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Definition ®
Let 6 € (0,1/2). A sequence (z;),ez is called ©® 9,
d-equidistributed if ® @
equidistributed i ® ° |®
Vjez': B(5,z)CM+], o | ® oe
where ® ® o © ®
AL = (—L/2,L/2)%. ® ® [ )
® ®
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Definition ®

Let § € (0,1/2). A sequence (zj)yeze is called
d-equidistributed if

Vjez?: B(S,z)C M+,

where

Definition
For L € N we define

Ws(L) = (U B(5,zj)) NAL

jezd

Note that W;(L) depends on (z;);!

AL = (—L/2,L/2)%. !.

o® © | o®

a/2a



Definition ®

Let 6 € (0,1/2). A sequence (z;),ez is called et ®
J-equidistributed if ® ®
Vjez’: B(d,z)C A+, ® o ®
@
where . l® ®
AL =(=L/2,L/2)°. J
(
®
Definition

For L € N we define

Ws(L) = (U B(5,zj)) NAL

jezd

Note that W;(L) depends on (z;);!

a/2a



Let V € L>(RY) and consider ®

o @ (] ®
H =-A+V inl*A (] ()

: in L(A) o o |®
with Dirichlet, Neumann or periodic b.c. IS ® @0

@

o | |® °

® . ® e
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Let V € L>(RY) and consider
H o =—-A+V inL?(A))
with Dirichlet, Neumann or periodic b.c.

e H, lower bounded, purely discrete spectrum

e ¢ € Ran(x(—oop)(HL)) & ¢=Zak¢k

kEN,E <b

e® (@ | gl®
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Let V € L>(RY) and consider ® ol @ o
H o =—-A+V inL?(A)) ° e ° |® e
with Dirichlet, Neumann or periodic b.c. IS ® @0
e H, lower bounded, purely discrete spectrum ® o ® ®
c bR wy) & o= as |9 | ®le] Y

kEN,E <b

Theorem (Naki¢, Taufer, T., Veseli¢) There exists N = N(d) > 0 s.t.
e forall § € (0,1/2) and b >0

o for all d-equidistributed sequences (z);,
eal LeN
and all ¢ € Ran(x(—oc,5(HL)) we have

_ 2/3 1/2
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Il. Application to random
Schrodinger operators



Consider family of Schrédinger operators
H,=-A+V,, we(QAP)

in H = L2(RY).
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Consider family of Schrédinger operators
H,=-A+V,, we(QAP)

in # = L?(RY). The potential may be given by

V0 = ek o V= 3 u(*2F)

kez? kezd i
u:RY— Ry, wy i.i.d. random variables
u=XB B
V) (x) = XB,, (x — k)
[wk ~ U0, W], wy < 1/2} = [ gzzd i
VA (x) VE(x)
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Almost sure spectrum (H,,),, ergodic =

3Y C R such that o(H,,) = X for almost all w € Q.
Same holds true for spectral components o,, ® € {ac,sc,pp}.

Phenomenon of localization
There are intervals | C X, such that o.(H,)

ni=0.
This is in contrast to 0(Hper) = Tac(Hper),  Hper = —A + Vper.

Dynamical localization

There are intervals | C X, such that for every ¢y € H, all p > 0 and
almost all w € Q

sup || [x[Pe ™ x (Hy, o | < oc.
teR
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Multiscale analysis [FS83], [FMSS85]

Wegner estimate

\>

Initial scale estimate
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Localization
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Multiscale analysis [FS83], [FMSS85]

Wegner estimate

> MSA > Localization
Initial scale estimate
o well studied if
Wk = <¢7 Vw¢>

is monotone and linear!
e linear (and monotone if u > 0) in the alloy-type model

Vf}(x) = Z wiu(x — k)

kezd
o non-linear (and monotone) in the breather model

VB =Y u(xo: k).

kezd k
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What is a Wegner estimate?

e AL =[-L/2,L/2]9 and H,,; on L%(A.) with Dirichlet b.c.
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What is a Wegner estimate?

e AL =[-L/2,L/2]9 and H,,; on L%(A.) with Dirichlet b.c.

