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The Bethe lattice

with coordination number 3

@ The Bethe
lattice Bxis an
infinite simple
tree graph of
constant degree
k+1>3

@ Cayley graph of
non-abelian group
(a0, a | & =1)

@ introduced 1935
by Hans Bethe
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The Bethe lattice

with coordination number 5

@ The Bethe
lattice Bgis an
infinite simple
tree graph of
constant degree
k+1>3

@ Cayley graph of
non-abelian group
(a0, ax| & =1)

@ introduced 1935
by Hans Bethe
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The Bethe lattice
with coordination number 6
e The Bethe 5 A4
lattice Biis an S

infinite simple
tree graph of
constant degree
k+1>3

@ Cayley graph of
non-abelian group
(a0,...,ak | & =1)

@ introduced 1935
by Hans Bethe
A
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The discrete Anderson model

@ I': infinite simple undirected graph,e.g. T = Z9 or I' = By
@ The discrete Laplace operator on (the nodes of) I':

Ar: 2(N) = (), (Arp)(v) = Y (p(w) = p(v))

w~v
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The discrete Anderson model

@ I': infinite simple undirected graph,e.g. T = Z9 or I' = By
@ The discrete Laplace operator on (the nodes of) I':

Ar: B(M) = 2N,  (Arp)(v) == (p(w) = o(v))

@ The random potential
Vi B(N) = 2(N),  (Vip)(v) == wvp(v),

where w := (wy)yeris a vector of non-trivial, bounded,
non-negative,i.i. d. random variables with ess infw, =0
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The discrete Anderson model

@ I': infinite simple undirected graph,e.g. T = Z9 or I' = By
@ The discrete Laplace operator on (the nodes of) I':

Ar: B(M) = 2N,  (Arp)(v) == (p(w) = o(v))

@ The random potential
Vi B(N) = 2(N),  (Vip)(v) == wvp(v),

where w := (wy)yeris a vector of non-trivial, bounded,
non-negative,i.i. d. random variables with ess infw, =0

@ The Anderson Hamiltonian on I

HD:2(M) — 3(T),  H = —-Ar+ V]

with coupling constant A > 0
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The discrete Anderson model

@ I': infinite simple undirected graph,e.g. T = Z9 or I' = By
@ The discrete Laplace operator on (the nodes of) I':
Ar: B(0) = 2(N),  (Are)(v) = > (p(w) = ¢(v))

@ The random potential o

Vi BN = (N),  (Vip)(v) = wyp(v),

where w := (wy)yeris a vector of non-trivial, bounded,
non-negative,i.i. d. random variables with ess infw, =0

@ The Anderson Hamiltonian on I

HD:2(M) — 3(T),  H = —-Ar+ V]
with coupling constant A > 0
@ Ergodicity implies almost sure spectrum ¥ = o(H,) a.s.
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The Integrated Density of States

The Integrated Density of States (IDS)

NT:R = [0,1], NT(E) :=E[(dv, 1(_oo.£(H)0v)]

@ evaluates to the expected number of energy levels
below the energy threshold E € R per unit volume,
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The Integrated Density of States

The Integrated Density of States (IDS)

NTR—[0,1], NT(E) :=E[(dv, 1(—oo.g(H5)V)]
@ evaluates to the expected number of energy levels
below the energy threshold E € R per unit volume,

@ is thermodynamic limit of eigenvalue counting
functions(Pastur—Shubin formula),
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The Integrated Density of States

The Integrated Density of States (IDS)

NTR—[0,1], NT(E) :=E[(dv, 1(—oo.g(H5)V)]
@ evaluates to the expected number of energy levels
below the energy threshold E € R per unit volume,

@ is thermodynamic limit of eigenvalue counting
functions(Pastur—Shubin formula),

@ contains spectral information,e.g. N is a distribution function,
and support of the corresponding measure= ¥ = o(H') a.s.,
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The Integrated Density of States

The Integrated Density of States (IDS)

NTR—[0,1], NT(E) :=E[(dv, 1(—oo.g(H5)V)]
@ evaluates to the expected number of energy levels
below the energy threshold E € R per unit volume,

@ is thermodynamic limit of eigenvalue counting
functions(Pastur—Shubin formula),

@ contains spectral information,e.g. N is a distribution function,
and support of the corresponding measure= ¥ = o(H') a.s.,

@ encodes geometric properties of the underlying space,
e.g. Ep :=infX =0 < T is amenable.

For the Bethe lattice: £y := infX = (vVk —1)2 > 0.
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Behavior of the IDS
at the bottom of the spectrum

Anderson Hamiltonian: H!, := —Ar + A V]

NT(Ey + E) “~” Euclidian lattice T = Z¢  Bethe lattice I' = By

A=0 Ed/2 E83/2
A>0 exp(—E—9/?)
(d=3)
NT(Eo + E)
__E E
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Behavior of the IDS and the DoS

at the bottom of the spectrum

Anderson Hamiltonian: H!, := —Ar + A V]

NT(Ey + E) “~” Euclidian lattice T = Z¢  Bethe lattice I' = By

A=0 Ed/2 E83/2
A>0 exp(—E—9/?)
(d=3)
NT(Ey + E)

S NT(Ey + E)
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Lifshitz tails

For the Bethe lattice: Ey :=infL = (Vk —1)2 > 0.

