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Introduction

This is the general objective of invariant theory:

Let a group G operate on a ring A (commutative with 1) as a
group of automorphisms. Determine the subring AG consisting
of the fixed points of this action.

In the most interesting cases the ring A is an algebra of functions on a set
on which the group G acts. Then the elements of G transform the functions
in a natural way, and the fixed points in A are the invariant functions, or
shortly, the invariants.

Among these function algebras we single out the most important special
case: The set on which the group G acts is a finite-dimensional vector space
V over a field k, and the action of G comes from a representation of G on V .
As our function algebra we take the k-algebra O(V ) of k-valued polynomial
functions on V . If k is infinite, this algebra O(V ) is isomorphic with the
polynomial ring k[X1, . . . , Xn] in n = dimV variables in a natural way
(after choosing a basis of V ).

If k is finite, then every function V −→ k is polynomial. There
are qq

n
of them where q = #k and n = dimV . Each Xq

i − Xi

vanishes on V , and O(V ) ∼= k[X]/(Xq
1 −X1, . . . , X

q
n −Xn). See

the discussion in [19].

The invariants are the polynomial functions f : V −→ k that satisfy the
functional equation

(1) f(g · v) = f(v) for all g ∈ G and v ∈ V.

This equation expresses the fact that the function is independent of certain
external circumstances (for example the choice of a coordinate system), or
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that it has certain symmetry properties. In physics conservation laws ma-
terialize in this way. Determining the invariant algebra is equivalent with
completely solving the functional equation (1). Determining a system of
generators of the invariant algebra means finding enough “fundamental” so-
lutions from which all the others emerge by simple algebraic combinations.

In the second half of the 19th century this topic evolved into a huge
branch of mathematics: invariant theory. Its exponents invented an immense
plenitude of concrete methods for determining invariants. Quite early they
also asked the question whether there is always a finite system of genera-
tors. This question also lies at the heart of Hilbert’s 14th problem. In this
generality it is unsolved until today; there are a lot of positve results but
also some counterexamples, and there remains a large uncharted territory
in between.

As a research topic of central interest invariant theory almost completely
died out in the beginning of the 20th century, on the one hand choked by
the abundance of single concrete results whose expenses grew into gigan-
tic dimensions, on the other hand paralyzed by the immense difficulty of
Hilbert’s 14th problem where even the new-fashioned methods of commu-
tative algebra—after some early successes—failed to produce further promis-
ing approaches. It was only in the 1950s that a turbulent new expansion of
invariant theory began, when it became clear that the then new theory of
algebraic groups provided a convenient framework.

The best known positive result holds for the case where G is a re-
ductive group and its representation on V is given by a homomorphism
G −→ GL(V ) of algebraic groups. Let us skip the intricate story of this re-
sult (and also the definition of the involved concepts), however emphasize
that restricting the consideration to algebraic groups is no substantial loss of
generality, and likewise not the restriction to an algebraically closed ground
field. However reductive groups constitute a proper special case.

Examples for reductive groups are: finite groups, general and
special linear groups (GL and SL), orthogonal and symplec-
tic groups, the multiplicative group Gm = k×, simple algebraic
groups. And more generally: All groups that originate from these
examples by finitely many extensions.

Non-reductive groups are: the additive group Ga = (k,+),
groups of upper triangular matrices etc. More generally: All
groups that have a normal subgroup isomorphic with Ga.

For non-reductive groups there are only a few sporadic positive results on
finite generation of invariants, see [13], and some counterexamples, beginning
with Nagata’s, see also [5] [22].

From now on let us confine to reductive algebraic groups. Then we have
a finitely generated invariant algebra. However the lessons from classical
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invariant theory teach us that the task of explicitly finding a system of
generators is daunting. Instead we should ask a question that—in a very
broad sense—is a topic of theoretical computer science, or more precisely of
complexity theory: How complex is the determination of a system of gener-
ators? More precisely we ask: How large is a minimal system of generators?
Is there any chance to enumerate them all? As we shall see this leads to
some interesting combinatorial problems.

