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Abstract. We give an exact geometrykernel for conic arcs,algorithmsfor ex-
act computationwith low-degreealgebraicnumbers,andanalgorithmfor com-
puting the arrangementof conic arcsthat immediatelyleadsto a realizationof
regularizedbooleanoperationson conicpolygons.A conicpolygon,or polygon
for short,is anything thatcanbeobtainedfrom linearor conichalfspaces(= the
setof pointswherea linearor quadraticfunctionis non-negative) by regularized
booleanoperations.Thealgorithmandits implementationarecomplete(they can
handleall cases),exact(they givethemathematicallycorrectresult),andefficient
(they canhandleinputswith severalhundredprimitives).

1 Introduction

Wegiveanexactgeometrykernelfor conicarcs,algorithmsfor exactcomputationwith
low-degreealgebraicnumbers,andasweep-linealgorithmfor computingarrangements
of curvedarcsthatimmediatelyleadsto a realizationof regularizedbooleanoperations
on conicpolygons.A conicpolygon,or polygonfor short,is anything thatcanbeob-
tainedfrom linear or conichalfspaces(= the setof pointswherea linear or quadratic
function is non-negative) by regularizedbooleanoperations(Figure1). A regularized
booleanoperationis a standardbooleanoperation(union, intersection,complement)
followed by regularization.Regularizationreplacesa setby the closureof its interior
andeliminatesdanglinglow-dimensionalfeatures.

Ouralgorithmandimplementationarecompleteandexact. They arecompletein the
sensethatthey canhandleall inputsincludingarbitrarydegeneracies.They areexactin
that they alwaysdeliver the mathematicallycorrectresult.Completeandexact imple-
mentationsfor the linearcaseareavailable,e.g., in thegeneralizedpolygonclass[21,
Section10.8]of LEDA andin theplanarmapclass[15] of CGAL. However, existingim-
plementationsfor conicpolygonsareeitherincompleteor inexact,exceptfor thevery
recentwork by Wein [25].�
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Fig. 1. We computethe union of two curved polygons(left panel).The first input polygon is
createdfrom a regular10-gonby replacingeachstraightedgewith a half-circlewith that edge
as diameter. The secondpolygon is createdfrom the first by rotating it aroundthe origin by
α � π

�
20 radians.On theright is theunionof thesetwo polygons.We cancomputethecorrect

unionof suchrotatedn-gonsfor any n andany α. For n = 1000andα � π
�
2000,thetimerequired

to computethecorrectunionwith 2702edgesis lessthan20minutesonan846MHz PentiumIII
processor.

Therearethreemain partsto our work: (1) a sweep-linealgorithmfor computing
arrangementsof curved arcs,(2) predicatesand functionsfor conic arcs,and (3) al-
gorithmsfor the exact computationwith low-degreealgebraicnumbers.For part (1),
the sweep-linealgorithmextendsthe Bentley-Ottmannsweep-linealgorithmfor seg-
ments[1]. Thehandlingof many curvespassingthroughthesamepoint is considerably
moreinvolvedthanin thestraight-linecase.For (2), wegivealgorithmsfor basicpred-
icatesandfunctionson conicsandusethemto realizethefunctionalityrequiredin the
sweepalgorithm.For (3), we have integratedthe representationof algebraicnumbers
asrootsof polynomialsandtherepresentationasexplicit expressionsinvolving square
roots.

Our implementationconsistsof a basiclayerproviding polynomials,rootsof poly-
nomials,low-degreealgebraicnumbers,conics,andpredicatesandfunctionson conics
andconicarcsandanalgorithmiclayerthatprovidesarrangementsof conics,thesweep-
line algorithmfor curves,andbooleanoperationson conicpolygonsandon polygons
with circular andstraight-linearcs.We have testedour implementationson inputsof
varioussizesandwith variousdegeneracies;seefor exampleFigure2. We provide ev-
idenceof theefficiency of theapproachpresentedhereby comparingtheresultsto the
implementationsin LEDA for polygonswith line-segmentedges.Our implementation
canhandlesceneswith severalhundredconicsegments.

