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Introduction

We consider evolution equations

du o
5 = ca DS u, (1)
% =Dy, (2)

where ¢, = (—1)[21"(—a) and DY are fractional derivative
operators of the order @ > 0, defined by

[a] (k) (x
of(xFt)— fk!()(:l:t)k

(L)) = e / ilia dt.
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We also consider an evolution equation

Ou o
E_CQD u, a ¢ N, (3)

where D% is a symmetric fractional derivative operator of the order
a > 0, defined by

D% =Dg + D2,
and therefore
Bl e o
) +oof (x — t)— kZ:jO —t
PN = g ZO R dt.
For (1), (2) and (3) we consider the Cauchy problem
u(0,x) = ¢(x), (4)

where ¢ € L(R).
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The case a € (0,1) U (1,2)

If « € (0,1)U(1,2), then the solutions (1), (4) and (2), (4) can be
represented in the forms

u(t,x) = Ep(x — €5(), u(t,X) = Ep(x — €2(2),  (5)
where £ (t) are the Lévy processes with the Lévy measure
AT (dx) = ‘XC“X%IRi(X).
The solution (3), (4) can be represented in the form

u(t, x) = Ep(x — &a(1)), (6)

where £,(t) is the symmetric stable Lévy process with the Lévy

measure A(dx) = Ifrl‘f;.

For o > 2 the solutions can not be represented in this form because
the fundamental solutions of (1), (2) and (3) are not probability
densities.

Previous results.

E.Orsingher, B. Toaldo, 2014 - theory of pseudo-processes.
N.Smorodina, M.Faddeev, 2010 - generalized function theory.
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Namely, the symmetric stable distribution with o > 2 was defined
as a generalized function / that acts on a test function ¢ as

(/7 QD) :eh_r;% E@*Ws(ns)a (7)

where w, is a special family of rapidly oscillating functions,
Ne = f|><|>€ xdu, and p is a Poisson random measure on R with

intensity measure VCIDL%' If a € (0,2), then in (7) for every ¢ the

function w, is —function and in this case the generalized function
I is a regular functional of the form

(o)
(o) = | elpalx)a
—00
where p,(x) is a density of the symmetric stable distribution with
index . For o > 2 the generalized function / is a regular functional,
but corresponding density is the function with alternating signs.
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Note, that this method works well only if o € U (4m 4m+2), in

this case the Fourier transform g, (p) of the stable distribution
(defined by (7)) has the "right” form (as for o € (0,2)), namely

ga(p) = exp(—clp|”),

where ¢ is a positive constant.
For a € U (4m 2,4m) the method of Smorodina, Faddeev gives

us not so natural result, namely

ga(p) = exp (co|p|™ — c1p*™) .
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For o € OLj (4m, 4m + 2) we also used the methods of Smorodina,

Faddeev only but in the case a € U (4m 2,4m) we suggest a

new method based on the theory of Hardy classes. In fact, instead
of one real-valued process we consider two complex-valued
processes (in the nonsymmetric case) and four complex-valued
processes (in the symmetric case). Note that this method provides
us the "right” view of the Fourier transform

8a(p) = exp(—c(p)|pl?)

for any «, where c(p) depends on sign(p) in the nonsymmetric case
and does not depend on p in the symmetric case.
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Let v(dx, dt) be a Poisson random measure on R x [0, T] with
dx-dt

intensity measure Ev(dx, dt) = A(dx) - dt = T > 2 and
a ¢ N.

Denote R, = R\ (—¢,¢).

For e>0 by £ (t) we denote the random process

& (t) = // v(dx, dt). (8)

[0,2] x(&,+00)

and by &.(t) we denote the random process
// xv(dx, dt). (9)
[0,t] xRe

The characteristic function of £ (t) is

—+o00

felp) = et [ (€7~ DA(G),

£
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The characteristic function of £.(t) is

fo(p) = et [ (7~ DA0).
R,
For the case a € @1(4m, A4m+ 1)U (4m+1,4m+2) and

€ U (4m 2,4m — 1)U (4m — 1,4m) we use different

approaches Consider the first case.
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The case a € 1(4m, dm+ 1)U (4m+1,4m+ 2)

Firstly, we consider the nonsymmetric case.
For £>0 define a function u.(t, x) by

u(t, x) = E[(p + w)(x — X (1))],

where
oo a]

o =en (e [ (X))

