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I. Scale-free quantitative unique
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De�nition
Let δ ∈ (0, 1/2). A sequence (zj)k∈Zd is called
δ-equidistributed if

∀j ∈ Zd : B(δ, zj) ⊂ Λ1 + j ,

where
ΛL = (−L/2, L/2)d .

De�nition
For L ∈ N we de�ne

Wδ(L) =

⋃
j∈Zd

B(δ, zj)

 ∩ ΛL

Note that Wδ(L) depends on (zj)j !
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Let V ∈ L∞(Rd) and consider

HL = −∆ + V in L2(ΛL)

with Dirichlet, Neumann or periodic b.c.

• HL lower bounded, purely discrete spectrum

• φ ∈ Ran(χ(−∞,b](HL)) ⇔ φ =
∑

k∈N,Ek≤b

αkφk

Theorem (Naki¢, Täufer, T., Veseli¢) There exists N = N(d) > 0 s.t.

• for all δ ∈ (0, 1/2) and b > 0

• for all δ-equidistributed sequences (zj)j ,

• all L ∈ N

and all φ ∈ Ran(χ(−∞,b](HL)) we have

‖φ‖2L2(ΛL) ≤ Csfuc‖φ‖2L2(Wδ(L)), where Csfuc = δ−N(1+‖V‖2/3∞ +|b|1/2).
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II. Application to random

Schrödinger operators
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Consider family of Schrödinger operators

Hω = −∆ + Vω, ω ∈ (Ω,A,P)

in H = L2(Rd).

The potential may be given by

VA
ω (x) =

∑
k∈Zd

ωku(x − k) or VB
ω (x) =

∑
k∈Zd

u

(
x − k

ωj

)

u : Rd → R+, ωk i.i.d. random variables

u = χB1

⇒ωk ∼ U [0, ω+], ω+ < 1/2
VB
ω (x) =

∑
k∈Zd

χBωj
(x − k)

x

VA
ω (x)

−1 0 1 x

VB
ω (x)

−1 0 1
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Almost sure spectrum (Hω)ω ergodic ⇒
∃Σ ⊂ R such that σ(Hω) = Σ for almost all ω ∈ Ω.

Same holds true for spectral components σ•, • ∈ {ac,sc,pp}.

Phenomenon of localization

There are intervals I ⊂ Σ, such that σc(Hω) ∩ I = ∅.
This is in contrast to σ(Hper) = σac(Hper), Hper = −∆ + Vper.

Dynamical localization

There are intervals I ⊂ Σ, such that for every ψ0 ∈ H, all p ≥ 0 and
almost all ω ∈ Ω

sup
t∈R

∥∥|x |pe−iHωtχI (Hω)ψ0

∥∥ <∞.
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Multiscale analysis [FS83], [FMSS85]

Wegner estimate

Initial scale estimate

MSA Localization

• well studied if
ωk 7→ 〈ψ,Vωψ〉

is monotone and linear!

• linear (and monotone if u ≥ 0) in the alloy-type model

VA
ω (x) =

∑
k∈Zd

ωku(x − k)

• non-linear (and monotone) in the breather model

VB
ω (x) =

∑
k∈Zd

u

(
x − k

ωk

)
.
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What is a Wegner estimate?

• ΛL = [−L/2, L/2]d and Hω,L on L2(ΛL) with Dirichlet b.c.

ω ω′ ω′′ Ω

R

• Wegner estimate [Weg81] is upper bound on expected number of
eigenvalues of Hω,L in intervall [a, b]:

∀L ∈ N and [a, b] ⊂ R : E
(
Trχ[a,b](Hω,L)

)
≤ CW(b − a)s |ΛL|m

with CW > 0 und s ∈ (0, 1] and m ∈ [1,∞).
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Theorem [Naki¢, Täufer, T., Veseli¢ 15]

Wegner estimate for random breather model with u = χB .
(generalizes to a large class of single-site potentials)

Earlier results for breather model
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u ∈ C 2, u ≥ 0, compactly supported,

−〈x ,∇u〉 ≥ 0 and ∃c0 > 0 :

∣∣∣∣ 〈x ,Hess[u]x〉
〈x ,∇u〉

∣∣∣∣ ≤ c0 <∞.

