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We use the mode-coupling theory (MCT), which has been highly successful in accounting for the anomalous
relaxation behaviour near the liquid-to-glass transition, for describing the dynamics of monatomic (i.e. simple)
liquids away from the glass formation regime. We find that the dynamical structure factor predicted by MCT
compares well to experimental findings and results of computer simulations. The memory function exhibits a
two-step decay as found frequently in experimental and simulation data. The long-time relaxation regime, in
which the relaxation rate strongly depends on the density and is identified as the α relaxation. At high density
this process leads the glass instability. The short-time relaxation rate is fairly independent of density.
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1. Introduction

To find a theoretical description of the dynamics of simple monatomic liquids in the microscopic
frequency and wavenumber regime (involving inverse Angstroms and inverse picoseconds), which
is accessible to inelastic neutron and X-ray scattering, is already a long-standing issue [1–5]. One
of the important quantities of interest is the dynamical structure factor S(q, ω), which is the space-
and-time Fourier transform of the density-density correlation function. S(q, ω) is proportional to
the coherent inelastic scattering cross-section of neutrons and X-rays. It contains information on
sound-like collective excitations in the liquid. As the static physical quantities and correlation
functions can be calculated without knowledge of the dynamics in classical liquids, the static and
dynamical properties are a separate issue. The former serve as input quantities if one is interested
in the latter. A simple liquid is usually defined to be a monatomic one if it can be described by a
pairwise potential. Given such a potential the static structure factor S(q) =

∫

∞

−∞
dωS(q, ω) (“zero-

th moment”) can be calculated by the Monte-Carlo (MC) method, or, approximately, by integral
equation theories [2–4].

The static structure factor of simple liquids like liquid rare gases or liquid metals has turned out
to be dominated by the short-range repulsive part of the potential [3,4]. Therefore in most cases S(q)
can essentially be described in terms of the structure factor of a hard-sphere fluid as calculated e.g.
in Percus-Yevick (PY) approximation [6]. Efforts were made to describe the liquid dynamics as well
in terms of that of the hard-sphere liquid, using generalizations of Enskog’s kinetic theory [3,4,7].
The single-particle (incoherent) dynamics of liquid metals could have accounted for a successful
combination of Enskog theory and molecular-dynamics results [8]. There are also attempts to
describe the collective dynamics in terms of the hard-sphere dynamics [9]. However, the clearest
and most successful description of the collective dynamics of simple liquids is the generalized
hydrodynamics of Mori and Zwanzig [3,4,10]. This is so, because within such a description the
moment sum rules, which follow from the conservation laws, are obeyed automatically. It is widely
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believed [1–4,11] that the frequency moments c
(n)
q =

∫

∞

−∞
dωωnS(q, ω)) of S(q, ω), essentially

determine the dispersion of the collective vibrational excitations of the liquid. The formalism
is called generalized hydrodynamics because for small energies and momenta it goes over into
linearized hydrodynamics [2–4]. In the general theory retardation effects are taken into account
by memory functions Mq(t), which replace the hydrodynamic friction coefficients. The task of a
microscopic theory is to construct such functions.

Within the memory function formalism, the correlation functions of the collective modes obey
generalized damped-oscillator equations (generalized Langevin equations) with the damping term
replaced by a convolution of Mq(t) with the time derivative of a correlation function. This corre-
sponds to a frequency dependent friction term in the frequency domain.