Therestof thepaperis organizedasfollows.Wefirst summarizerelatedwork (Sec-
tion 2) and then review the Bentley-Ottmannsweep-linealgorithm.We extend it to
curvedarcsandderive therequiredsetof predicatesandfunctions(Section3). In Sec-
tion 4 we discussconics,functionsand predicateson conics,and computationwith
low-degreealgebraicnumbers.In Section5 we give moredetailsof our implementa-
tionsandprovidetheresultsof ourexperiments.Section6 offerssomeconclusions.

2 Related Work

Thework of threecommunitiesis relevantfor ourwork: computationalgeometry, solid
modeling,andcomputeralgebra.Thesolidmodelingcommunityhasalwaysdealtwith



curvedobjects,andCAD systemsdealingwith curvedobjectsin two andthreedimen-
sionshavebeenavailablesincethe60’s.Noneof thesesystemsis completeor exact,not
evenfor straight-lineobjects.Thequestionof completeandexactimplementationshas
beenaddressedonly recently. MAPC [20] providesasetof classesfor manipulatingal-
gebraicallydefinedpointsandcurvesin theplane,whichincludesanimplementationof
thenäıve O � n2 � algorithmfor computinganarrangementof n curvesin theplane.The
algorithmsarenot complete;they handlesomebut not all degeneracies.Also the use
of Sturmsequencesto handledegeneratecases,suchastangentialcurvesor degenerate
segments,resultsin unnecessarilyslow computationsin thesecases.ESOLID[19] per-
formsaccurateboundaryevaluationof low-degreecurvedsolids.It is explicitly stated
thatdegeneraciesarenot treated.

Surprisinglylittle work in computationalgeometrydealswith curvedobjects;some
examplesare[24,12,11].Thesweep-linealgorithmof Bentley-Ottmann[1] isknownto
work for x-monotonecurves,at leastin theabsenceof degeneracies.Degeneracieshave
beendiscussedfor straight-linesegmentsonly. Severalpapers[3, 4,6] have lookedinto
thequestionof usingrestrictedpredicatesto reportor computesegmentintersections,
therationalebeingthatlower-degreepredicatesaresimplerto evaluate.All papershave
to excludeat leastsomedegeneratecases.

Theexactandefficient implementationof thepredicatesrequiredin our algorithms
is non-trivial, sincethey involve algebraicnumbers.Oneof thepredicatesusedin our
algorithms,thelexicographicalcomparisonof verticesin anarrangementof circlesand
lines,hasbeenconsideredby Devillers et al. [10]. A very efficient realizationis given.
Themorecomplex predicatesalsoneededin our algorithmsarenot discussedin their
work andit is not clearwhetherthetechniquegeneralizes.

CGAL ’splanarmapclassalsosupportsthecomputationof arrangementsof circular
arcsandline segments.Veryrecently, theimplementationwasextendedto conicarcsby
Wein [25]. Theimplementationis in somerespectssimilar to ours.However, thesweep
methodis not yetavailableandthethecomputationof booleanoperationsonpolygons
is implementedonly indirectly.

Thepapers[13,17] show how to computearrangementsof quadricsin three-space.
The algorithmsare complete,but (as of now) can handleonly a small numberof
quadrics.Root isolation of univariatepolynomials,resultantcomputation,and exact
treatmentof algebraicnumbersarewell studiedproblemsin computeralgebra.We use
thestandardtechniques.

3 Conic Polygons and the Sweep-line Algorithm

TheBentley-OttmannSweep-lineAlgorithm: The Bentley-Ottmannsweep-linealgo-
rithm for computingan arrangementof segmentsin the plane[1] wasoriginally for-
mulatedfor setsof segments,no threeof which passthrougha commonpoint andno
two of which overlapeachother. A vertical line is sweptacrossthe planeandthe or-
deredsequenceof intersectionsbetweenthesweepline andthesegmentsis maintained
(= Y-structure).The statusof the sweepline changeswhena segmentstarts,whena
segmentends,andwhentwo segmentscross.Bentley andOttmannobserved that the
algorithmcanactuallyhandleany setof x-monotonecurves.Of course,whentwo such



curvesmeetthey mayeithercrossor touch,which requiresa minormodificationto the
algorithm.Theeventsaremaintainedin apriority queue,referredto astheX-structure.