• �rst condition is decay assumpiton

• second condition never holds
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• [Combes, Hislop and Nakamura 01] prove a Wegner estimate
assuming u ∈ C 1(BR \ {0}), u ≥ 0, and

∃ε0 > 0 ∀x : − 〈x ,∇u〉 ≥ ε0u.

• this condition implies that u has a singularity at origin

• If we take for example u(x) = |x |−α, then

u

(
x

ωj
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Theorem [Naki¢, Täufer, T., Veseli¢ 15]

Wegner estimate for random breather model with u = χB .
(generalizes to a large class of single-site potentials)

Idea of proof

An important step to prove a Wegner estimate

∀L ∈ N and [a, b] ⊂ R : E
(
Trχ[a,b](Hω,L)

)
≤ CW(b − a)s |ΛL|m

is to show that the eigenvalues move, i.e.

λi
(
Hω+δ,L

)
≥ λi

(
Hω,L

)
+ f (δ)!

11 / 24



Theorem [Naki¢, Täufer, T., Veseli¢ 15]

Wegner estimate for random breather model with u = χB .
(generalizes to a large class of single-site potentials)

Idea of proof

An important step to prove a Wegner estimate

∀L ∈ N and [a, b] ⊂ R : E
(
Trχ[a,b](Hω,L)

)
≤ CW(b − a)s |ΛL|m

is to show that the eigenvalues move, i.e.

λi
(
Hω+δ,L

)
≥ λi

(
Hω,L

)
+ f (δ)!

11 / 24



Eigenvalue lifting

λi
(
Hω+δ,L

)
≥ λi

(
Hω,L

)
+ f (δ), W := Vω+δ − Vω
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Eigenvalue liftung

δM‖φ‖2L2(ΛL) ≤ ‖φ‖2L2(Wδ(L))

λi
(
Hω+δ,L

)
≥ λi

(
Hω,L

)
+ f (δ), W := Vω+δ − Vω

min max priciple: ∀ω ∈ Ω and δ ∈ (0, δ0)

λi
(
Hω+δ,L

)
= 〈φi ,Hω+δ,Lφi 〉 = max

φ∈Span{φ1,...,φi}
(〈φ,Hω,Lφ〉+ 〈φ,Wφ〉)

= max
φ∈Span{φ1,...,φi}

(
〈φ,Hω,Lφ〉+ ‖φ‖2Aω,δ

)
≥ max
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Theorem [Naki¢, Täufer, T., Veseli¢ 15]

Let

• b, α > 0, δ ∈ (0, 1/2), L ∈ N
• A,B : ΛL → R be measurable and bounded, and

B ≥ αχWδ(L)

for some δ-equidistributed sequence.

Then for all i ∈ N with λi (−∆ + A + B) ≤ b, we have

λi (−∆L + A + B) ≥ λi (−∆L + A) + αδNd (1−‖A+B‖2/3∞ +
√
b).
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III. Control theory for the heat

equation
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Heat equation in Ω ⊂ Rd with control f ∈ L2(Ω× [0,T ]) on S ⊂ Ω:
∂ty −∆y + Vy = 1S f in Ω× [0,T ]

y = 0 on ∂Ω× [0,T ]

y(0) = y0 y0 ∈ L2(Ω)

(1)

Null-controllability: ∀y0 ∈ L2(Ω) and T > 0, �nd f such that y(·,T ) ≡ 0

Control cost: C = C(T , y0) = inf{‖f ‖L2(Ω×[0,T ]) : y(·,T ) = 0}
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Control cost: C = C(T , y0) = inf{‖f ‖L2(Ω×[0,T ]) : y(·,T ) = 0}

Remarks

• Null-controllability known if Ω open and connected, S ⊂ Ω open
[Fursikov & Imanuvilov 96]

• dependence of C on T and ‖V ‖∞ are well understood
[Zuazua 07]