The theoretical approaches used so far for the description of the dynamics of simple liquids
in terms of such memory functions differ in the kind of collective modes that were treated. The
simplest way is to consider density fluctuations only. In fact S(q, ω) is just the Fourier transform of
the density-density correlation function Fq(t). A simple approach was to use a phenomenological
ansatz Mq(t) ∝ e−t/τq [1] and to fit the function τq to the experimental or simulational data. How-
ever, such a single-exponential ansatz was already shown to be insufficient to fit early simulation
data of Lennard-Jones Argon [12] in the early days of this subject. Levesque et al. [12] obtained
evidence for a second, rather slow decay of the memory function. Such a behaviour of Mq(t) has
been confirmed more recently in the analysis of inelastic X-Ray scattering data of liquid metals
[5,13–15] as well as pertinent simulations [5,16]. Although finding an appropriate fit function for
the memory function is an efficient way to represent data on S(q, ω) (see, however, [17] for another
efficient procedure) it does not comprise a theory, except for the evaluation of the moments. A
complete theory is obtained if the memory function is predicted by the theory as well. This is the
case for the different versions of mode-coupling theory. In the density fluctuation mode-coupling
theory (MCT) Mq(t) is approximated as a linear combination of products of density correlation
functions. This theory was first used for the excitation spectrum of liquid Helium[18]. Its classical
version [19–22] is the basis of the very successful MCT description of the liquid-to-glass transition
and the non-trivial scaling relations near the transition. MCT has been also shown to describe the
salient features of the vibrational dynamics in the glassy state [23,24].

In order to study the dynamics of simple classical liquids, the current fluctuation version of
mode-coupling theory [25] has been utilized. In this version, the memory functions, which appear
in the generalized Langevin equations of the longitudinal and transverse current fluctuations, are
approximated as a linear combination of products of current and density correlation functions.
Although this theory has been successfully used to account for the salient features of some simple
liquids, a drawback is that it involves a rather complicated set of equations with vertex functions
which can only be calculated if the underlying potential is known. This is not the case for the
density version of MCT, where only S(q) and some properties like density and temperature need
to be known as input of the theory. Quite recently it has been shown that this version of MCT
is capable of successfully describing the collective dynamics of liquid titanium above the melting
point [26]. The only input was the experimentally measured structure factor. A schematic version
of MCT has been shown to accurately describe light scattering spectra on liquid benzene away
from the glass transition [27].

In what follows we shall explore the predictions of MCT using a hard-sphere like model structure
factor in which we vary the packing fraction η (“density”) as the only material parameter. We find
that the essential features of the collective excitations of simple liquids in the density range below
the glass transition can be described in terms of MCT. In particular, we find for the memory
function Mq(t) that it exhibits a two-step decay. The first takes place on a microscopic time scale
and only weakly depends on the density. The second is an exponential decrease with a relaxation
time which is much larger than the first one and strongly increases with density. We identify this
relaxation process as the structural (“alpha”) relaxation, which is governed by the so-called cage
effect. The latter term denotes the fact that in a dense liquid, a particle cannot move without the
adjacent ones, which form a cage around a given particle.
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2. Formalism

Within the MCT the dynamical structure factor S(q, ω), which is proportional to the inelastic
coherent neutron or inelastic ionic X-ray scattering cross-section is expressed in terms of the density
memory function Mq(t), or its Fourier-Laplace transform [28] Mq(ω) =

∫

∞

0
dte−iωtMq(t) as

S(q, ω) =
1

2π

∫

∞

−∞

dtFq(t)e
−iωt =

1

π
Re



















S(q)

iω +
Ω2

0(q)

iω + Mq(ω)



















. (1)

In the time representation this expression can be cast into the following generalized harmonic
oscillator equation (“generalized Langevin equation” [3,4,10])

F̈q(t) +

∫ t

0

dτMq(t − τ)Ḟq(τ) + Ω2
0(q)Fq(t) = 0. (2)

with the isothermal sound dispersion

Ω2
0(q) = v2

thq2/S(q) = c2/c0 , (3)

where vth is the thermal velocity defined by v2
th = kBT/m. As stated above, the formulation in

terms of a memory function guarantees that the first two sum-rule requirements, namely those of
the 0-th and the second moment c0 and c2 are fulfilled. In the density fluctuation version of the
mode-coupling theory (MCT) [19,21,23] Mq(t) is self-consistently related to Fq(t) in the following
way:

Mq(t) = Ω2
0(q)

1

2V

q1+q2=q
∑

q
1
,q2

Vqq1q2
Fq1

(t)Fq2
(t). (4)

