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Abstract

The vibrational modes of spherical monoatomic gas phase nanoparticles are calculated by quant-
izing the solutions of Lamb. The mode cutoff gives the two types of modes equal weights, and
rounds the high frequency, both in strong contrast to Debye model spectra. The calculated spectra
agree fairly well with spectra obtained by numerical diagonalization of Hessians of large disordered
Lennard-Jones (LJ]) clusters. The effect of a symmetry in the atomic arrangement is demonstrated
with calculations for ground state L] clusters. Our calculations allow the specification of the angu-
lar momentum carried by the vibrational motion, for which an example is calculated.

1. Introduction

The motion of the nuclei is the most important contribution to the thermodynamics of condensed mat-
ter over a wide range of temperatures, including those relevant for both production and applications of
nanoparticles [1-3]. In gas phase the vibrational thermal properties play an essential role, not only for
the thermal properties of clusters and small particles but also for the experimental characterization of
other properties [4—6]. For the widely used technique known as action spectroscopy [7-9] the thermal
properties are needed to extract the precise quantum yields, for example.

There are a few techniques available to obtain the vibrational spectra, understood as the collection
of vibrational quantum energies fiw, of such particles. One is Fourier transform of velocity correlation
functions in molecular dynamics simulations [10-12]. Such calculations and others of entirely numer-
ical nature need to be performed case by case and tend not to provide any general insight into the topic.
The present work aims at providing results that allow the calculation of vibrational spectra under con-
ditions that are commonly encountered, based on the classical work of Lamb [13] on the vibrational
modes of an elastic sphere.

A main feature of the normal modes of an elastic sphere is that reflections at the surface will mix
the transverse and longitudinal waves [13]. This prevents the rigorous separation of transverse and lon-
gitudinal modes that greatly simplifies the solutions of the equations for bulk matter with the Debye
model [14]. A separation can, however, be accomplished in terms of two other classes of modes. One
contains the torsional (twisting) vibrations, i.e. those that do not cause deformations of a sphere.

The other type of modes distort the shape of the surface and are denoted spheroidal vibrations. The
equations of motion and solution were given by Lamb in 1881 [13]. Given by the time they were derived
these equations describe the motion of continuous matter. The equations have found extensive use in
the continuum description of planetary vibrations (see, e.g. [15]), and the equations have been extended
to inhomogeneous density spheres [16], as well as spherical shells [17]. Recent work on water clusters
include experiments on levitated micrometer sized droplets [18, 19]. Application to clusters include
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[20], where a selection of modes were used to describe dynamics. In [21] an attempt of a full spectral
analysis was given with what seems to us to be incorrect frequency cutoff values, however. The applic-
ation given here to description of the complete vibrational spectra of particles composed of atoms is to
the best of our knowledge not previously available in the literature.

Likewise, no analysis seems to be available in the literature of the angular momentum spectra asso-
ciated with the vibrational motion. Characterizing a particle’s angular momentum content is clearly
important for chemical reactions by its nature as a conserved quantity. The connection between vibra-
tional modes and angular momentum has been analyzed in, e.g. [22, 23]. For an example for generic
liquid droplets, see [24], for helium droplets [25], and for linear molecules [26]. The interpretation of
the classical deformations in terms of corresponding quantum numbers may encounter pitfalls, as poin-
ted out by Dicke [27], but these difficulties seem not to be present here, and we can identify the integers
I and m that appear in the derivations with the corresponding angular momentum quantum numbers
(the standard notation for quantum mechanics is used here; the notation where / and n are exchanged
was used by Lamb and others [13, 28, 29]).

The first aim of the present work is to determine the frequency cutoffs required for nanoparticles
composed by atoms, and to use this to calculate the spectra. For nanoparticles composed of monomers
which interact isotropically (simple particles) it is a reasonable proposition that vibrational spectra will
possess some universally features that can be described fairly accurately with only a few material para-
meters. The material parameters here turn out to be the longitudinal and transverse speeds also known
from the Debye theory. For such simple particles, the results here should therefore be a universal good
first approach. The second aim is to give expressions for vibrational angular momentum.

In the remainder of the article we will introduce the required frequency cutoffs after a brief review
of the fundamental equations, and use the cutoffs to give the frequency spectra of both nanoparticles
and the smaller Angstrém particles of clusters that can still be described as spherical. Expressions for the
angular momentum distributions are then calculated and an example given. The analytical work will be
tested against numerically calculated spectra of clusters composed of monomers interacting through the
Lennard—Jones (L]) potential, and an unanticipated effect of geometric symmetry demonstrated.