R

B x : : :
; x % ; :
’:‘ * § g :
: ¥ X X ¥
: : : : x
x : : x X
x . . x .
. x : X ;
: : 3 : bod
. . . x
: ; : ; x
M % : X ot
: : x : X
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What is a Wegner estimate?

e AL =[-L/2,L/2]9 and H,,; on L%(A.) with Dirichlet b.c.

[RA

. x : : :
; x % : :
’:‘ * § ¥ :
b . < * X %
T % ; X X
: : : : x
x : : x X
x . . x .
a : X : X B
: : ¥ : %
: : : y x
* x : X ot
: : x : X
i X ] i i
} } t } }
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What is a Wegner estimate?

e AL =[-L/2,L/2]9 and H,,; on L%(A.) with Dirichlet b.c.

R, X s % "
: % ¥ :
b . % X ¥
N » X »
: : : x
: : : x
o : X :
2 X x X B
5 = X 5 x
M % : x ot
: x : X
i X ] i i >
i Y ; ; >
w w’ w" Q

o Wegner estimate [Weg81] is upper bound on expected number of
eigenvalues of H,,; in intervall [a, b]:

VL € N and [a, b] CcCR: IE(TrX[a,b](Hw,L)) < Cw(b— a)5|/\1_|’"
with G > 0 und s € (0,1] and m € [1, c0).

10/24



Theorem [Naki¢, Taufer, T., Veseli¢ 15]
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Theorem [Naki¢, Taufer, T., Veseli¢ 15]

Wegner estimate for random breather model with u = xg.
(generalizes to a large class of single-site potentials)

Earlier results for breather model

o [Combes Hislop Mourre 96] prove a Wegner estimate assuming
u € C?, u >0, compactly supported,

(x, Hess[u]x)

—(x,Vu) >0 and 3Fg >0: v

o first condition is decay assumpiton

e second condition never holds

< ¢ < .
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Theorem [Naki¢, Taufer, T., Veseli¢ 15]

Wegner estimate for random breather model with u = xg.
(generalizes to a large class of single-site potentials)

Earlier results for breather model

o [Combes, Hislop and Nakamura 01] prove a Wegner estimate
assuming u € C(Bg \ {0}), u >0, and

Jeo > 0Vx: —(x,Vu) > eu.
e this condition implies that u has a singularity at origin

o If we take for example u(x) = |x|~%, then

u <:) = wi'x|7* = wiu(x)

J

random breather model = alloy-type model
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Theorem [Naki¢, Taufer, T., Veseli¢ 15]

Wegner estimate for random breather model with u = xg.
(generalizes to a large class of single-site potentials)

Idea of proof

An important step to prove a Wegner estimate
VL € N and [a, b] CR: [E(TrX[a,b](Hw,L)) < Cw(b— a)5|/\L\’"
is to show that the eigenvalues move, i.e.

Ai(Hugs,L) = Ni(Ho,) + F(6)!
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VA (x) vh

w

o0 oo
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Eigenvalue lifting

)‘/(Hw+5,L) > )\i(Hw,L) + f(6)7 W= w+d — Vw

V3+§(X) V5+5(X)

1 T A F
A I q119 F
A | q119 F
q1 I q19 F
A1 | q119 F
A1 I q119 F
A I A1 F
>

N
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Eigenvalue lifting

)‘/(Hw+5,L) > )\i(qu,L) + f(6)7 W= w+d — Vw

Vs (X)) Vo]iué(x) T
W) Whgy
22z B 22 B 2 I ’ /
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Eigenvalue lifting

)‘/(Hw+5,L) > )\i(qu,L) + f(6)7 W= w+d — Vw

Vw+6(X) A VU.]JB—F(S(X) A
T
1 [
A ﬁ
WA(X) A WB (X) A
FAr7] 77 uBe Y
ez B 2z B 22 I 1L
periodic

non-periodic

w-independent w-dependent
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Eigenvalue liftung

)\i(Hw+6,L) > )\i(Hw,L) + f(§)7 W= w46 — Vw
min max priciple: Yw € Q and § € (0, dp)

