A.3 Primitive Elements for Prime Powers

For prime powers we need one more lemma.

Lemma 13 Let p be prime > 3, k, an integer, and d > 0. Then
(1+ k:p)pd =1+ kp™!  (mod p?*?).

Proof. For d = 0 the statement is trivial. For d > 1 we reason by induction:
Assume o
(L+kp)” =14 kp" +rp™ =1+ (k+rp)p”.

Then
(1+kp)?" = (1+ (k+rp)p)? = 1+4p- (k+7rp)-p* = 1+kp™*  (mod p+?),

sinced+2<2d4+1andp>3. <

Proposition 18 Letp be prime > 3, e, an exponent > 2, and a be primitive
mod p. Then:

(i) a generates the group Mye if and only if aP~ mod p? # 1.
1) a or a+ p generates c.
i tes M,

(iii) Mype is cyclic, and A(p°®) = ¢(p®) = p*~L(p — 1).

Proof. (i) Let t be the multiplicative order of a mod p®, necessarily a mul-
tiple of the order of @ mod p, hence of p — 1. On the other hand ¢ divides
o(p®) =p*'(p—1). Hence t = p?(p — 1) with0 < d < e — 1.
Choose k such that a?~! = 1 + kp. Then by Lemma
(ap_l)pei2 =14k =1 (modp®) < plk < a1 =1 (mod p?).

This is not the case if and only if d =e — 1.
(ii) Assume a doesn’t generate Me. Then a?~! =1 (mod p?), hence

(at+pP ="+ (p-1a"*p=1-a"? (modp?),

and this is not = 1 (mod p?).
(iii) follows immediately from (ii). <

We immediately get an analogous result for modules that are twice a
prime power:

Corollary 1 Let g = p° be a power of a prime p > 3. Then:
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(i) The multiplicative group Mag is canonically isomorphic with My, hence

cyclic.

(ii) If a is a primitive element mod q, then a is primitive mod 2q for odd
a, and a + q is primitive mod 2q for even a.

(il)) A(2p%) =p*t(p—1).

Proof. (i) Since g and 2 are coprime, and My is the trivial group, by the
chinese remainder theorem My, = My x M, = M. This map is explicitely

given by a mod 2qg — a mod gq.
(ii) Exactly one of a and a + ¢ is odd, hence coprime with 2¢. Thus the

inverse isomorphism is

{m if a is odd,
a t—

a+q, if ais even.

(iii) obvious. <
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