The complexity of an algorithm is the number of single steps leading to
the result. (We don’t want to bother here with a general exact definition of
this concept.)

Now let us consider a representation of a reductive group G on a finite-
dimensional vector space V over a field k. What can we say about algorithms
that produce a system of generators for the invariant algebra O(V )G? First
of all there is no known general algorithm for this task, only algorithms for
special cases. However such a situation is familiar in complexity theory. The
complexity of a problem is the minimal complexity of all possible algorithms
for its solution; and for this we sometimes can get results without even
knowing a single algorithm.

In this sense a lower bound for the complexity of determining generators
for the algebra O(V )G is the minimal size of a system of generators. Because
this is the number of steps we need alone for writing down a system of
generators.

1 The Embedding Dimension

For a finitely generated k-algebra A the minimal size of a system of genera-
tors is called the embedding dimension of the algebra:

ebdA = min{m |A = k[f1, . . . , fm] where f1, . . . , fm ∈ A}.

By the way the embedding dimension of a finitely generated
algebra A is the minimal dimension m of an affine scheme km

into which the corresponding scheme spec(A) embeds.

For our algebras of invariants we define

eG,V = ebdO(V )G.

The algebra O(V ) has a grading by the degree of its polynomials. Be-
cause the group G acts by linear transformations it respects the grading.
In particular a polynomial is invariant if and only if all of its homogeneous
components are invariant. Therefore the invariant algebra is a homogeneous
subalgebra, hence itself graded:

O(V )G =
⊕
j∈N
O(V )Gj

where O(V )j = {homogeneous polynomials of degreej} ∪ {0}.
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Now each graded finitely generated subalgebra R ofO(V )—such asO(V )G—
has a finite generating system consisting of homogeneous elements: Simply
take the homogeneous parts of any system of generators. However it’s not
immediately obvious that there always is a generating system of minimal
length consisting of homogeneous elements; for this we consider a slightly
more general situation:

Proposition 1 Let k be a field and A be an Nl-graded k-algebra with A0 = k
and let m =

⊕
ν 6=0Aν . Assume dimk m/m

2 = n is finite. Then the minimal
cardinality of a set of generators of A is n, and there is a set of homogeneous
generators of cardinality n. Moreover each minimal set of homogeneous gen-
erators contains exactly n elements.

For a proof see [17].
From this fact we derive the following coarse algorithm for constructing

a minimal system of generators for an invariant algebra:

1. After each step of the procedure we have a finite set M consisting
of homogeneous polynomials in O(V )G, starting with M = ∅, and a
current degree d, starting with d = 1, such that O(V )Gj = k[M ]j for
0 ≤ j ≤ d− 1.

2. Then in the next step we construct a homogeneous basis of
(O(V )Gd mod k[M ]d) and add its elements to M . Furthermore we in-
crease d by 1.

3. If k[M ] = O(V )G, stop. Otherwise continue with 1.

If O(V )G is finitely generated, then this procedure stops after finitely
many steps and gives a minimal system of generators for O(V )G. However
the specification of the algorithm is incomplete since it doesn’t contain in-
structions on how to get the basis in 2, and it doesn’t say how to check the
stop condition in 3. In fact for 2, classical invariant theory mainly used the
symbolic method, and 3 was first answered for an interesting special case by
Hilbert in [8] who gave a huge upper bound for the degrees of a generating
system of SLn-invariants. For a more actual version see [20].

We have yet to analyze if our minimal system of generators is also of
minimal length. This however is easy: Take any minimal system M of ho-
mogeneous generators, and consider the set Md of elements of degree d in
M . Induction on d immediately gives that O(V )Gd = k[M1 ∪ . . . ∪Md]d for
all d. Therefore Md must be a basis of O(V )Gd mod k[M1 ∪ . . . ∪Md−1]d.