It waslaterobserved,seefor example[9, 21], that in the caseof straight-lineseg-
mentsthealgorithmcanalsohandlearbitrarydegeneracies.A numberof smallexten-
sionsarerequired.For example,whenthe algorithmsweepsacrossa point in which
severalsegmentsmeet,they-orderof thesegmentsmeetingat this point is reversed.

We next arguethat thealgorithmcanalsohandledegeneratesituationsin thecase
of curves.Themainproblemis sweepingacrossa point wheremany curvesmeetand
we restrictourattentionto this problemhere.

Considerapoint p andassumethatarcsC1 toCk passthroughp. Weassumethatthe
curvesarenumberedaccordingto their y-orderjust left of p. Let si bethemultiplicity
of intersectionof the curvesCi andCi � 1 at p; see[2, ChaptersI andIV] for a formal
definition.Intuitively, themultiplicity is oneif thecurvesmeetat p andhave different
slopes,themultiplicity is two if thecurveshave identicaltangentbut differentradii of
curvature,themultiplicity is threeif thecurveshavesametangentandidenticalradii of
curvaturebut different ���	� . Two curvesmeetingat p crossat p if the multiplicity of
theintersectionis odd,andthey touch,but do not cross,if themultiplicity is even.The
multiplicity of intersectionbetweenCi andCj for i 
 j is min � si � ���	� � sj 
 1 � because
themultiplicity of intersectionis thenumberof identicalinitial coefficientsin thelocal
Taylorseriesexpansion.For distinctconics,themultiplicity of intersectionatany point
is at most4. For example,the multiplicity of intersectionat the origin betweeny � 1 �
x��� x2 andy � x2 � y2 is three.

The following algorithmdeterminesthe y-orderof our curvesC1 to Ck just to the
right of p in time O � k� . Make four passesover thesequenceof curvespassingthrough
p. In the j-th pass,4 � j � 1, form maximalsubsequencesof curves,wheretwo curves
belongto thesamesubsequenceif they arenot separatedby a multiplicity lessthan j,
andreversetheorderof eachsubsequence.

Lemma 1. Thealgorithmabovecorrectlycomputesthey-orderof thesegmentpassing
througha commonpoint p immediatelyto theright of p fromtheorder immediatelyto
theleft of p.

Proof. Considertwo arbitrary curvesCh andCi with h 
 i. Their y-order right of p
differsfrom their y-orderleft of p if f s � min � sh � �	��� � si 
 1 � is odd.Next observe thats
is alsoexactly thenumberof timesCh andCi belongto thesamesubsequence,i.e., the
numberof timestheir orderis reversed.We concludetheorderof Ci andCh is reversed
iff Ci andCh crossat p.

Of course,the algorithm just outlinedwill alsowork if the maximalmultiplicity
M of intersectionis arbitrary. However, its runningtime will be M timesk, the num-
ber of curvespassingthroughthe point. Lutz Kettner(personalcommunication)has
shown that thepermutationcanalwaysbecomputedin time linear in the lengthof the
subsequence.

ConicPolygons: Regularizedbooleanoperationsonstraight-lineor conicpolygonscan
be built on top of the sweep-linealgorithmfor segmentintersection,see[21, Section
10.8]. The correspondingdatastructurein LEDA is calledgeneralizedpolygons.We



reusedit with only onesmall change.Whencurvededgesareused,a polygonalchain
with only two edgesis possible.We alsomadethe implementationmoregeneralby
parameterizingit with the type of the polygonusedto representthe boundaries(Sec-
tion 5).