2. Characterizing the modes

The equations of motion and their solutions in the continuum limit can be found in [28-30]. The solu-
tions provide the starting point for the work here and we will review the relevant results here briefly.
The modes involve the shear modulus p, the mass density p, the constant A = Ev/(1+v) (1 —2v)
which is one of the Lamé constants, Young’s modulus E, and v, the dimensionless Poisson ratio, i.e. the
ratio of lateral contraction to longitudinal extension when a bar of the substance is stretched. The para-
meters A, i, and E all have units of energy per volume. The solutions for the modes involve the two
speeds

Ci=((A+21) /p)'"7, (1)

and

Cr=(u/p)"? = (E/20(1+v))"/?, (2)

corresponding to the longitudinal and transverse speeds, respectively, of the material. The values are
independent of the shape of the particle, and can therefore be found from experiments on bulk matter.

The solutions to the equations of motion are divided into torsional and spheroidal modes. With a
particle radius of a the scaled torsional mode frequencies are given by the equation [31]

(l - 1)]l (Kzﬂ) - K2ajl+1 (KZQ) = Oa = 07 1a27 EERS) (3)

with j; the spherical Bessel functions. The roots of equation (3), x;,, are labeled with [ and the counting
index #, then give the torsional frequency spectrum

Win = xl,nCZ/a' (4)

There are two special cases. The case I = 0,m = 0 describes a static sphere. The other is =1, with m =
0,=+1, which describe rotations of the sphere around the three axes [13].

The spectrum of frequencies up to 100, i.e. x < 100 = w;, < 100 C,/a, is plotted in figure 1. The
figure suggests an approximately quadratic spectrum for the torsional vibrations. This is also the depend-
ence derived from the asymptotic behavior of the solutions.
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Figure 1. The frequency spectrum of torsional vibrations found by a direct calculation of the zeros of equation (3). The line
shows the fitted quadratic dependence 0.217w?, which is in reasonable agreement with the asymptotically large w coefficient
of 0.202w? from equation (8).

The leading order asymptotic form of the spectrum is found by considering the asymptotics of the
Bessel functions in the frequency equation:

(I-1) Lcos (xl,n — U+ l)ﬁ) — cos (xh,, — (l+22)7r) =0, (5)

Xin 2

or, including only the last, leading order term,

l
X R (2 + n) . (6)

There is therefore a degeneracy for modes where ! changes by £2 and n simultaneously by F1. With the
degeneracy of 2+ 1 for each [ this gives the total number of states

Inax

Ptorsional (W) = E ZZ; (21+ 1) =

2 O+ 1) )

From equation (6) we have I, = 2w/7. This gives the asymptotic spectrum

2
Ptorsional (W) ~ pwz- (8)

The quadratic dependence agrees with the form found in figure 1, with the numerical constant close to
the asymptotic value. The torsional spectrum in figure 1 is universal in the sense that it depends only a
single speed (C,), with the concomitant dependence of this speed on material parameters.

Spheroidal vibrations, which distort the spherical shape, mix longitudinal and transverse waves and
the spectra involve both speeds C;,C,. The solutions are found as functions of K; = w/C, and the ratio
C;/C, with the equation [29]

1 . C C . C 1 . )
P—l—n® )i e ) + 202 (n= B —1— 21 ) ji(n) +njisa (n)
2 Cz Cz C2 2
C C C ®)
. . . 1 1. 1
— I+ D=1 () = njra (M} U=V nw ) =z (ns ) ¢ =0
G G G
The socalled Poisson materials for which A = i, have a Poisson’s ratio v = 0.25. This value is typical
for many materials, suggesting moderate lateral expansion or contraction under axial loads. This gives
C/Cy=1//3.
A remark is in place for the /=0 modes. These modes are all breathing modes, i.e. they involve only
radial vibration. The roots of equation (9) make one factor in the equation diverge at the center of the
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particle. This invalidates the harmonic approximation and requires specific treatment of the atomic gran-
ularity at the center of the particle. Given the low statistical weight of these states (12 states out of a
total of 3000 for N = 10°, and 17 states for N = 10*) we will summarily ignore the offending factor in
the equation for these few modes.

Similarly to the torsional modes, there are three zero-frequency spheroidal modes, those with I =
1,n = 1. They correspond to a translation of the sphere as a whole. This completes the tally for the six
non-vibrational degrees of freedom of a free non-linear particle.