• dependence of C on geometry of S is less clear

16 / 24



Heat equation in Ω ⊂ Rd with control f ∈ L2(Ω× [0,T ]) on S ⊂ Ω:
∂ty −∆y + Vy = 1S f in Ω× [0,T ]

y = 0 on ∂Ω× [0,T ]

y(0) = y0 y0 ∈ L2(Ω)

(1)

Null-controllability: ∀y0 ∈ L2(Ω) and T > 0, �nd f such that y(·,T ) ≡ 0

Control cost: C = C(T , y0) = inf{‖f ‖L2(Ω×[0,T ]) : y(·,T ) = 0}

Remarks

• Null-controllability known if Ω open and connected, S ⊂ Ω open
[Fursikov & Imanuvilov 96]

• dependence of C on T and ‖V ‖∞ are well understood
[Zuazua 07]

• dependence of C on geometry of S is less clear

16 / 24



Heat equation in Ω ⊂ Rd with control f ∈ L2(Ω× [0,T ]) on S ⊂ Ω:
∂ty −∆y + Vy = 1S f in Ω× [0,T ]

y = 0 on ∂Ω× [0,T ]

y(0) = y0 y0 ∈ L2(Ω)

(1)

Null-controllability: ∀y0 ∈ L2(Ω) and T > 0, �nd f such that y(·,T ) ≡ 0

Control cost: C = C(T , y0) = inf{‖f ‖L2(Ω×[0,T ]) : y(·,T ) = 0}

Remarks

• Null-controllability known if Ω open and connected, S ⊂ Ω open
[Fursikov & Imanuvilov 96]

• dependence of C on T and ‖V ‖∞ are well understood
[Zuazua 07]

• dependence of C on geometry of S is less clear

16 / 24



Heat equation in Ω ⊂ Rd with control f ∈ L2(Ω× [0,T ]) on S ⊂ Ω:
∂ty −∆y + Vy = 1S f in Ω× [0,T ]

y = 0 on ∂Ω× [0,T ]

y(0) = y0 y0 ∈ L2(Ω)

(1)

Null-controllability: ∀y0 ∈ L2(Ω) and T > 0, �nd f such that y(·,T ) ≡ 0

Control cost: C = C(T , y0) = inf{‖f ‖L2(Ω×[0,T ]) : y(·,T ) = 0}

Remarks

• Null-controllability known if Ω open and connected, S ⊂ Ω open
[Fursikov & Imanuvilov 96]

• dependence of C on T and ‖V ‖∞ are well understood
[Zuazua 07]

• dependence of C on geometry of S is less clear

16 / 24



Heat equation in Ω ⊂ Rd with control f ∈ L2(Ω× [0,T ]) on S ⊂ Ω:
∂ty −∆y + Vy = 1S f in Ω× [0,T ]

y = 0 on ∂Ω× [0,T ]

y(0) = y0 y0 ∈ L2(Ω)

(1)

Null-controllability: ∀y0 ∈ L2(Ω) and T > 0, �nd f such that y(·,T ) ≡ 0

Control cost: C = C(T , y0) = inf{‖f ‖L2(Ω×[0,T ]) : y(·,T ) = 0}

Remarks

• Null-controllability known if Ω open and connected, S ⊂ Ω open
[Fursikov & Imanuvilov 96]

• dependence of C on T and ‖V ‖∞ are well understood
[Zuazua 07]

• dependence of C on geometry of S is less clear

Our contribution:

• explicit dependence of C on the geometry
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Control cost: C = C(T , y0) = inf{‖f ‖L2(Ω×[0,T ]) : y(·,T ) = 0}

Our setting:

Ω = ΛL, S = Wδ(L)

Theorem (Naki¢, Täufer, T., Veseli¢ 15) For any

δ ∈ (0, 1/2), any V ∈ L∞(Rd), any L ∈ N, any
δ-equidistributed sequence, and any y0 ∈ L2(ΛL)

the system is Null-controllable with cost

C ≤ C1δ
−C2(1+‖V‖2/3∞ ) · e2‖V‖∞+C3/T‖y0‖L2(ΛL).
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Outline of the proof:

• We adapt the strategy of

G. Lebeau and L. Robbiano. Commun. Part. Di�. Eq. 20, 1995.

J. Le Rousseau and G. Lebeau. ESAIM Contr. Optim. Ca. 18, 2012.

• Original system
∂ty −∆y + Vy = 1Wδ(L)f in ΛL × [0,T ]

y = 0 on ∂ΛL × [0,T ]

y(0) = y0 y0 ∈ L2(ΛL)

(1)

0 Ta1 a2 a3 a4 a5 · · · · · ·= a0

• On each interval construct control function satisfying

‖y(·, aj+1)‖L2(ΛL) ≤ Cj‖y(·, aj)‖L2(ΛL),

n∏
j=1

Cj → 0, n→∞
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Denote PE = χ(−∞,E ](−∆) and consider the problem
∂ty −∆y = PE1Wδ(L)g in ΛL × [0, t]

y = 0 in ∂ΛL × [0, t]

y(·, 0) = y0 y0 ∈ RanPE

(2)

We de�ne the adjoint system
∂tz −∆z = 0 in ΛL × [0, t]

z = 0 in ∂ΛL × [0, t]

z(·, 0) = z0 z0 ∈ RanPE

(3)

• Fact: Null controllability of (2) ⇔ Final state observability of (3)

• Observability: ∃κt : ∀ z0 ∈ RanPE

‖z(t, ·)‖2L2(ΛL) ≤ κt‖z‖
2
L2(Wδ(L)×[0,t]).

• Moreover C = C(t, y0) ≤ √κt‖y0‖L2(ΛL).
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Final state observability of (3)

t‖z(·, t)‖2L2(ΛL) =

∫ t

0

‖z(·, t)‖2L2(ΛL)ds

=

∫ t

0

‖e(∆)(t−s)z(·, s)‖2L2(ΛL)ds

≤
∫ t

0

‖z(·, s)‖2L2(ΛL)ds

Since z0 ∈ RanPE we have z(·, s) ∈ RanPE . Unique continuation implies

t‖z(·, t)‖2L2(ΛL) ≤ Csfuc(E )

∫ t

0

‖z(·, s)‖2L2(Wδ(L))ds

= Csfuc(E )‖z‖2L2(Wδ(L)×[0,t]).

We have shown Final state observability with

κt = δ−N(1+‖V‖2/3∞ +|E |1/2)t−1.

19 / 24



Final state observability of (3)

t‖z(·, t)‖2L2(ΛL) =

∫ t

0

‖z(·, t)‖2L2(ΛL)ds

=

∫ t

0

‖e(∆)(t−s)z(·, s)‖2L2(ΛL)ds

≤
∫ t

0

‖z(·, s)‖2L2(ΛL)ds

Since z0 ∈ RanPE we have z(·, s) ∈ RanPE .

Unique continuation implies

t‖z(·, t)‖2L2(ΛL) ≤ Csfuc(E )

∫ t

0

‖z(·, s)‖2L2(Wδ(L))ds

= Csfuc(E )‖z‖2L2(Wδ(L)×[0,t]).

We have shown Final state observability with

κt = δ−N(1+‖V‖2/3∞ +|E |1/2)t−1.

19 / 24



Final state observability of (3)

t‖z(·, t)‖2L2(ΛL) =

∫ t

0

‖z(·, t)‖2L2(ΛL)ds

=

∫ t

0

‖e(∆)(t−s)z(·, s)‖2L2(ΛL)ds

≤
∫ t

0

‖z(·, s)‖2L2(ΛL)ds

Since z0 ∈ RanPE we have z(·, s) ∈ RanPE . Unique continuation implies

t‖z(·, t)‖2L2(ΛL) ≤ Csfuc(E )

∫ t

0

‖z(·, s)‖2L2(Wδ(L))ds

= Csfuc(E )‖z‖2L2(Wδ(L)×[0,t]).

We have shown Final state observability with

κt = δ−N(1+‖V‖2/3∞ +|E |1/2)t−1.