Here V is the total volume. For the evaluation of the sum over q1 and q2 see the appendix.
The vertex (in a version where the three-body static correlation functions are decoupled by the
superposition approximation, see [19,21]) is given by

Vqq1q2
=

1

n
S(q)W 2

qq1q2
, (5)

where n = N/V is the particle number per volume,

Wqq1q2
=

1

q2
q · [q1nc(q1) + q2nc(q2)], (6)

where

c(q) =
1

n

(

1 −
1

S(q)

)

(7)

is the direct correlation function.
Equations (2) and (4) are a closed set of equations for Fq(t) which can be solved on a computer

with the initial conditions Fq(0) = S(q) and Ḟq(0) = 0.

3. Structure factor

As mentioned in the introduction, the static structure factors of most simple liquids, especially
those of liquid metals, can be well described in terms of the hard-sphere static structure factor in
Percus-Yevick (HS-PY) approximation. However, at wavenumbers larger than the principal peak of
S(q) the HS-PY structure factor does not decay as rapidly towards the uncorrelated value S(q) = 1
as the experimental data. This corresponds to the fact that the radial pair distribution function
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g(r) = 1+n
∫ dq

2π

3
eiqr[S(q)−1] in PY approximation abruptly jumps from 0 to its maximum value

at r = σ, where σ is the hard-sphere diameter. This is, of course, not the case for simple liquids,
in which g(r) rises continuously in a smooth way towards its maximum at a value of r, which
is slightly larger than σ. We found that the experimentally measured S(q) data of several liquid
metals can be quite satisfactorily described in the total q range by the formula

S(q) = 1 + [SHS(q) − 1]e−
1

2
(λqσ)2 (8)

with λ ≈ 0.05, where SHS(q) is the HS-PY structure factor (figure 1a). This corresponds to a
convolution of gHS(r) − 1 with a Gaussian of width σλ.

0 10 20
q·σ

0
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2

3

S
(q

) .

Li
Na
K
Al
In
Ti

Figure 1. Static structure factors of several liquid metals. Thin black line: Hard-Sphere PY
structure factor, thick black line: equation (8), both calculated with packing fraction η = 0.45.
References for the experimental data can be found in [5].

There is another, in fact, more important reason for using (8) instead of the HS-PY structure
factor. Using the hard-sphere structure factor for calculating the memory function in (4) (or (A4),
resp.) leads to a vertex function Vqq1q2

which decays very slowly for large wavenumbers Q =
1
2 |q1 − q2|, so that there are convergence problems in the numerics.

4. Results and discussion

We have solved equations (2) and (4) numerically, using structure factors given by (8) as
input. These depend on two parameters, namely the decay constant λ, which we set equal to 0.05
throughout, and the packing fraction

η =
π

6
nσ3 (9)

which controls the density dependence. We used σ as length scale and the isothermal velocity vT

as frequency scale, divided by σ:

ω0 =
vT

σ
=

vth

σ
√

S(q = 0)
=

1

σ

√

kBT

mS(q = 0)
(10)

vT can be obtained either from the measured ultrasonic sound velocity vS = vT/κ (where κ is the
ratio of the specific heats at constant pressure and volume) or from S(q = 0). κ is approximately
unity in the ps−1 frequency regime (see, however, the table given in [5]). In these units λ and η
are the only parameters of the theory. The temperature enters solely through η. It should be noted
that in these units the isothermal sound velocity is fixed to unity.