3. Mode cutoffs

The determination of the high frequency cutoffs of the vibrational modes in a spherical particle is more
intricate than for those of Debye particles. For a Debye model, cutoff frequencies are determined simply
by the total number of modes together with their partition into two transverse types and one longit-
udinal with equal weights for the three types. This simple counting is not available for the modes of
a sphere. In contrast to the Debye model the number of torsional and spheroidal modes are therefore
not known a priori, only their total number of 3N — 6 for a free particle. It is therefore not justified to
simply copy the procedure of the Debye model and set the number of modes to a ratio of 2:1. Neither
will a simple ranking of vibrational frequencies and introducing the concomitant high value cutoff pro-
duce the correct spectrum. Another procedure where the n-value of the modes is disregarded and a
cutoff based solely on the I-index as done in [21] appears equally incorrect.

A cutoff is instead implemented here by first adding the wave numbers for the two orthogonal dis-
placements in square to determine the resulting wave numbers,

e ) (1) (o)

The total spectrum is then given by the frequencies of the lowest 3N — 6 values of x among both tor-
sional and spheroidal modes, taking into account the 2/+4 1 degeneracy. After the selection is made, the
torsional and spheroidal spectra are rescaled with the values C,/a and C,/a, respectively.

This counting of modes is numerical and will in general require that a subset of the 2/+ 1 degen-
erate modes of the highest frequency is selected. Small deviations from ideality for a real particle will
provide a small splitting of the x values, thus providing a natural selection of the relevant modes. The
number of these modes is usually small and as small deviations from ideality will cause little scatter in
this group of modes we can safely leave the issue at that.

The soundness of the procedure is confirmed by a calculation of the cutoff wave number, x¢. Solving
for the largest n for a given I with equation (10) gives

n:%(aznéflz)]/z. (11)

The total number of modes, M, is then

1 aro 1/2 2
Mr [ (e = 1) = et (12)

Equating this to 3N and setting the particle radius equal to a = r,N'/? gives

1/3
9 2.4
o = (2”) i 2 (13)

This is independent of particle size N, as required, and it is also on the order of the reciprocal
interatomic spacing. The coefficient ~2.4 seems to be beyond the limit set by oversampling, but a
comparison with the corresponding value for the Debye model shows a similar value. For argon the
Debye temperature of 92K and the longitudinal speed of sound of 950 ms™! gives the value kg =

1.27 x 10! m~!. The values of r; that gives the relation a = r;N'/3 used above is found from the tab-
ulated density of p=1.784gcm ™ as r; = 3my, /47 p to the value 2.07 A. The product ror; is then 2.6, in
good agreement with the value 2.4 calculated.
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Figure 2. The vibrational spectra for N = 10* atoms for the three ratios of the two speeds C,/C; = 0.3,0.5,0.7. The abscissas are
scaled with C;. The stacked red and blue columns are the torsional and spheroidal vibrational spectra, respectively.

4. Total spectra

Figure 2 shows the spectra calculated with the procedure described above for an N = 10* particle and
k=C,/C of 0.3, 0.5, 0.7, a range which covers most materials. (Tables of the frequencies for k= 0.1
through 1.0 in steps of 0.1 for the lowest 3 x 10* modes are available from the authors.) The contribu-
tions of the torsional and spheroidal modes to the total spectrum are both quadratic with frequency up
to a smooth damping which sets in around 70% of the cutoff value. The number of modes of the two
types is similar and the ratio of the two upper limits is close to the relative value of the two speeds. The
slightly ragged shape of the spectra is caused by the high angular momentum degeneracy and the corres-
pondingly small number of distinct energy levels, even for an N = 10* particle. For a realistic situation
level distributions will be smeared, eliminating a good deal of the fluctuations, as seen in the numerical
example for N = 10’ shown below.

The contribution from both the torsional and the spheroidal modes have forms that, apart from the
scaling of the abscissa, are approximately independent of the ratio C,/C), as expected. Interpolation
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between tabulated values for closek values will therefore give a good approximation for intermediate
value spectra.

A comparison with the results in [32] provides a perspective on the relevance of the calculations of
particles as elastic spheres. The article shows numerical calculations of vibrational spectra of different
particle sizes of monomers interacting with different potentials. The particles were all created with dis-
ordered geometries and devoid of the type of symmetry-induced peaks discussed below. The reported
spectra in figures 10 and 11 of [32] show a striking tendency to universality across the type of interac-
tion potential and particle sizes. The authors do not consider speed of sound, as would be needed to
make statements of the spectra based on the analysis here, but we venture the guess that these potentials
form particles with C,/C;-values clustered around 0.5, similarly to the real materials the potentials are
supposed to mimic. The observed tendency to universality corroborates the universality conjecture made
in the Introduction here.