Required Predicatesand Functions: We arenow readyto summarizethe predicates
andfunctionsthatmustbedefinedfor thepointsandsegmentsusedin thesweep-line
algorithmandin thecomputationof generalizedpolygons.

compare xy(p, q) – comparespointsp andq lexicographically. This predicateis used
to maintaintheorderof theeventsin theX-structure.

seg.y order(p) – determinesif a point p in the x-rangeof segmentseg is vertically
above,below, or on seg. This predicateis usedto insertstartingsegmentsinto the
Y-structure.

seg.compare right of common point(seg2, p) – comparesseg andseg2 to determine
their y-orderingjust right of their commonpoint p. This predicateis alsousedto
insertstartingsegmentsinto theY-structure.Theorderof segmentsstartingat the
samepoint is determinedby this predicate.

seg.common point multiplicity(seg2, p) – returnsthe multiplicity of intersectionof
seg and seg2 at their commonpoint p. This predicateis usedto handlecurves
passingthrougha commonpointasdescribedabove.

seg.has on(p) – determinesif p lies on seg. This predicateis not neededin thesweep
line algorithm,but in thealgorithmfor booleanoperations.It is usedto determine
thecontainmentof oneboundaryinsideanother.

intersect(seg1, seg2, result) – determinesif seg1 andseg2 intersector not and,if so,
insertstheir intersectionpointsin lexicographicalorderinto result

4 Conics and Computations with Conics

We discusspredicatesandconstructionson conicsandtheir algorithmicrealizationin
this section.

Everyconicis definedasthezero-setin � 2 of aquadraticimplicit equationP in the
variables� x � y� i.e.,

α1x2 � α2y2 � 2α3xy � 2α4x � 2α5y � α6
� 0

with ��� α1
� α2

� α3
� 0� . We restrictattentionto the non-degenerateconicsin this

paperas lines bring nothingnew algorithmically. For every valuex thereareat most
two valuesof y satisfyingtheequation.We canobtainanx-monotoneparameterization
by rewriting the equationasa quadraticequationfor y andsolving for y. We obtain
Q � a � x� y2 � b � x� y � c � x��� 0. Solvingfor y yields

y �
�� � 
 b � x��� � b � x� 2 
 4a � x� c � x�

2a � x� if α2 !� 0
 c � x�
b � x� if α2

� 0 andb � x� !� 0



Degenerateconicsareeasilyrecognized[18].
A conic arc is an x-monotonecurve that correspondsto onechoiceof sign in the

equationabove.A conicdecomposesinto eitheroneor two conicarcs.In thelattercase
we referto thetwo arcsasthelowerandtheupperarc.For a conicC we useC0 and(if
it exists)C1 to denotethearcsof C. We view thearcsasfunctionsof x, i.e.,C1 � x� is the
y-valueof theupperarcof C at x.

Intersectionof Two Conics: Considertwo conics

Q1
� a1y2 � b1y � c1

� 0 Q2
� a2y2 � b2y � c2

� 0 �
Thenthereis a polynomialR in x of degreeat mostfour suchthat thex-coordinatesof
theintersectionsof Q1 andQ2 arerootsof R.

R � a2b2
1c2

� a2
2c2

1 � a2c1b2b1 � 2a2a1c1c2 � b2a1b1c2
� c2

2a2
1
� b2

2a1c1
� 0

is calledtheresultantof Q1 andQ2; see[8] for adiscussionof resultants.A rootx of R
doesnot necessarilycorrespondto anintersectionof Q1 andQ2 in � 2; thecorrespond-
ing y-valuesmayhavenon-zeroimaginaryparts.

Low-DegreeAlgebraic Numbers: Thex-coordinates(andsimilarly the y-coordinates)
of intersectionspointsarerootsof polynomialsof degreeat mostfour. We call an al-
gebraicnumbera one-root-numberif it is of the form α � β � γ with α � β � γ "$# . The
following well-known lemmais useful.

Lemma 2. A degree-fourpolynomialp either hasfour simplerootsor all rootsof p
areone-root-numbers.Thetwocasesareeasilydistinguishedandtheone-root-numbers
canbedeterminedin thelatter case.