In figure 2a we have plotted the normalized dynamical structure factor S̃(q, ω) = S(q, ω)/S(q)
for 10 representative wavenumbers. This quantity is dominated by the central peak, which describes
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Figure 2. S̃(q, ω) ≡ S(q, ω)/S(q), χ̃′′(q, ω) ≡ ωS̃(q, ω) and C̃(q, ω) ≡ ω2S̃(q, ω) for η = 0.45 and
for (from bottom to top) q · σ = 1, 2, . . . 10. The curves for q · σ > 1 have been moved up by
integer amounts of 0.1 for better visibility.

the relaxation dynamics of the liquid. At small momentum transfer S̃(q, ω) has side maxima, which
correspond to the collective excitations. These maxima become more distinct in the quantities
χ̃′′(q, ω) = ωS̃(q, ω) (out-of-phase dynamic susceptibility) and C̃(q, ω) = ω2S̃(q, ω) (q2 times the
longitudinal current correlation function [2–4]). In figure 3a we have plotted the maxima and
line widths (HWHM) of C̃(q, ω) vs. qσ for several values of η. It is remarkable that there is no
change in the generalized sound dispersion Ω(q) = max{C̃(q, ω)} as η is varied towards its critical
value ηc ≈ 0.55, where the glass transition occurs [19,21]. A similar behaviour is observed for the
linewidth. This weak density dependence of the collective excitations, predicted by MCT remains to
be verified by experiments and/or simulations. It means that the longitudinal collective excitations
of the liquid are essentially the same as those of the frozen material. An interesting feature of
the low-q dispersion is the slight increase of the differential sound velocity ∂Ω/∂q with q. Such an
increase is observed not only in many liquid metals (see below) but also in many glasses [23,29].
This feature is produced by M ′′

q (ω), the reactive part of the memory kernel, which renormalizes
the dispersion. The weak density dependence of the liquid dispersion Ω(q) is in strong contrast to
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Figure 3. a: Dispersion and half widths at half maximum of the current correlation functions
for η = 0.40 (dots), 0.45 (straight line), 0.49 (short dashes), 0.52 (long dashes), 0.55 (dash-
dots). The lower thin dashed line is Ωq as given in equation (3). The straight dashed line is the
isothermal sound dispersion with viso = vth/

�
S(q = 0). b: S̃(q, ω) for qσ = 0.35 and the same

densities.

the behaviour of the central line. The strong density change of the central maximum of S̃(q, ω) is
most clearly seen in the double-logarithmic representation of figure 3b. The origin of this strong
density variation can be understood if one realizes that the quantity S̃(q, ω = 0) is proportional
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[30] to the so-called longitudinal q-dependent density

η̃`(q) =
1

πρkBT
η`(q) = S(q, ω = 0)/S(q)2 = S̃(q, ω = 0)/S(q) . (11)

For q = 0 we have

η`(q = 0) = ηv +
4

3
ηs , (12)

where ηs is the usual shear density and ηv is the bulk or volume density.
As can be seen from figure 4 this quantity varies strongly with density, as expected, because it is

this quantity which diverges on solidification. So we note that the central line – which is associated
with the viscous flow – strongly depends on density, whereas the collective excitation frequencies
and their line widths do not.

0 5 10 15 20
q· σ

10
0

10
2

η∼
l(q

) 

Figure 4. Viscosity η̃`(q)/nm as defined in the text for several densities. Line code as in figure 3.

Let us now have a look at the memory functions Mq(t), which describe the relaxation processes
in the liquid.
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t· ω0
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q(0
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Figure 5. Normalized Memory functions for (from bottom to top) η = 0.40, η = 0.45, η = 0.49,
η = 0.52, η = 0.55, η = 0.60 and for wavenumbers qσ = 1 (dots), 3 (short dashes), 5 (long
dashes) 7 (lines), 9 (dash-dots). The maximum of S(q) is at qσ = 7.

In figure 5 we have plotted Mq(t) for the densities of figures 3 and 4, as well as for η = 0.60,
which corresponds to the glassy state. It is striking that these functions do not oscillate strongly,
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but decay rather monotonously. This decay can be roughly described according to

Mq(t) = A1(q)e
−t/τ1(q) + A2(q)e

−t/τ2(q). (13)
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Figure 6. Upper part: Sum and ratio of the amplitudes A2 and A1. Lower part: Relaxation
times τ2 (top) and τ1 (bottom). The packing fraction in all graphs are circles: η = 0.40 squares:
η = 0.45 diamonds: η = 0.49 down triangles: η = 0.52 up triangles: η = 0.55.