5. Comparisons with numerical spectra

Experimental ground state vibrational spectra are not available in the literature, to the best of our know-
ledge. As a substitute we compare our results with simulated spectra of atomic nanoclusters. Figure 3
shows an example calculated for the ground state structure for the N = 55,400,1000 LJ clusters with the
geometry available from [33]. The N =55 is chosen for the comparison because it is a geometric shell
closing. The spectrum is calculated with the standard procedure of determining the Hessian matrix and
diagonalizing it, obtaining the frequencies as the square roots of the eigenvalues. Apart from the unsur-
prising smoothing of the spectrum compared to the spectrum of a similar size Lamb particle, the main
difference is the presence of a prominent peak at w = 10, even visible in the fairly sparse spectrum for
N =55. The peak coincides with the dimer vibrational frequency of ~10.69, although it is not clear if
this is simply a numerical coincidence. The peak is clearly present irrespective of the cluster being a shell
closing (as N =55) or not (N =400,1000) in the ground state structures.

The origin of the peak was traced to the icosahedral symmetry of the particle which is present in
the ground state structures for shell closings and open shells alike. This was demonstrated by generating
quenched structures of glassy geometry. The structures were calculated by a rapid thermal quench of the
structure of a particle excited above the melting point. The glassy nature of the structure is assigned by
a comparison of the total potential energies of the quenched structures with the known ground state
energies. Four spectra are shown in figure 4 for both N =300 and N =1000. These quenched spectra
reproduce very well between structures, both for the different sizes and different quenches of the same
size. The Debye spectrum shown in the inset is calculated for argon with the longitudinal and transverse
speeds of 1528 and 736 ms™!, respectively. They correspond to the two scaled Debye frequencies 37.0
and 17.8, calculated as the speeds multiplied by the ratio of L] parameters /m/e = 1/40u/120K and by

(6m*N/V) ' The volume is calculated for a spherical particle with the radius given by r = 35(d) /36,
(d) being the average interatomic distance [34]. Comparison with the Lamb spectra in figure 2 suggest
the value C,;/C, = 0.6, although remnants of the icosahedral symmetry could still influence the spectra.
For comparison, the calculated ratio for L] matter is very close to 0.5 around the melting point [35].

A spectrum with similar features as the icosahedral particle, viz. a sharp peak superposed on a broad
and otherwise featureless part was also found for a 4 x 6 x 6 NaCl cluster in [36]. The author ascribes
the peak to unspecified short wavelength modes. Given the above results, we suggest instead that it arises
as an effect the high symmetry of the crystallite structure, similar to the effect demonstrated in this
work.

The heterogeneity of the shear elasticity of the glassy structure [37] is another factor that can poten-
tially cause the simulated spectra to deviate that a Lamb spectrum. A comparison between the Lamb
spectra and the simulated quenched spectra suggests that this does not have a significant influence, but
the effect may be relevant for the transition from a Lamb spectrum to a Debye spectrum, as discussed
briefly below.

Another interesting comparison of the above results is with the numerically calculated spectrum
for the experimentally relevant Nafr39 of [4], made in [38] and shown in their figure 2. The spectrum
was calculated for the optimized structure of a truncated icosahedron. The Poisson ratio of sodium at
room temperature is 0.41 [39], corresponding to a k = C,/C; of 0.39 and the relevant comparison here
is then the frames for k=0.3 and k=0.5 in figure 2. The agreement is reasonable, given the caveats by
the effects of the icosahedral symmetry already identified above. The abscissa scales in that work and the
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Figure 3. The vibrational spectra for the ground state of the N = 55,400, 1000 Lennard—Jones clusters. Note that the scale on the
Lamb spectra shown elsewhere and the L] spectra shown here are not identical (the former includes the speed of sound C; and
the latter involves the dimer frequency). The six zero frequencies of the translational and rotational motions are indicated by the
box.

present can be compared directly, and also the ranges of the spectra compare reasonably. A longitud-
inal speed of 3200 ms~! and a maximum wave vector calculated from the bulk density gives an upper
spectrum cutoff at 130 cm ™!, not too different from the 150 cm™! in the spectrum in [38].