Theorem (Lifshitz tails on the Bethe lattice)

Assume v := limsup, o x'/?logllog P(wy < k)| <1 (v € By).
Then there exists £ > 0such that, for all E € (0,¢),

exp(—exp(c ' E~"/2)) < NP (B + E) < exp(— exp(eE~"/?))

and thus
log log|log N5« (Eg + E)| 1

ENO log(E) 2

Note: v < 1 is an assumption on the distribution of the potential:
roughly: P(w, < k) > exp(—exp(k~1/2)) as k \, 0,
i.e. small values are not too improbable.
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Behavior of the IDS
at the bottom of the spectrum

Anderson Hamiltonian: H!, := —Ar + A V]

NT(Ey + E) “~” Euclidian lattice T = Z¢  Bethe lattice I' = By

A=0 Ed/2 E83/2
A>0 exp(—E—9/?) exp(—exp(E~1/2))
(d=3)
NT(Ey + E)
__E E
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Behavior of the IDS and the DoS

at the bottom of the spectrum

Anderson Hamiltonian: H!, := —Ar + A V]
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A=0 Ed/2 E83/2
A>0 exp(—E—9/?) exp(—exp(E~1/2))
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Comparison Euclidian lattice and Bethe lattice

Tools on Z°:
@ amenability — approximation by finite balls: 79/, Bg: X
@ perturbation theory — large spectral gap: 79/, Bg: X
@ Fourier transform — abelian group: 79 v, By X
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Comparison Euclidian lattice and Bethe lattice

Tools on Z°:
@ amenability — approximation by finite balls: 79/, Bg: X
@ perturbation theory — large spectral gap: 79/, Bg: X
@ Fourier transform — abelian group: 79 v, By X
We use

@ Laplace transform of IDS A5k, Tauberian theorem
@ discrete Feynman—Kac formula
@ discrete Ismagilov—Morgan—Sigal formula

to reduce Lifshits tails behaviour to properties of ground state energies
of Anderson models on finite symmetric rooted trees.
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Finite symmetric rooted trees 7;

@ Number of children: k > 2 T

@ Length of tree: L € N

@ root: 0

@ Level of node v € 7;:
|v| = dist(0, v) + 1

@ Advantage w.r.t. B:

explicit formulas for all
eigenfunctions and -values
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Estimation of the random ground state energy

Consider
@ Anderson model Ht := —A7. + VIt on the tree 7,
@ the random ground state energy Eés(w) = | i|r|1f1(<p, HZLgo)
90 =
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Estimation of the random ground state energy

Consider
@ Anderson model Ht := —A7. + VIt on the tree 7,
@ the random ground state energy Eés(w) = | i|r|1f 1 (o, Hﬂgp)
90 =

Theorem (random ground state energy on trees)

Assume v < 1.Then there are ¢ > 0 and L* > 1 such that

for all L > L* we have

L ={

exp(—eL).

(As before: Ej := (\/R _ 1)2)
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Estimation of the random ground state energy

Consider
@ Anderson model Ht := —A7. + VIt on the tree 7,
@ the random ground state energy Eés(w) = | i|r|1f 1 (o, HwTLgo)
90 =

Theorem (random ground state energy on trees)

Assume v < 1.Then there are ¢ > 0 and L* > 1 such that
for all L > L* we have

=i
]P)(EO + (|ogEL)2 < Eé-;s < EO + (Ioag—L)z) >1-— exp(—aL).

(As before: Ey := (Vk — 1)?)
Adjacency operator:

A: B(By) = B(Br),  (Ap)(v):=> o(w), A=Dp +k+1

w~v
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The ground state on finite symmetric rooted trees

or: radially symmetric eigenfunctions of the adjacency matrix
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The ground state on finite symmetric rooted trees

or: radially symmetric eigenfunctions of the adjacency matrix

radially )
symmetric T
function 5
0
U
0
Q
)
! 0
5]
0
v
0
1 2 3 4 L v|
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The ground state on finite symmetric rooted trees

or: radially symmetric eigenfunctions of the adjacency matrix

radially 5
symmetric i
1)
function 3
1)
Y
1)
Q,
1)
g 1)
C(TIN\S
1)
®| 1
21, L)
o BV2 2y /8
i 2 3 4 - 1 v|
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The ground state on finite symmetric rooted trees

or: radially symmetric eigenfunctions of the adjacency matrix
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The ground state on finite symmetric rooted trees

or: radially symmetric eigenfunctions of the adjacency matrix
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The ground state on finite symmetric rooted trees

or: radially symmetric eigenfunctions of the adjacency matrix

sin(74)

(V=172
A =2vkcos(%)

V=
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The ground state on finite symmetric rooted trees

or: radially symmetric eigenfunctions of the adjacency matrix

.o 2x|v|
sin(Z51)
V= svi-ne

A =2vkcos( &5

V| sin(2L71'1’|)

% v
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Non-radially symmetric eigenfunctions

oIy =1)
sin(=5—2)
V= e

A = 2vkcos(%)

om(|v]—1)
sin(———->=
V — ( L )

- advi=1/2
1 2 3 4 - L V|
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Consequences of the spectral properties of trees

@ spectral gap:|cos( ) — cos(%)] ~ L~30on By
instead of|cos(77) — cos(L+1 )|
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Consequences of the spectral properties of trees

@ spectral gap:|cos(Z5) — cos(f)| =~ L~3on Bk
instead of|cos( %) — cos(£%)| ~ L~2on Z°
@ low energy eigenfunctions suppress boundary effects
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Consequences of the spectral properties of trees

@ spectral gap:|cos(Z5) — cos(f)| =~ L~3on Bk
instead of|cos( %) — cos(£%)| ~ L~2on Z°

@ low energy eigenfunctions suppress boundary effects

@ location of the random ground state
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Thank you for your attention!
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