We have fitted these functions according to equation (13) with amplitudes A1, A2, and the relax-
ation times τ1 and τ2 as q-dependent adjustable parameters. The sum of the amplitudes as shown
in the upper part of figure 6 is given by the expression

A1 + A2 = Mq(0) = v2
thq2 1

2V

q1+q2=q
∑

q1,q2

W 2
qq1q2

S(q1)S(q2). (14)

As this function strongly decreases with qσ we can conclude that the important relaxation processes
have wavelengths larger than an inter-atomic distance. The ratio of the amplitudes, i.e. the relative
strength of the two relaxation processes turns out to be almost independent of q. The amplitude
of the slower relaxation A2 increases with higher packing fractions, indicating the dominance of
slow relaxation processes at higher densities. The corresponding relaxation times are plotted in
the lower part of figure 6. Surprisingly, there is again almost no q-dependence observed. If plotted
against packing fraction (figure 7), the fast relaxation τ1 turns out to be almost constant with
density, while the slow relaxation shows an increase towards higher densities, which can be related
to the increase in density discussed earlier.

It is remarkable that the DMCT predicts the existence of two distinct relaxation time regimes
with only the static structure factor as an essential input. At densities corresponding to the melting
point (η ≈ 0.45), the ratio τ1/τ2 is about ten, which is similar to recent experimental findings in
simple liquid metals like liquid aluminum [14] and lithium [13], even though the q-dependence
observed in the experiments is somewhat more complicated. The findings in [13] are corroborated
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in a recent computer simulation on the dynamics of liquid lithium [16], where the data can also be
fitted with a memory function of the form (13) with a temperature and q dependence very similar
to those given in figure 6.
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τ 2/τ
1 .

Figure 7. Relaxation times τ1 (squares), τ2 (diamonds) and the ratio τ2/τ1 (circles) as a function
of packing fraction η for qσ = 7 (≈ Maximum of S(q)).
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Figure 8. Left: Dispersion of the maxima of the measured current correlation function in liquid
Ti and the linewidth (HWHM) together with MCT results using measured structure factors
[26]. Right: dispersion of the maxima of C̃(q, ω) of several liquid metals [5,26,15] together with
the MCT results for η = 0.40 (dashes) and η = 0.45 (full line). The dash-dotted line is the
isothermal dispersion Ω0(q) = q

�
S(0)/S(q).

A further quantitative test of the MCT was done recently on the dynamics of liquid titanium
[26] (see figure 8a). Instead of the structure factor in equation (8) experimental structure factors
were used as input with only the high q-range fitted to hard sphere structure factor similar to equa-
tion (8). This was necessary, because the compressibility limit S(q = 0) in the PY approximations
turns out to be about twice as high compared to the experimental values [31]. With equation (3)
this would lead to a much lower dispersion curve in the calculations than that observed in the ex-
periment. Using two different experimental structure factors from the literature, the dispersion of
the sound modes can be described satisfactorily by the MCT (solid and dotted curves in figure 8a).
Note that the uncertainties in the experimental structure factors lead to considerable shifts in the
dispersion calculated by MCT. On the other hand, the damping of the modes is well described
by both structure factors, independent of the relatively large experimental uncertainty of S(q) at
small q. In figure 8b we have plotted the measured longitudinal dispersions Ω(q) – plotted in units
of ω0 and σ−1. Firstly it is remarkable that they all collapse into a universal plot. Secondly they
almost coincide with the result of MCT (full line: η = 0.45, dashed line: η = 0.40). We conclude
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that MCT prediction is correct both from the viewpoint of the scaling and the quantitative value
of Ω(q).

It will be interesting to explore which kind of liquids shows the same scaled dispersion and which
properties of liquids lead to a deviation from this law of corresponding states given by MCT. As
stated above it remains to be shown, that Ω(q) stays the same as the density is lowered. Also,
to verify the universality of the linewidth and the two-step decay of the memory function, more
measurements and simulations are required.