Ni(HossL) = (9i, Hors1¢i) = ¢eSpanm{35)1(,.‘.,¢;} ({9, Ho,18) + (&, W)

= 7Hw + y
¢€Spanm{2>)1(,...,¢i} (<¢ 7L¢> quHAWS)
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Eigenvalue liftung 5MH¢HL2 ) S Hd)HB (Ws(L

Ai(Hoysr) = Xi(Hot) +£(0), W= Vos—V,
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i w
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Eigenvalue liftung 5MH¢HL2 ) S Hd)HB (Ws(L

Ai(Hoysr) = Xi(Hot) +£(0), W= Vos—V,
min max priciple: Yw € Q and § € (0, dp)

AI(HUJ-HS,L) <¢lv w4, L¢ > be Spanm{zi(,m,@} (<¢7 w, L¢> <¢7 W¢>)

= omax((0.Hd) + IR,

oeSpan{y,....¢;

2 ,Ho18) + 6™
_¢€Spanm{2>)1( _____ éi} (<¢ L¢> ||¢||/\L)

> mi . oM
> . min_ ”;)neaxw, LP) +
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Theorem [Naki¢, Taufer, T., Veseli¢ 15]

Let
e ba>0,0€(0,1/2), Le N
e A B: A, — R be measurable and bounded, and
B > axwy ()

for some d-equidistributed sequence.
Then for all i € N with \;(—A 4+ A+ B) < b, we have

M(=AL+ A+ B) > N(—Ap + A) + adMA-IATEIEZ+VE),
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[Il. Control theory for the heat
equation



Heat equation in Q C R? with control f € L2(Q2 x [0, T]) on S C Q:

Oy — Ay + Vy =1sf in Qx[0,T]
y=0 on 9Q x [0, T] (1)
¥(0) = yo Yo € L2(Q)
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o Null-controllability known if 2 open and connected, S C Q open
[Fursikov & Imanuvilov 96]

o dependence of C on T and || V||« are well understood
[Zuazua 07]

e dependence of C on geometry of S is less clear
Our contribution:
o explicit dependence of C on the geometry
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Our setting: Q=AM 5= W;(L)
(]
o @ [} ®
(] (]
o |0 |®
N EMED
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Null-controllability: Vyo € L2(2) and T > 0, find f such that y(-, T) =0

Control cost: C=C(T,y) =inf{|fll2@xp,m: ¥(-, T) =0}
Our setting: Q=AM 5= W;(L)
® o | o ® Theorem (Naki¢, Taufer, T., Veseli¢ 15)

(] @

o o |®
oo |® oo
@
@ |0 ‘i
-~ 2/3

rg ® ®e C < G GOtV )'62HVH°°+C3/T||}/0||L2(/\L)-
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Heat equation in Q C R? with control f € L2(Q2 x [0, T]) on S C Q:

Oy — Ay + Vy =1sf in Qx[0,T]
y=0 on 9Q x [0, T] (1)
¥(0) = yo Yo € L2(Q)

Null-controllability: Vyo € L2(2) and T > 0, find f such that y(-, T) =0

Control cost: C=C(T,y) =inf{|fll2@xp,m: ¥(-, T) =0}
Our setting: Q=AM 5= W;(L)
® g0 | o ® Theorem (Naki¢, Taufer, T., Veseli¢ 15) For any
° o o |® o §€(0,1/2), any V € L*°(RY), any L € N, any
o ° oo S-equidistributed sequence, and any yp € L?(A;)
® the system is Null-controllable with cost
o ®,
[J _ 2/
rg ° LIPS C<Go Cz(1+HV||oo3).e2HV\Ioo+Cs/T||y0||L2(AL).
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Outline of the proof:

e We adapt the strategy of
[3 G. Lebeau and L. Robbiano. Commun. Part. Diff. Eq. 20, 1995.

@ J. Le Rousseau and G. Lebeau. ESAIM Contr. Optim. Ca. 18, 2012.
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Outline of the proof:

e We adapt the strategy of
[3 G. Lebeau and L. Robbiano. Commun. Part. Diff. Eq. 20, 1995.