. k=1

Theorem

Suppose that ¢ € W2I+[a]+1(R), | > 0 and let u(t,x) be a solution
of the Cauchy problem (1), (4). Then there exists C = C(«) > 0,

such that
) = u(t,- 1-{a}
o lue(t, ) = u(t, lwgry < T llpll o gy e
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The case a € 1(4m, dm+ 1)U (4m+1,4m+ 2)

Now we consider the symmetric case. For £>0 define a function
Ua(t7X) by

u:(t, x) = E[(p * wl)(x — &(1))],
where

2m ok 2k 2k dx

wé(p):exp(_t/(zl (Zk)xl )\x|1+a>‘ (11)

k=1

Theorem

| %
)

Suppose that ¢ € Wyt 2(R), | > 0 and let u(t, x) be a solution
of the Cauchy problem (3), (4). Then there exists C = C(«) > 0,
such that

Am+2—a

30 [l(6:) = u(t:) gy < CT [ollugoime
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For M > 0 by P denote the projector in L»(IR) on the subspace of
the functions 1, such that Supp{b\ C [-M, M]. Namely, for
P € Lp(R) set

Pmy =« Du,

where Dy is the Dirichlet kernel

1 sin Mx
Duy(x) = — .

s X

The Fourier transform 13,\/, of the operator P, is a multiplication
operator of the form

~

el
<)

i =
where Dy (p) = wm(p)-
We use the notatlon 1/1/\/1( ) for Ppap(x).
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The case a € 1(4m —2,4m — 1)U (4m —1,4m)

Denote R} = (e, +00) and RZ = (—o0, —¢).
As above for >0 we define random processes £X(t) by
¢E(t)= [[ xv(dx,dt). But now we consider the
[0,¢] xRE
complex-valued processes c€X(t), where o is a complex constant.
For £ (t) we have

+oo

Eexp(ipat’ (1) = exp(t [ (e~ D),

3

This integral converges if p > 0 and Imo > 0 or if p < 0 and
Imo <0.
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For £ (t) we have

E exp(ipot (1)) = exp(t / (7P — 1)A(dx)).
This integral converges if p > 0 and Imo < 0 or if p < 0 and
Imoc >0.
By P, we denote the Riesz projector. This projector acts from
L»(R) to Hardy space H? ({Imz > 0}). Analogously, the projector

P_ acts from L»(R) to Hardy space H?({Imz < 0}). So that for
every p € Lo(R) we have

p=pr+o_=Pro+P_op.

Set o} = exp(Z) and o = exp(—Z). Note that o} belongs to
the upper half-plane and o_ belongs to the lower half-plane and

ol =—-L1
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Now we consider the nonsymmetric case.
For >0 define a function u.(t, x) by

us(t, x) = E[(iopy * we) (x — 0185 (1)) + (o * we) (x — o0& ()],

where

oo (— ] ( 5 )

~t _ € k=1
wE(P)— oo, o] sk k k) (12)

exp(—tf(z 'g‘kfx

€ k=1

Theorem

Suppose that ¢ € W21+[O‘]+1(R), >0 and M(s) = 1. Let u(t,x)
be a solution of the Cauchy problem (1), (4). Then there exists
C = C(a) > 0, such that

sup_|[ue(t, ) = ult, Mwyry < (T + %) ol ot g gi-{od,

te[0,T] 2
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The case a € 1(4m —2,4m —1)

U(4m—1,4m)

In the symmetric case for >0 we define a function u.(t, x) by

us(t, x) = E[(pp * wi)(x — o4& (t) = 0-£ (1))
+ (o *we)(x — 0 &8 (1)

— o0& (D)),

where
&(p)
exp(_t+f°°(§: /a+p>< )le)exp(—tf ([Z: io_ px )‘X‘dfia)7
- ifp>0,
exp(_tz’o(i io_ Px) )dea)exp(_tf( [za% ("72%) . ),

‘X‘H»a
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Theorem

Suppose that ¢ € WI+[°‘]+1( R), / >0 and M(¢) = e~ 1. Let
u(t,x) be a solution of the Cauchy problem (3), (4). Then there
exists C = C (a)) > 0, such that

sup_[lue(t, ) = u(t, Ylwgmy < C(T +&%) 2]l ypvtain gy e 4.
te[0,T]

Thus we get a probability representation of the Cauchy problem
solution (1), (4) defined by

u(t, x) = lim E[(pyxwi)(x— 06 (1) + (opy #w2) (x — 0 (1))
and a probability representation of the Cauchy problem solution

(3), (4) defined by

u(t,x) = lim E[(¢ify # w!)(x — 05 (£) = 046 (1))

e—0

+ (iop *we) (x — 085 (t) — 0-& (1))
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Limit theorems

o
Let {gj} be a sequence of i.i.d. nonnegative random variables
j=1

[o¢]
and {ﬁf}_ . be a sequence of i.i.d. nonpositive random variables.
J:

Suppose that the distributions P* of & for |x| > 1 satisfy the
conditions

P&r > Ix|) = (1+ h=(x)), (13)

afx|*
where |h*(x)| < ﬁ, and 8 >1—{a}.