A comment is in place for surface waves, called ripplons in helium droplets, where they account for
a large part of the thermal excitation energy at the typical temperatures (0.4 K) of helium droplets
flying freely in vacuum. The connection of these waves to the solutions given here has been found in
[15] where it is shown that the n=1 and I >0 modes form these so-called Rayleigh surface waves. The
figures of the radial distribution for n=1 given in [29] provides a clear visualization of these waves.

6. Angular momenta

Quantization of the vibrational modes endows the angular part of their motion with angular momentum
with the usual eigenvalues

=11+ 1=0,1,2..., (14)
and for the projection on the space-fixed z axis:
L=mh m=0,+1,£2,..., £l (15)

The M; (or K) quantum number arising for degeneracies of the rotational angular momentum of spher-
ical particles [40] does not appear here.
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Figure 4. Four cases of the vibrational spectra for both N =300 and N = 1000 quenched clusters of atoms interacting with the L]
potential. The inset in the top frame shows the corresponding Debye spectrum. The few extra apparent zero frequency are due to
the finite size binning used.

The angular momentum distribution in a thermal population is calculated here for a canonical dis-
tribution, i.e. with a fixed temperature and particle number. The calculation proceeds through two steps.
First the distribution of the projection of total angular momentum is calculated, following the procedure
in [41] of random addition of the value for each mode. The number of angular momentum projections
is distributed with the density

1 m;
p(l)=0 lz’{z_}zi:zliﬂehw/kﬂ—l , (16)

where § is the Kronecker delta, the sum over i runs over all modes, and the sum over {m;} is the sum
over all combinations of m-quantum numbers of all modes. The fraction with the exponential is the
probability that at least one quantum is present in the mode. Considering the number of terms in the
averaging the distribution is expected to be Gaussian. This is borne out by a Monte Carlo simulation.
The result for N = 1000 is shown in figure 5 for T'=10 in scaled units (to be compared with the upper
edge of 67 in the middle spectrum in figure 2). Distributions for other temperatures with higher temper-
atures (not shown) have very similar widths and shapes. The angular momentum distribution is derived
from the I, distribution as [41]

pl=L)=p(L=1)—p(L). (17)

Figure 6 shows this distribution for the input values used in figure 5.

The calculated example in this section gives a representative angular momentum distribution, but
does not address its effect on its effects on unimolecular reactions and infrared optical activity where
angular momentum conservation takes a prominent place. These topics are beyond the scope of this
paper and will be deferred to another place.
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Figure 6. The distribution of the angular momentum derived from the curve in figure 5.

7. Discussion

The derivation here does not impose any restrictions on the size of a particle for the applicability of
the results. Indeed, Lamb’s classical results have also found applications for macroscopic objects [42].
The question naturally arises which objects have Lamb spectra and which should be described by Debye
theory. The transition is expected to occur at a more or less well defined particle size, i.e. for a certain
particle length scale. The quantization of the equations of motion made here introduce the interatomic
spacing in addition to the radius of the particle as a length scale. The two length scales intrinsic to the
derivation are the radii of the particles and the inter-atomic spacing. Neither of these two define the
cross-over length scale, which therefore must be a length scale external to the theory developed so far.
We propose the phonon mean free path as the defining parameter. The main differences between
Debye and Lamb theory is the mixing of polarizability modes at reflection at the surface in the latter.
The importance of this mixing will be suppressed for particle sizes that are large compared with the

9
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mean-free path of phonons. The ratio of phonon mean free path and particle radius therefore defines
the transition from a Debye to a Lamb spectrum with decreasing particle sizes. As a potentially observ-
able effect we note that as mean free paths change with temperature, this transition will potentially
therefore also involve a transition of thermal properties with temperature for a given particle size. Both
this thermal effect and the cross-over are observable quantities. The presence of the boson peak [37],
ascribed to strong attenuation/short phonon mean free path in glassy materials, will potentially distort
the cross-over from Lamb to Debye particles. In the simulations presented here the phenomenon is not
seen.

8. Summary

This work provides the vibrational spectra of spherical monoatomic nanoparticles after adding the
atomic granularity and the quantization of modes to the classical solutions of Lamb. As part of the pro-
cess, the mode cutoff is established which gives the two types of modes equal weights. It rounds the high
frequency end of the spectra. Calculated spectra show a strong contrast to Debye model spectra, and
agree fairly well with numerically calculated spectra. The unanticipated effect of a geometric symmetry
in the packing of the atoms appears with calculations of spectra of ground states of L] clusters. The cal-
culations allow the specification of the angular momentum carried by the vibrational motion, for which
an example is calculated.
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