In this context there is another measure for the complexity of an invariant
algebra, roughly related to the embedding dimension:

dG,V := min{d |
d∑
j=0

O(V )Gd generates O(V )G}.
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This is also the minimal upper bound for the degrees of the elements of a
(not of every!) minimal set of homogeneous generators. We have the obvious
inequalitites (where n = dimV )

eG,V ≤
dG,V∑
j=0

dimO(V )Gj ≤
dG,V∑
j=0

dimO(V )j ≤
dG,V∑
j=0

(
n+ j − 1

j

)
=

(
n+ dG,V
dG,V

)
.

An explicit upper bound for dG,V or for eG,V would immediately provide a
stop criterion for the above procedure.

2 Finite Groups

Let the finite group G act linearly on the finite dimensional k-vector space
V . Hurwitz already in the 1890s showed that the invariant algebra O(V )G

is finitely generated if char k = 0 (or at least char k 6 |#G). The general result
(without restrictions on the characteristic) was given by Emmy Noether
in 1926 [12]; this however was not constructive. She also in 1916 gave a con-
structive (although not practically useful) proof [11] for characteristic 0 that
gives information about the complexity—the Noether bound. J. Fogarty
extended this result to the case char k 6 |#G, and D. Benson considerably
simplified the proof, see [3].

Proposition 2 Let the finite group G of order m = #G act linearly on the
n-dimensional k-vector space V over the field k with char k 6 |m. Then:

(i) The invariant algebra O(V )G is generated by finitely many polynomials
of degree ≤ m.

(ii) dG,V ≤ m.

(iii) The embedding dimension of O(V )G is eG,V ≤
(
n+m
m

)
.

(iv) eG,V ≥ n.

Proof. The last statement (iv) follows because O(V ) is an integral ring ex-
tension of O(V )G, hence

eG,V ≥ trdegO(V )G = trdegO(V ) = n.

The statements (ii) and (iii) immediately follow from (i).
For (i) choose a basis of V and identify O(V ) with the polynomial ring

A = k[X1, . . . , Xn]. Let m = A+ =
⊕

ν>0Aν and a = mGA (the Hilbert
ideal). By the following Lemma 1 we have

Am = mm ⊆ a ∩Am ⊆
∑
w∈W

Aw,
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where W ⊂ a is a basis of the finite dimensional vector space
∑m

ν=1 a ∩Aν .
For d > m we have

a ∩Ad ⊆ Ad =< Ad−mAm >⊆
∑
w∈W

Aw.

Hence W generates the ideal a:
Claim: AG = k[W ]. We take an arbitrary homogeneous f ∈ AG of degree

d and reason by induction over d, the start d = 0 being trivial. For d > 0 we
have f ∈ AG+ ⊆ a, hence we may write f =

∑
aiwi with wi ∈W and ai ∈ A.

We apply the mean value operator

\ : A −→ AG, a 7→ a\ =
1

m

∑
g∈G

g · a.

It is k-linear, fixes the elements of AG, and maps aiwi 7→ a\iwi. Now a\i ∈ AG
is of degree < d, hence in k[W ]. 3

Lemma 1 (Benson) Let A be a commutative ring with 1, G ≤ AutA be a
finite group of order m where m is invertible in A, and b be a G-stable ideal
of A. Then bm ⊆ bGA.

Proof. We take m arbitrary elements of b and index them by the elements
of G, forming a family (fg)g∈G. Then for any h ∈ G∏

g∈G
(hg · fg − fg) = (fh−1 − fh−1)

∏
g 6=h−1

(hg · fg − fg) = 0.

The lefthand side expands as

∑
M⊆G

∏
g∈M

hg · fg

 · (−1)#(G−M)

 ∏
g∈G−M

fg

 .

Summing this expression over h yields

0 =
∑
M⊆G

(−1)#(G−M)

∑
h∈G

h(
∏
g∈M

g · fg)

 ∏
g∈G−M

fg

 .