5. Conclusions

Using smoothed hard-sphere-Percus-Yevick structure factors as input we have succeeded to
obtain a MCT description of the collective dynamics of simple liquids, which essentially depends
only on one single parameter, namely the packing fraction η. This parameter characterizes the
density of the liquid relative to its melting point, where it takes usually values near 0.45. MCT
then predicts that the dispersion and damping of the longitudinal sound-like excitations as given
by the maximum and half-width of the current correlation spectrum does not essentially depend on
η, i.e. remains the same as in the undercooled limit. The relaxation as described by MCT consists
of two distinct relaxation time regimes. The fast relaxation is on microscopic time scales and is
almost independent of the density. The slower relaxation can be identified as the alpha-relaxation
known from the dynamics close to the glass transition. Even though the coupling to transverse
modes is neglected in the theory, it is capable of describing the experimentally observed relaxation
times, the dispersion of sound modes and their damping in simple liquid metals.
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Appendix: Evaluation of the memory function

In order to evaluate the sum in (4) we define a vector Q by

q1 =
q

2
+ Q, q2 =

q

2
− Q. (A1)

We perform the Q integration in cylinder coordinates Q = (ρ, z, ϕ) and use
∑

Q ≡ V
(2π)3

∫

dQ:

Mq(t) = v2
thq2 1

16π3n

∫∫∫

ρdρdzdϕW 2
qq1q2

Fq1
(t)Fq2

(t)

= v2
thq2 1

4π2n

∫ Q∗

0

QdQ

∫ Q

0

dzW 2
qq1q2

Fq1
Fq2

(t), (A2)

where we have used ρdρ = QdQ and the fact that the integrand is even in z. With the definitions
(A1) we obtain for the inner vertex

Wqq1q2
=

1

2
[nc(q1) + nc(q2)] +

z

q
[nc(q1) − nc(q2)] (A3)

we now introduce wavenumbers in units of the hard sphere diameter σ: q̃ ≡ qσ yielding

Mq(t) = ω2
0 q̃2 1

24πη

∫ Q̃∗

0

Q̃dQ̃

∫ Q̃

0

dz̃W 2
q̃q̃1q̃2

Fq̃1
(t)Fq̃2

(t). (A4)
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Collective dynamics of simple liquids

Колективна динамiка простих рiдин: опис пiдходом

взаємодiючих мод

В.Шiрмахер1,2, Г.Зiнн1,3

1 Арґонська Нацiональна Лабораторiя, Арґон, США
2 Вiддiл фiзики E13, Технiчний унiверситет Мюнхена, Ґархiнґ, Нiмеччина
3 Hasylab/DESY, Гамбурґ, Нiмеччина

Отримано 27 листопада 2007 р., в остаточному виглядi – 12 лютого 2008 р.

Ми використовуємо теорiю взаємодiючих мод (ТВМ), що була надзвичайно успiшною у врахуваннi
аномальної релаксацiйної поведiнки поблизу переходу рiдина-скло, для опису динамiки простих
(моноатомних) рiдин далеко вiд режиму формування скла. Ми виявили, що динамiчний структурний
фактор, передбачений з ТВМ, добре узгоджується з експериментальними даними та результатами
комп’ютерного моделювання. Функцiя пам’ятi проявляє двоступеневий спад, що часто отримується
з експериментальних та комп’ютерних даних. Режим довгочасової релаксацiї, в якому швидкiсть
релаксацiї сильно залежить вiд густини, iдентифiкується як α релаксацiя. При високiй густинi цей
процес приводить до нестабiльностi з утворенням скла. Короткочасовий спад релаксацiї майже не
залежить вiд густини.

Ключовi слова: динамiка рiдин, колективнi збурення в рiдинах, простi рiдини, теорiя взаємодiючих

мод

PACS: 62.60.+V, 66.20.-d
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