19 / 24



Final state observability of (3)

t‖z(·, t)‖2L2(ΛL) =

∫ t

0

‖z(·, t)‖2L2(ΛL)ds

=

∫ t

0

‖e(∆)(t−s)z(·, s)‖2L2(ΛL)ds

≤
∫ t

0

‖z(·, s)‖2L2(ΛL)ds

Since z0 ∈ RanPE we have z(·, s) ∈ RanPE . Unique continuation implies

t‖z(·, t)‖2L2(ΛL) ≤ Csfuc(E )

∫ t

0

‖z(·, s)‖2L2(Wδ(L))ds

= Csfuc(E )‖z‖2L2(Wδ(L)×[0,t]).

We have shown Final state observability with

κt = δ−N(1+‖V‖2/3∞ +|E |1/2)t−1.

19 / 24



Using the equivalence between controllability and observability we obtain
that the system 

∂ty −∆y = PE1Sg in ΛL × [0, t]

y = 0 in ∂ΛL × [0, t]

y(·, 0) = y0 y0 ∈ RanPE

(2)

is Null-controllable.

In particular, for all E ∈ R, t > 0 and y0 ∈ RanPE there is

g = g(E , t, y0)

such that
y(·, t) ≡ 0

and
‖g‖L2(Wδ(L)×(0,t)) ≤

√
Csfuc(E )t−1/2‖y0‖L2(ΛL)

where
Csfuc = δ−N(1+‖V‖2/3∞ +|E |1/2)
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Construction of control function f for the system
∂ty −∆y = 1S f in ΛL × [0,T ]

y = 0 in ∂ΛL × [0,T ]

y(·, 0) = y0 y0 ∈ L2(ΛL)

(1)

0 T

a1 a2 a3 a4 a5 · · · · · ·= a0

Decomposition:

[0,T ] =
∞⋃
j=0

[aj , aj+1], a0 = 0, aj+1 = aj + 2Tj ,

∞∑
j=0

2Tj = T

Possible choice: Tj = ρ2−j/2, where ρ =
T

2
∑∞

j=0 2
−j/2

Active phase: [aj , aj + Tj ]

Passive phase: [aj + Tj , aj + 2Tj ]
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Construction of control function f for the system
∂ty −∆y = 1S f in ΛL × [0,T ]

y = 0 in ∂ΛL × [0,T ]

y(·, 0) = y0 y0 ∈ L2(ΛL)

(1)

0 Ta1 a2 a3 a4 a5 · · · · · ·= a0

Active phase: We choose Ej = 22j and f = g(Ej ,Tj ,PEj y(·, aj)).

Then
y(·, aj + Tj) ∈ Ranχ(Ej ,∞)(−∆),

‖y(·, aj + Tj)‖L2(ΛL) ≤ (1 +
√
Csfuc(Ej))‖y(·, aj)‖L2(ΛL)

‖f ‖L2((aj ,aj+Tj )×Wδ(L)) ≤
√

Csfuc(Ej) · T−1/2j · ‖y(·, aj)‖L2(ΛL),

Passive phase: We set f ≡ 0.

Then

‖y(aj+1)‖L2(ΛL) ≤ e
−TjEj‖y(aj + Tj)‖L2(ΛL).
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Putting together the acive and passive phases we obtain

‖y(·, aj+1)‖L2(ΛL) ≤
j∏

k=0

e
−TkEk

(
1 +

√
Csfuc(Ek)

)
‖y0‖2L2(ΛL)

→ 0 if j →∞.

Hence y(T ) ≡ 0.

For the control costs we �nd

‖f ‖L2(ΛL×[0,T ])

≤
∞∑
j=0

(√
Csfuc(Ej) · T−1/2j · ‖y(·, aj)‖L2(ΛL)

)

≤
∞∑
j=0

(√
Csfuc(Ej)T

−1/2
j

j−1∏
k=0

e
−TkEk

(
1 +

√
Csfuc(Ek)

))
‖y0‖2L2(ΛL)

≤ C1δ
−C2 · eC3/T‖y0‖L2(ΛL)

≤ C1δ
−C2(1+‖V‖2/3∞ ) · e2‖V‖∞+C3/T‖y0‖L2(ΛL)
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Thank you for your attention!
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