Proof. (Sketch)Follows from acasedistinctionon thedegreeof p% gcd� p � p& � .
We representalgebraicnumbersx in oneof two ways.Eitherasone-root-numbers

or astriples � P� l � r � whereP is apolynomialwith only simpleroots,l andr arerational
numbers,P hasexactly onereal root in the openinterval � l � r � andP � l � !� 0 !� P � r � .
Suchaninterval is calledanisolatinginterval for theroot.In our implementation,l and
r havetheadditionalpropertythattheirdenominatorsarepowersof two. Wedetermine
isolating intervals by meansof Uspensky’s algorithm [7, 23]. Isolating intervals are
easily refinedby consideringthe point m � � l � r � % 2. If P � m�'� 0, we have a one-
root-numberfor x. Otherwise,wereplacetheisolatinginterval by either � l � m� or � m� r �
dependingon thesignof P � m� .

One-root-numbersarerepresentedasobjectsof the numbertype leda-real,cf. [5]
or [21, Section4.4]. Integersareleda-reals,andif x andy areleda-reals,soarex ( y,
x ) y, x% y, and k� x for arbitraryintegerk. Leda-realshaveexactcomparisonoperators* ,
 and � . In particular, if x is a leda-realandP is apolynomialwith integercoefficients,
we candeterminethesignof P � x� .

We next describehow to comparetwo algebraicnumbersx andy. If bothof them
aregivenasleda-real,weusethecomparisonoperatorof leda-real.If x � � P� l � r � andy



is a leda-real,weproceedasfollows:If y * l or y � r, theoutcomeof thecomparisonis
clear. Soassumel 
 y 
 r. If P � y�+� 0, x � y. SoassumethatP � y� !� 0. Then(!!!) x !� y.
We now refinetheisolatinginterval for x asdescribedin theprecedingparagraphuntil
y !",� l � r � .

In orderto comparetwo algebraicnumbersx � � P� lx � rx
� andy � � Q � ly � ry

� wehave
to work slightly harder. If the isolatingintervalsaredisjoint, we aredone.Otherwise,
let I � � l � r � betheintersectionof theisolatingintervals.Wehavex � y if f P andQ have
acommonroot in I . Wefirst refinetheisolatingintervalsof x andy usingtheendpoints
of I . Thenit is eitherthecasethatbothintervalsareI or theintervalsaredisjoint.If they
aredisjoint, thenwe aredone.Otherwise,we know thatP andQ bothhaveexactlyone
simpleroot in I . Theserootsareequalif g � gcd� P� Q� hasarootz in I , in whichcasez
mustbeasimpleroot.Thusthedegreeof g canbeusedto decidequickly aboutequality
or inequalityin certaincases.For example,if deg � g�+� 0, we know thatx andy arenot
equal,andsimilarly, if deg � g�-� 4, we know they areequal.Otherwisewe usethefact
that g hasonly simple roots.So x � y � z if f sign� g � l �	� !� sign� g � r �	� . Furthermore,
dependingon thedegreeof g, a rationalor one-rootrepresentationfor x andy maybe
obtainedif they arezerosof g, P% g, or Q% g andif therespectivedegreeis * 2.

Thecritical valuesof a conicaretherootsof h � x� if α2 !� 0 andis theroot of b � x�
if α2

� 0. At thecritical valuestheconiceitherhasaverticaltangentor a pole.Critical
valuesareone-root-numbers.

Intersectionof Two Conics,Continued: Let R be the resultantof conicsC andD and
let x bearoot of R. Do arcsCi andD j intersectat x?

If x is given asa leda-real,we simply compareCi � x� andD j � x� using leda-reals.
Otherwise,by Lemma2, x � � R� l � r � is a simpleroot of R andhencearcsCi andD j

crossat x if they intersectat all. Let � R� l � r � be the representationof x. We refinethe
representationof x until theisolatinginterval containsnocritical valueof eitherC or D.
ThenCi andD j aredefinedon theentireinterval . l � r / andthey intersectatmostoncein. l � r / . ThusCi andD j intersectatx if f thesignsof Ci � r � � D j � r � andCi � l � � D j � l � differ.
We computethesignsusingleda-reals.