The summand for M = ∅ is

(−1)m ·

[∑
h∈G

h · 1

]
·
∏
g∈G

fg = (−1)m ·m ·
∏
g∈G

fg

The sumands for M 6= ∅ are of the form [
∑

h∈G ha] · b with [
∑

h∈G ha] ∈ bG

and b ∈ A. Therefore
∏
g∈G fg ∈ bGA. 3
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Note that the lower bound for eG,V in (iv) is sharp: The value n is
assumed for reflection groups. The upper bound is too pessimistic, we may
at least save one dimension since we don’t need the constants in a system
of generators. But even this bound could be reached only if G acts trivially
on all O(V )j with |j| ≤ m. But then O(V )G = O(V ), hence dG,V = 1
and eG,V = n, hence #ρ(G) = 1 where ρ :: G −→ GL(V ) denotes the
representation. For some more results see [21].

Corollary 1 Let G be a fixed finite group of order #G = m and consider
an arbitrary representation on a k-vector space V of dimension n. Then

eG,V ≤
1

m!
· nm + O(nm−1);

in particular eG,V grows polynomially with dimV (for fixed m).

For the proof simply expand
(
m+n
m

)
.

Problem Determine

emn = max{eG,V |#G = m, dimV = n, G acts linearly on V }.

By Proposition 2 we have

emn ≤
(
m+ n

m

)
.

3 Finite Cyclic Groups

Let k be a field that contains a primitive r-th root of unity, in particular
char k 6 | r. Then each representation of the cyclic group Zr of order r is
diagonalizable: We find a basis such that the corresponding operation on
the polynomial ring k[X] = k[X1, . . . , Xn] is given by the formula

(2) A ·Xi = εaiXi for i = 1, . . . , n,

with suitable ai ∈ Z, 0 ≤ ai ≤ r − 1, where A is a fixed generator of the
cyclic group Zr and ε, a fixed primitive r-th root of unity.

A polynomial f =
∑

ν∈Nn cνX
ν—with the usual notation

Xν = Xν1
1 · · ·Xνn

n —transforms to

A · f =
∑
ν∈Nn

ε(a|ν)cνX
ν ,

where (a|ν) = a1ν1 + · · ·+anνn. Thus f is invariant if and only if it has only
monomials with (a|ν) ≡ 0 (mod r). A minimal system of generators of the
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invariant algebra therefore consists exactly of the monomials Xν for which
ν is an indecomposable solution of the congruence

(3) a1x1 + · · ·+ anxn ≡ 0 (mod r).

By “indecomposable” we understand that x 6= 0 and there are no solutions
y, z ∈ Nn−{0} such that x = y+z, see [14]. Note that XλXν = Xλ+ν . This
consideration shows:

Proposition 3 Let the cyclic group G = Zr operate on the polynomial al-
gebra k[X] as in (2). Then the invariant algebra k[X]G is finitely generated,
and its embedding dimension equals the number of indecomposable solutions
of the linear congruence (3).

Remark For this special case the proof that the invariant algebra is finitely
generated is particularly easy: If x ∈ Nn is an indecomposable solution
of (3), then obviously 0 ≤ xi ≤ r for i = 1, . . . , n. Therefore the
number of indecomposable solutions is bounded by (r + 1)n.

Remark For the best known bounds see [15].

4 The Multiplicative Group

Let k be a field. Consider the multiplicative group G = Gm = (k×, ·) and an
operation of this group on the polynomial ring k[X] = k[X1, . . . , Xn] that is
of “monomial” type

(4) t ·Xi = taiXi with ai ∈ Z for all t ∈ Gm and i = 1, . . . , n.

Note that for an algebraically closed field k all representations of
Gm as an algebraic group are diagonalizable, hence the induced
operations on the polynomial ring are of monomial type.

A polynomial f =
∑

ν∈Nn cνX
ν transforms to

t · f =
∑
ν∈Nn

t(a|ν)cνX
ν .

Therefore f is invariant if and only if it has only monomials with (a|ν) = 0,
and these are exactly the invariant monomials. From Proposition 1 we con-
clude that k[X]G has a minimal system of generators that consists of in-
variant monomials. Clearly an invariant monomial Xν is in this system of
generators if and only if ν ∈ Nn is an indecomposable solution of the linear
diophantine equation

(5) a1x1 + · · ·+ anxn = 0.