For k < a by uf = E(&5) we denote the moment of the order k.
Let n(t), t € [0,00) be a standard Poisson process independent of

&)

Define random processes (F(t), t € [0, T], by

GO =3 > & (14)
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The case a € 1(4m, dm+ 1)U (4m+1,4m+ 2)

In the nonsymmetric case for n € N define a function
up(t, x) = E[(om * 32,)(x — ¢ (1)),
where
. . + (in)lo
piip (i) g ip)! ]))
n'/e 2n?/ [a]!nleVe 77

7n(p) = exp(—nt(

We choose M = M(n).

Theorem

Suppose that ¢ € W21+[a]+l(R), >0, M(n) = n'* and let u(t, x)
be a solution of the Cauchy problem (1), (4). Then there exists
C = C(a) > 0, such that

1 ||S0||W’+[C¥]+1(R)
sup ||un(t,-) — u(t,- ST+ -)—Z—
te[o,T]H ()=l )HW2(R) ( n) pt—{eb/a
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The case a € 1(4m, dm+ 1)U (4m+1,4m+ 2)

Now we consider the symmetric case. Let {fj} ©, be a sequence of
i.i.d. symmetric random variables. Suppose that the distribution P
of & for x > 1 satisfies the condition

P(E > x) = |1|a(1 + h(x)), (15)

where |h(x)| < #, and 5 >4m+2 —a.

For k < a by jux = EEF we denote the moment of the order k.
Let n(t), t € [0,00) be a standard Poisson process independent of

{&1-

Define a random process (,(t), t € [0, T], by

n(nt)

n = 1/(1 Z gj (16)
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The case a € 1(4m, dm+ 1)U (4m+1,4m+ 2)

For n € N define a function

un(t,x) = E[(m * 23) (x = Ca(1))],

where

Steoy p2(ip)? fiam(ip)*"
Za(p) = ep (=Gt o))

We choose M = M(n).
Theorem

Suppose that ¢ € W™ T2(R), | > 0, M(n) = n*/* and let u(t, x)
be a solution of the Cauchy problem (3), (4). Then there exists
C = C(a) > 0, such that

1, el yremz g
t,-) —ult, <C(T+3) 22— &
tes[l(;,pT] lun(t, ) = u(t, )szl(R) ( + n) m2=a)/a
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The case a € 1(4m —2,4m — 1)U (4m —1,4m)

In the nonsymmetric case for n € N define a function u,(t, x)

un(t, x) = E[(p * 225) (x = 04 G (1)) + (0 * 220) (x — o-CF (1)),
where

4. + (i [a]
exp(—nt(”%i’jf +.,_+M>>7 p >0,

[o] nloY/e

+- + (ipo_ )l
exp<_nt(u1n;l;§f+...+w))7 p < 0.

[o]! nled/a

Theorem

Suppose that ¢ € W21+[a]+1(R), >0, M(n)=n"" and let u(t, x)
be a solution of the Cauchy problem (1), (4). Then there exists
C = C(a) > 0, such that

1 ||90” WIHQHI(R)
sup ||un(t,-) — u(t, Mlwyry < T+ -)—Zmgm
o] Wa(R) n’ pt{ebe
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The case a € 1(4m —2,4m — 1)U (4m —1,4m)

In the symmetric case for n € N define a function u,(t, x)

un(t, x) = E[(pp * 227) (x — 0.7 (1) = 0 (1))
+ (o % 90) (x = oGy (8) — 04 G (1)),

where
%3 (p)
o) WL i o)t
exp ( - nt( kgl T)) exp ( - nt( kgl T)),
_ if p>0,
o (= £ 565025 ) oo (- o 252
if p<O.
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Theorem

Suppose that ¢ € W2I+[a]+1(R), I >0, M(n) = n*and let u(t, x)
be a solution of the Cauchy problem (3), (4). Then there exists
C = C(a) > 0, such that

1 HSOHW;‘*'[O‘]‘H(R)
S lenle ) = el Mgy < T+ ) = —
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