Conic Points, Conic Segments,and Comparisons: We specifyconic pointsby an x-
coordinate(= an algebraicnumber)and a conic arc Ci . The point has coordinates� x � Ci � x�	� . If x is a leda-real,we cancomputethe y-coordinateasa leda-real.A conic
segmentis thepartof a conicarcbetweentwo conicpoints.

The x-compareof two conic points is tantamountto the comparisonof two alge-
braicnumbers,whichwasdiscussedabove.We turn to thexy-compare.Let � x1 � Ci

� and� x2 � D j
� be two conic points.If x1 !� x2, we aredone.If x1

� x2 andwe know a one-
root-numberfor x1, we simply compareCi � x1

� andD j � x2
� . So assumeotherwise.We

computetheresultantRof C andD andcomparex1 to therootsof R. Threecasesarise:
x1 is eithernot a root of R, a multiple root of R (yielding a one-root-numberfor it), or
a simpleroot of R. In thelattertwo cases,we proceedasdescribedin theparagraphon
intersectionof two conics.In thefirst case,werefinetheisolatinginterval of x1 until is
containsno critical valuesof C andD andthenusethefact that they-orderof thetwo
arcsat x1 is thesameasthey-orderat theright endof the isolatinginterval of x1. The
strategy just describedalsoresolvesthehason predicateaswell asy order.



Multiplicity of Intersection: Let p � � x � y� bean intersectionpoint of arcsCi andD j .
Then x is a zero of the resultantof C and D with multiplicity m 0 0. If m � 1, the
multiplicity of the intersectionis 1. Soassumethatm 0 1. Thenwe know a one-root-
numberfor x. We have to deal with two difficulties. The first difficulty is that there
might beintersectionswith non-realy values,but this cannothappensincethey values
wouldcomein conjugatepairs.Thustheconicwouldhavethreepointson thecomplex
line throughx parallelto they axisandhencetheconicwould bedegenerate.

Theseconddifficulty ariseswhenbothconicshave two arcsandhencehencethere
might be intersectionsbetweenC1 
 i andD1 
 j at x. Let d be the (currentlyunknown)
multiplicity of the intersectionat p andlet e be the multiplicity of the intersectionof
C1 
 i with D1 
 j at x. Thend � e � m. We teste � 1 by testingthe equalityC1 
 i � x�1�
D1 
 j � x� using leda-reals.If e � 0, we aredone.Otherwise,let q be the correspond-
ing intersectionpoint. We next test d � 2, by checkingwhetherthe normal vectors� Cx � p� � Cy � p��� and � Dx � p� � Dy � p��� areparallel.HereCx andCy arethepartialderivatives
of C. The checkis againa computationusingleda-realssincep � � x � Ci � x�	� . If d 
 2
thend � 1 andwe aredone.Soassumed � 2. If m � 3 thend � 2 andwe aredone.
Assumeotherwise,i.e.,m � 4. Wecheckwhethere � 2. If e � 1 thend � m � 1 � 3. If
e � 2 thend � e � 2.

OrderImmediatelyto theRightof a CommonPoint: ConsiderarcsCi andD j containing
p � � x � y� andextendingto theright.Assumethatweknow aleda-realu suchthatx 
 u,
arcsCi andD j aredefinedon . x � u/ anddo not intersectin the interval � x � u/ . Thenthe
y-orderjust right of x is thesameasthey-orderat u; the lattercanbecomputedusing
leda-reals.How canwe obtainu? If x is a simpleroot of the resultantof C andD, we
refinetheisolatinginterval of x until it containsnocritical valuesof C andD andtakeu
astheright endpointof theisolatinginterval. If x is a multiple root of theresultant,we
haveone-root-numbersfor all rootsandwesimply takearationalpoint to theright of x
andwithin thex-rangeof thetwo arcs.This canbe,for example,themidpointof x and
thenext largerrootof theresultantif thereis one.