Using Gordan’s Lemma [7] [14, Theorem 2] we get:
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Proposition 4 Let the multiplicative group G = Gm operate on the poly-
nomial algebra k[X] as in (4). Then the invariant algebra k[X]G is finitely
generated, and its embedding dimension equals the number of indecomposable
solutions of the linear diophantine equation (5).

Examples

1. If all aj > 0, then the semigroup of solutions contains only 0. Therefore
k[X]G = k, ebd k[X|G = 0.

2. If aj = 0, then the j-th unit vector ej is an indecomposable solution.
Each other indecomposable solution x has the coordinate xj = 0.
A variable Xj with aj = 0 accounts for exactly one dimension of
ebd k[X|G. It’s no restriction if we omit it.

3. Let n = 2, a1 = 1, a2 = −1. The diophantine equation is x1 − x2 = 0.
The only indecomposable solution is (1, 1). The invariant algebra is
k[X]G = k[X1X2], its embedding dimension is ebd k[X|G = 1.

Remark This approach easily generalizes to split tori, i. e. finite direct
products of several Gm’s [23].

5 Invariants of Binary Forms

Sections 3 and 4 have another, more indirect application to invariant theory.

Proposition 5 Let k be an algebraically closed field of characteristic 0, and
let G be a reductive algebraic group over k with Lie algebra g, and V be a
finite-dimensional G-module. Assume the point g ∈ G has a closed orbit G·v
(and hence a reductive stabilizer H). Then:

(i) There is an H-submodule W of V such that

V ∼= g · v ⊕W

as H-modules.

(ii) The embedding dimension of the invariant algebra of V for G is at
least as large as that of W for H, i. e. eG,V ≥ eH,W .

For a proof see [9, §2.5]. The proof uses a geometric argument and follows
from Luna’s etale slice theorem [10]. Note that g ·v = Tv(G ·v), the tangent
space at the point v to the orbit G · v.

So in cases where H ∼= Zr or H ∼= Gm the results of Sections 3 or 4
provide lower bounds for ebdO(V )G.
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We assume that char k = 0 and consider the (d + 1)-dimensional repre-
sentation of SL2 on the space Rd of binary forms of degree d. Let Id be the
invariant algebra and ed, its embedding dimension.

To apply Proposition 5 we also have to consider the operation of the Lie
algebra g = sl2 on Rd. This Lie algebra consists of the 2 × 2-matrices of
trace 0, has the canonical basis

h =

(
1 0
0 −1

)
, e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
,

and acts on Rd by derivations. The basic operation on R1 is

hX = −X, hY = Y, eX = −Y, eY = 0, fX = 0, fY = −X.

For r, s ≥ 1 we derive the formulas

hXrY s = rXr−1(hX)Y s + sXrY s−1(hY ) = −rXrY s + sXrY s,

eXrY s = rXr−1(eX)Y s + sXrY s−1(eY ) = −rXr−1Y s+1,

fXrY s = rXr−1(fX)Y s + sXrY s−1(fY ) = −sXr+1Y s−1.

Examples

1. For odd d ≥ 5 we take the element v = Xd−1Y + XY d−1. The orbit
G · v is closed, and the stabilizer Gv is the cyclic subgroup of order
r = d− 2 generated by

D(ε) =

(
ε 0
0 ε−1

)
where ε ∈ k is a primitive r-th root of unity [18]. Therefore we may
apply Proposition 5. The action of D(ε) on Rd has a basis consist-
ing of the eigenvectors Xd, . . . , Xd−jY j , . . . , Y d with the eigenvalues
ε−d, . . . , ε−d+2j , . . . , εd. Modulo r = d− 2 the values of the exponents
are 0, . . . , r − 1 where 0, 2, and r − 2 each occur twice. The tangent
space gv has the basis

hv = (d− 2)(XY d−1 −Xd−1Y ), with eigenvalue 1 for D(ε),

ev = −(d− 1)Xd−2Y 2 − Y d, with eigenvalue ε−2 for D(ε),

fv = −Xd − (d− 1)X2Y d−2, with eigenvalue ε2 for D(ε).

