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From Kabeljau to Calabi-Yau
The German word for codfish is Kabeljau which is what many people (including myself) first think of when they hear about my research. This paranomasia to Calabi-Yau could hardly be any more
contrasting as we can see by comparing the pictures of these two
objects on the right (exercise: guess which is which).
A Calabi-Yau is a certain type of geometry named after the
mathematicians Eugenio Calabi(*1923) and Shing-Tung Yau(*1949).
First of all, a Calabi-Yau is a manifold. This means
Manifolds:
that it has a nice smooth shape, e.g. like a circle,
sphere or torus but not like a square or cube which
are not smooth because of their corners. Secondly,
this manifold is defined over the complex numbers
and as such called a complex manifold. The complex
Circle
numbers are an extension of the real numbers and
fill a plane, so they are themselves two-dimensional.
The consequence is that a complex manifold is evendimensional, so a circle can not be a complex manifold
but a sphere or torus can.
Sphere
The final important property of a Calabi-Yau is that
it satisfies a flatness condition. This property rules
out the sphere but not the torus. This is roughly beTorus
cause the ultimate flat space is a piece of paper and
source:
one can roll it to form a tube which is part of the
wikipedia.com
torus, however it is impossible to make a sphere out
of paper without cutting the paper. Calabi-Yau tori
are also called elliptic curves because they can be found to be
solutions of integrals that compute the circumference of an ellipse.
Their complex dimension is one. Calabi-Yaus of dimension two are
called K3 surfaces named after Kummer, Kähler and Kodaira as
well as the mountain K2 in Kashmir. The simplest way to describe
a Calabi-Yau is by means of polynomial equations. For instance,
one can define a K3 surface by the set of solutions to a quartic
polynomial in three variables, i.e. a polynomial of degree four like
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Through the looking glass alias Mirror Symmetry

Kabeljau and Calabi-Yau
sources: wikipedia.com and
thinkgeek.com (purchasable there)

x4 + y 4 + z 4 + 7xyz − 1 = 0.
The corresponding set of solutions in the real numbers is depicted
on the right. One should note that the set of complex solutions is
much larger and gives a real four-dimensional manifold whereas the
set of real solutions as depicted is only a two-dimensional manifold.

Quartic K3
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Maximal degenerations of Calabi-Yaus

Supersymmetric string theory has been proposed in the 1980s
as an approach for a theory of everything, i.e. a theory that
incorporates all four elementary forces of physics (electromagnetic, weak and strong interaction and gravity). The two
fundamental assumptions of such a theory are that elementary particles are extended in space, namely one-dimensional
strings and secondly that there are 6 extra dimensions on top
of the four-dimensional space time that we experience in daily life. The geometry of the 6 extra dimensions needs to be
that of a Calabi-Yau, in fact a complex three-dimensional one
(short CY3). Consequently, theoretical physicists got very interested in these kinds of geometries and initiated a search
for how many of such there are. This question remains unanswered to date but the pool has increased from about six
examples to several million.
There are two positive numbers that one can associate to
any CY3 and these are denoted h1,1 and h2,1 . When plotting h1,1 + h2,1 over 2(h1,1 − h2,1 ) in a diagram giving a dot for
each known CY3, the resulting cloud of dots shows a striking
symmetry along a vertical axis as can be seen in the diagram
on the right. This suggest that to each Calabi-Yau with given
numbers (h1,1 , h2,1 ) there is another one that has these numbers swapped. Even more intriguing is that both partners of a
pair of such CY3s give the same physical theory when used to
model the universe whereas otherwise different CY3s usually
produce quite different physics.
This phenomenon of Calabi-Yaus coming in pairs is since then
known under the name mirror symmetry. The goal to explain
it has been one of the major contemporary mathematical challenges which has generated a large amount of new insight in
various mathematical fields. My DFG project takes a specific
approach to studying Calabi-Yaus and mirror symmetry by
means of maximal degenerations which I will explain in the
next section. One particular application of this approach is
the study of conifold transitions which are transitions from
one Calabi-Yau to another one. Morrison suggested in a 1997
paper (see picture) to look at this transition “through the looking glass”, i.e. studying what the mirror partners do under
a conifold transition.

Calabi-Yau data shows a reflection symmetry
along the vertical axis

Alice in Wonderland
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Research paper on conifold
transitions and mirror symmetry

An elegant universe with wormholes
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It is now understood that the maximal degeneration of a Calabi-Yau is what allows finding a mirror partner.
The above sequence of images shows the maximal degeneration of a K3 surface to a union of planes. Maximal
degenerations are characterized by that the degenerate space breaks up into many pieces, like three planes
in this example, usually even many more.
The degeneration can be encoded in terms of combinatorial data, e.g. by a polytope like a cube. Mirror
symmetry is a duality of such degeneration data, e.g. a cube is dual to an octahedron, see the graphic below.

The full recipe for the construction of the mirror dual Calabi-Yau is to first pick a maximal degeneration, then use the combinatorial duality to obtain dual degeneration data and finally reconstruct a smooth
Calabi-Yau manifold from the dual degeneration. Studying the types of degeneration data that can appear
from Calabi-Yau degenerations has been a productive approach for my research and is the central method
proposed for my Emmy-Noether project. The following section gives an example of how these techniques
give useful results.
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A conifold transition is the process of degenerating a CalabiYau into a space with conical singularities at each of which
one replaces a sphere of dimension n + 1 with a sphere of
dimension n. The simplest example is the replacement of a
one-dimensional sphere that is a circle by a zero-dimensional
sphere, i.e. with two points. The process of such a replacement
is depicted in the above figure. Brian Greene gives the following example in his book “The Elegant Universe” that shows
how a conifold transition can change the global geometry of a
manifold completely. The following picture demonstrates how
a torus turns into a two-sphere by replacing a circle with a
zero-dimensional sphere after transitioning through a conical
singularity.

Conifold transitions can be used to transform one CY3 to another one. In this setting, three-dimensional spheres are replaced by two-dimensional spheres. Morrison conjectured that a
conifold transition through the looking glass (i.e. under mirror
symmetry) becomes a conifold transition in reverse direction,
Brian Greene’s book
i.e. when the first was replacing three- with two-spheres the
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mirror dual one is replacing two- with three-spheres.
I recently proved this conjecture in a joint work with Siebert using the techniques of maximal degenerations. Greene speculates that conifold transitions might relate to the conjectural concept of a wormhole. A
wormhole was first brought up by Einstein and Rosen. It is a connection between two points in space-time
by a shortcut. The science fiction series “Star Trek: Deep Space Nine” features such a wormhole. It is yet
unknown whether they really appear in our universe.

