − 2, 4m − 1) ∪ (4m − 1, 4m)

In the nonsymmetric case for n ∈ N define a function un(t, x)

un(t, x) = E[(ϕ−M ∗ κ
t
n)(x − σ+ζ+n (t)) + (ϕ+

M ∗ κ
t
n)(x − σ−ζ+n (t))],

where

κ̂t
n(p) =


exp

(
− nt

(
µ+1 ipσ+

n1/α
+ · · ·+

µ+
[α]

(ipσ+)[α]

[α]!n[α]/α

))
, p > 0,

exp
(
− nt

(
µ+1 ipσ−

n1/α
+ · · ·+

µ+
[α]

(ipσ−)[α]

[α]!n[α]/α

))
, p < 0.

Theorem

Suppose that ϕ ∈W
l+[α]+1
2 (R), l > 0, M (n) = n1/α and let u(t, x)

be a solution of the Cauchy problem (1), (4). Then there exists
C = C (α) > 0, such that

sup
t∈[0,T ]

‖un(t, ·)− u(t, ·)‖W l
2(R)

6 C (T +
1

n
)
‖ϕ‖

W
l+[α]+1
2 (R)

n(1−{α})/α
.
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The case α ∈
∞
∪

m=1
(4m − 2, 4m − 1) ∪ (4m − 1, 4m)

In the symmetric case for n ∈ N define a function un(t, x)

un(t, x) = E[
(
ϕ−M ∗ κ

t
n

) (
x − σ+ζ+n (t)− σ−ζ−n (t)

)
+
(
ϕ+
M ∗ κ

t
n

) (
x − σ−ζ+n (t)− σ+ζ−n (t)

)
],

where

κ̂t
n(p)

=



exp
(
− nt

( [α]∑
k=1

µ+
k (iσ+p)

k

k!

))
exp

(
− nt

( [α]∑
k=1

µ−
k (iσ−p)k

k!

))
,

if p > 0,

exp
(
− nt

( [α]∑
k=1

µ+
k (iσ−p)k

k!

))
exp

(
− nt

( [α]∑
k=1

µ−
k (iσ+p)

k

k!

))
,

if p < 0.
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Theorem

Suppose that ϕ ∈W
l+[α]+1
2 (R), l > 0, M(n) = n1/αand let u(t, x)

be a solution of the Cauchy problem (3), (4). Then there exists
C = C (α) > 0, such that

sup
t∈[0,T ]

‖un(t, ·)− u(t, ·)‖W l
2(R)

6 C
(
T +

1

n

)‖ϕ‖W l+[α]+1
2 (R)

n(1−{α})/α
.
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