@ J. Le Rousseau and G. Lebeau. ESAIM Contr. Optim. Ca. 18, 2012.

e Original system

8ty — Ay +>&: 1W5(L)f in /\L X [0, T]

y=0 on N x [0, T] (1)
y(0) = yo Yo € L?(AL)
o " s e w7

e On each interval construct control function satisfying

Iy (s aje)llizan < Glly (s allizas HC —0, n— oo

17 /24



Denote Pe = X(—o,e](—A) and consider the problem

Oty — Ay = Pely, (g in AL x [0, ]
y=0 in OAL x [0, t] (2)
y(-,0) = yo yo € Ran Pg
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We define the adjoint system

Orz—Az=0 in AL x]0,t]
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e Observability: Ik : Vzo € Ran Pg
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Denote Pe = X(—o,e](—A) and consider the problem

Oty — Ay = Pely, (g in AL x [0, ]
y=0 in OAL x [0, t] (2)
y(-,0) = yo yo € Ran Pg

We define the adjoint system
Orz—Az=0 in AL x]0,t]
z=0 in OAL % [0, ] (3)
z(,0) = zg 7o € Ran Pg
o Fact: Null controllability of (2) < Final state observability of (3)
e Observability: Ik : Vzo € Ran Pg
(¢, MIE2(a) < wellz 1 F2 w0 xfo,01)-

e Moreover C = C(t, o) < v/Ktllyoll2(a,)-
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Final state observability of (3)

Ty = [ 120 Olu s
= [1@ ) s

/ 120 9)[22(n s

19 /24



Final state observability of (3)

Ty = [ 120 Olu s
= [1@ ) s

/ 120 9)[22(n s

Since zy € Ran Pg we have z(-,s) € Ran Pg.
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Final state observability of (3)

Ty = [ 120 Olu s
= [1@ ) s

/n ) Zagn, s

Since z € Ran Pg we have z(+,s) € Ran Pg. Unique continuation implies

0T < CanlE) [ )

= sfuC(E)||z||L2(W5(L)><[O’t]).
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Final state observability of (3)

Ty = [ 120 Olu s
= [1@ ) s

/n ) Zagn, s

Since z € Ran Pg we have z(+,s) € Ran Pg. Unique continuation implies

0T < CanlE) [ )

= SfuC(E)”ZHB(W,;(L)x[O,t])'
We have shown Final state observability with

_ 2/3 1/2y
iy = O~ NAHIVIZHE?) -1
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Using the equivalence between controllability and observability we obtain
that the system

Oty — Ay = Pelsg in AL x [0, 1]
y=0 in O\ X [0, l'] (2)
y(-,0) =y ¥o € Ran Pg

is Null-controllable.

20/24



Using the equivalence between controllability and observability we obtain
that the system

Oty — Ay = Pelsg in AL x [0, 1]
y=0 in O\ X [0, l'] (2)
y(-,0) =y Yo € Ran Pg

is Null-controllable.

In particular, for all E € R, t > 0 and yg € Ran Pg there is

g =g(E.t,y0)
such that
y(,t)=0
and
gllz(ws ()= ©.6) < V Cotuc(E)t?|Iy0ll2(a0)
where

Cutne = 0~ NAHIVIZ+E/2)
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Construction of control function f for the system

y=0
}/(ao):}/O

in /\[_ X [0, T]
in O\, x [0, T] (1)
Yo € Lz(/\L)
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Construction of control function f for the system

Oty — Ay =1sf in AL x [0, T]

y=0 in OAL x [0, T] (1)
y(-0) = yo yo € L*(AL)
o ) P

Decomposition:

o0 o0
0,7]=Jla,ai11], a0 =0 aj=2a+2T;, » 2T;=T
j=0 j=0
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Construction of control function f for the system

Oty — Ay =1sf in Ap x [0, T]

y=0 in AL x [0, T] (1)
y(-,0) =y vo € L2(AL)
g ” A Psvopa

Decomposition:
oo oo
[0’ T]: U[ajvaj+1]’ ao =0, aj;1=a+2T, ZZTJ': T
~ =

T
22 25 ® 5—j/2

Possible choice: T; = p2792 where p=
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Construction of control function f for the system