Thus the action of D(ε) on W is diagonalizable with the simple eigen-
values 1, ε, . . . , εr−1, and we have to determine the indecomposable
solutions of the congruence

0 · x1 + 1 · x2 + · · ·+ (r − 1) · xr ≡ 0 (mod r).

From [15] we get:
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• For d = 5 we have r = 3, and the four indecomposable solutions
are (1, 0, 0), (0, 3, 0), (0, 0, 3), (0, 1, 1). Thus e5 ≥ 4. We know that
e5 = 4.

• For d = 7 we have r = 5, and the number of indecomposable
solutions is 15. Thus e7 ≥ 15. We know that e7 = 30 [4].

• For d = 9, r = 7, we get 47 indecomposable solutions, thus e9 ≥
47. We know that e9 = 92 [1].

• For d ≥ 11 we don’t know the exact values of ed. The results from
[15] give e11 ≥ 118, e13 ≥ 347, e15 ≥ 826, e17 ≥ 1493, e19 ≥ 3912,
e21 ≥ 7935, e23 ≥ 12966, e25 ≥ 29161,

2. For odd d ≥ 5 we may also consider v = Xd + Y d. The orbit G · v is
closed, and the stabilizer Gv is the cyclic subgroup of order d generated
by

D(ε) =

(
ε 0
0 ε−1

)
where ε ∈ k is a primitive d-th root of unity [18]. The action of D(ε) on
Rd has a basis consisting of the eigenvectors Xd, . . . , Xd−jY j , . . . , Y d

with the eigenvalues ε−d, . . . , ε−d+2j , . . . , εd. Modulo d the values of
the exponents are 0, . . . , d−1 where 0 occurs twice. The tangent space
gv has the basis

hv = −dXd + dY d, with eigenvalue 1 for D(ε),

ev = −dXd−1Y, with eigenvalue ε2 for D(ε),

fv = −dXY d−1, with eigenvalue ε−2 for D(ε).

Thus the action of D(ε) on W is diagonalizable with the simple eigen-
values εi for

i ∈ I = {0, . . . , d− 1} − {2, d− 2},

and we get a lower bound for ed by the number of indecomposable
solutions of the congruence∑

i∈I
i · xi ≡ 0 (mod d).

This gives

(e5 ≥ 4), e7 ≥ 17, (e9 ≥ 46), e11 ≥ 165,

e13 ≥ 426, (e15 ≥ 743), e17 ≥ 2251,

where the bounds in parantheses are weaker then the previous ones,
but the other ones are stronger.
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3. For even d = 2r with odd r ≥ 3 we take v = XrY r. The orbit G · v
is closed, and the stabilizer Gv is the canonical maximal torus T ⊆ G
consisting of the diagonal matrices

D(t) =

(
t 0
0 t−1

)
,

see [18]. The action of D(t) on Rd has a basis consisting of the eigen-
vectors Xd−jY j for j = 1, . . . d with the eigenvalues t−d+2j .

We compute the tangent space gv:

hv = −rXrY r + rXrY r = 0,

ev = −rXr−1Y r+1,

fv = −rXr+1Y r−1,

Thus the tangent space has the 2-element basis
{Xr−1Y r+1, Xr+1Y r−1} consuming the eigenvalues t2 and t−2,
and the complementary subspace W has the basis

{Xd−2jY j | j = 0, . . . , d, j 6= r ± 1}
of size d− 1. On this basis D(t) acts diagonally with the eigenvalues

t−d, t−d+2, . . . , t−4, 1, t4, . . . , td−2, td.

Hence the embedding dimension eT,W equals the number of indecom-
posable solutions of the linear diophantine equation

r−2∑
j=0

(−d+ 2j)xj + 0 · xr +

d∑
j=r+2

(2j − d)xj = 0.

The one trivial solution is xr = 1 and all other coordinates zero. For
the remaining solutions we reformulate the equation, and find that
eT,W = 1 + the number of indecomposable solutions of the linear
diophantine equation

r∑
i=2

i · yi =
r∑
i=2

i · zi.