Oty — Ay =1sf in AL x [0, T]

y=0 in AL x [0, T] (1)
y(,O) =Y Yo € LQ(/\L)

— J—

0=ao a1 ES as EE T

Decomposition:
oo oo
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~ =

T
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Construction of control function f for the system

Oty — Ay =1sf in AL x [0, T]

y=0 in OAL x [0, T] (1)
y(,O) =Yo Yo € LQ(/\L)
0= ao al as as as ag - T

Decomposition:
oo oo
[0’ T]:U[ajvaj+1]’ ao =0, aj;1=a+2T, 227—]: T
~ =

T
22 2N P 5—j/2

Possible choice: T; = p2792 where p=

Active phase: [a;,a; + Tj]

Passive phase: [a; + Tj,a; +2T}]
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Construction of control function f for the system

Oty — Ay =1sf in AL x [0, T]
y=20 in OAL x [0, T] (1)
y(-,0) =y yo € L2(AL)

—_,——
0= ao a a as as ag - T

Active phase: We choose E; = 2% and f = g(Ej, T}, P y(-, a))).

Passive phase: We set f = 0.
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Construction of control function f for the system

Oty — Ay =1sf in AL x [0, T]

y=0 in AL x [0, T] (1)
y(,O) =Yo Yo € LQ(/\L)
0=ao ai ar as EE T

Active phase: We choose E; = 2% and f = g(Ej, T}, Pgy(-, a;)). Then
y(, 3 + Tj) € Ran x(g, ) (—A),
Iy (s a4+ Tllean < (1 + v/ Cruc (BN (5 3) 2 a)
1Nl i2((aya+ ) x Wi (L) < v/ Cotue(E7) - Tj_1/2 Ay Gy allzas

Passive phase: We set f = 0.
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Construction of control function f for the system

Oty — Ay =1sf in AL x [0, T]

y=0 in AL x [0, T] (1)
y(,O) =Yo Yo € LQ(/\L)
0=ao ai ar as EE T

Active phase: We choose E; = 2% and f = g(Ej, T}, Pgy(-, a;)). Then
y(, 3 + Tj) € Ran x(g, ) (—A),
Iy (s a4+ Tllean < (1 + v/ Cruc (BN (5 3) 2 a)
1Nl i2((aya+ ) x Wi (L) < v/ Cotue(E7) - Tj_1/2 Ay Gy allzas

Passive phase: We set f = 0. Then

Iy(ajir)llziy < e 5lly(a + Tl
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Putting together the acive and passive phases we obtain

J
IyCrain)lizm < TLe ™ (14 v GuelE) ol
k=0

=0 ifj— oo

Hence y(T) = 0.
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11l 2(A.x[0, 1)
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<Z(\/? T Iyl )
< (\/T()T 1/21_[ kB (l-i- Csfuc(Ek)>> ||)/0||%2(/\L)

j=0 k=0

23 /24



Putting together the acive and passive phases we obtain

J
IyCoaillza < TTe” ™8 (14 v GauelED) IyolBaqay
k=0
=0 ifj— oo
Hence y(T) = 0. For the control costs we find

11l 2(A.x[0, 1)

<3 (Veud&) T el
j=0
oo j—1
<> (\/T)le/z [[e " (1 + Csfuc(Ek)>> yollZ2(a,)

J= k=0

< G2 e T ygllizn,
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Putting together the acive and passive phases we obtain

J
IyCrain)lizm < TLe ™ (14 v GuelE) ol
k=0

=0 ifj— oo
Hence y(T) = 0. For the control costs we find

11l 2(A.x[0, 1)

<3 (Veud&) T el
j=0
) j—1

< (JT)TJI/2 [[e " (1 + Csfuc(Ek)>> yollZ2(a,)
J=

k=0

< G662 eS T yllizay
< o~ GA+IVIE?) LIVt G/ Ty 2a
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Thank you for your attention!
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