This number eT,W is a lower bound for ed. Equations of this type are
treated in [16]. The algorithm from [16] yields the explicit values 4, 46,
304, 1482 for r = 3, 5, 7, 9. Thus we have the bounds e6 ≥ 5 (which
is the correct value), e10 ≥ 47 (where the correct value is known to be
e10 = 106, see [2]), e14 ≥ 305, e18 ≥ 1483.

Example 1 also gives a general bound using the lower bound from [15]:

Corollary 1 (Kac) Let d ≥ 9 be odd. Then ed ≥ 2 · p(d− 2) where p is the
partition function. In particular ed grows at least as fast as 1

d exp(
√
d).

Note that Kac [9] gives the result without the factor 2, however this factor
is only a minor improvement.
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[8] D. Hilbert: Über die vollen Invariantensysteme. Math. Ann. 42 (1893),
313–373. Math. Ann. 102 (1930), 520.

[9] V. G. Kac: Root systems, representations of quivers and invariant
theory. In: Invariant Theory, Montecatini 1982, ed. by F. Gherardelli.
Springer Lect. Notes Math. 996 (1983), 74–108.

[10] D. Luna: Slices étales. Bull. Soc. Math. France Mém. 33 (1973), 81–
102.

[11] E. Noether: Der Endlichkeitssatz der Invarianten endlicher Gruppen.
Math. Ann. 77 (1916), 89–92.

[12] E. Noether: Der Endlichkeitssatz der Invarianten endlicher linearer
Gruppen der Charakteristik p. Nachr. Ges. Wiss. Göttingen (1926),
28–35.

[13] K. Pommerening: Invariants of unipotent groups. In: Invariant Theory,
ed. by S.S.Koh. Springer Lecture Notes Math. 1278 (1987), 8–17

13



[14] K. Pommerening: A remark on subsemigroups (Dickson’s Lemma).
Online:
http://www.staff.uni-mainz.de/pommeren/MathMisc/Dickson.pdf

[15] K. Pommerening: The indecomposable solutions of linear congruences.
Online:
http://www.staff.uni-mainz.de/pommeren/MathMisc/LinCong.pdf

[16] K. Pommerening: The indecomposable solutions of linear diophantine
equations. Online:
http://www.staff.uni-mainz.de/pommeren/MathMisc/LinDio.pdf

[17] K. Pommerening: On systems of generators of graded algebras. Online:
http://www.staff.uni-mainz.de/pommeren/MathMisc/GradAlgpdf

[18] K. Pommerening: On stabilizers of binary forms. Online:
http://www.staff.uni-mainz.de/pommeren/MathMisc/StabBin.pdf

[19] K. Pommerening: Polynomial functions. Online:
http://www.staff.uni-mainz.de/pommeren/MathMisc/PolMaps.pdf

[20] V. Popov: The constructive theory of invariants. Math. USSR Izvest.
19 (1982),359–376.

[21] B. Schmid: Finite groups and invariant theory. In: Topics in Invari-
ant Theory, ed. by M.-P. Malliavin. Springer Lect. Notes Math. 1478
(1991), 35–66.

[22] B. Totaro: Hilbert’s 14th problem over finite fields and a conjecture on
the cone of curves. Compositio Mathematica 144 (2008), 1176–1198.

[23] D. Wehlau: Constructive invariant theory for tori. Ann. Inst. Fourier
43 (1993), 1055–1066

14

http://www.staff.uni-mainz.de/pommeren/MathMisc/Dickson.pdf
http://www.staff.uni-mainz.de/pommeren/MathMisc/LinCong.pdf
http://www.staff.uni-mainz.de/pommeren/MathMisc/LinDio.pdf
http://www.staff.uni-mainz.de/pommeren/MathMisc/GradAlg.pdf
http://www.staff.uni-mainz.de/pommeren/MathMisc/StabBin.pdf
http://www.staff.uni-mainz.de/pommeren/MathMisc/PolMaps.pdf

	The Embedding Dimension
	Finite Groups
	Finite Cyclic Groups
	The Multiplicative Group
	Invariants of Binary Forms