5 Implementation and Empirical Results

We describeour implementationsandreportaboutexperiments.All our implementa-
tions are in C++. They usecomponentsof LEDA, CGAL, and the standardtemplate
library.

AlgebraicNumbersandConics: Wehaveimplementedfourclasses:alg number, conic,
arrangement2, andX monoconic segment. Thefirst realizesalgebraicnumbersasdis-
cussedin Section4. Themain ingredientsarepolynomials,gcdof polynomials,resul-
tant computations,Uspensky’s algorithmfor root isolation,and leda-reals.The main
functionality is exactcomparisonbetweenalgebraicnumbers.Theclassconicrealizes
conicsandthepredicatesandconstructionsdiscussedin Section4. Theclassarrange-
ment2usesthe functionality of the two otherclassesto constructthe arrangementof
two conics.TheclassX monoconic segmentrealizesanimplementationof a segment
typeasrequiredby thesweep-linealgorithmandgeneralizedpolygonclass.



TheNaiveAlgorithm for ComputingArrangementsof Conics: This algorithmtakesa
setof conicsandcomputesthesubdivision of theplanedefinedby them.It first com-
putesthe arrangementof any pair of conicsand then mergesthe pairwisearrange-
mentsinto a singlearrangement.This implementationprovidesa test-bedfor classes
alg number, conic, andarrangement2, andservesasareferenceimplementationfor the
sweep-linealgorithm.

Thefirst phaseof thenaivealgorithmproducesa list of all intersections� x � Ci � D j
� .

We generatetwo conic points � x � Ci
� and � x � D j

� for eachintersectionandsort them
usingcompare xy. Thenit is easyto removeduplicates,andtheverticesof thearrange-
mentA areknown. We createadditionalverticesfor thepointsof verticaltangency and
alsocreatea dictionarythat mapsconic pointsto the verticesof A. Thenwe sort our
conicpointsasecondtime.For thesecondsorting,theconicarcis themainkey andthe
secondkey is thex-coordinate.We obtainthesortedlist of intersectionpointson each
arc.Usingthemapfrom conicpointsto verticesof A, wecreatetheedgesof A. Finally,
we determinethecyclic orderof the edgesincidentto eachvertex usingthepredicate
compare right of commonpoint. Thefinal resultis a planarmap.

We checkedthecorrectnessof theimplementationbothmanually(for smallexam-
ples)andby checkingEuler’sequationfor planarmaps,which is a goodheuristictest.
We ran the algorithmon: (1) conicsin generalposition,(2) conicswith carefully de-
signeddegeneracies,and(3) conicswith perturbeddegeneracies(i.e., almostdegenerate
points).Figure2 shows two examplesof thesecondkind. Both featurehigh-degreein-
tersectionpointswith variousmultiplicities of intersections.The exampleon the left
alsocontainsintersectionpointswith equalx-coordinate.Table1 shows that, asone
wouldexpect,runningtime increaseswhendegeneraciesarepresentandalsowhenthe
inputprecisionis increasedto representnearlydegeneratecases.However, theincrease
is not unreasonable.With thenaivealgorithm,we areableto compute,anarrangement
of 200conicswith approximately55000intersectionpointsin around28minutes.

processingtime per
pair of conics input precision

generalposition 30ms 50 bits
degenerateposition 48ms 50 bits
perturbeddegenerateposition48ms 100bits

Table 1. Averagecomputationtimerequiredby thenaive algorithmperpair of conics.

A GenericImplementationof the SweepAlgorithm: Our implementationof the algo-
rithms,classesandpredicatesdescribedin Sections3 and4 isbasedontheCGAL geom-
etry kernelandtheoriginal implementationsin LEDA of thesweep-linealgorithmand
thegeneralizedpolygons.To easilyaccommodatedifferentsegmenttypes,point types
andpredicateimplementations,we have followedthe genericprogrammingparadigm
[22] andusedthe conceptof geometrictraits classesintroducedwith CGAL [14]. By
supplyingdifferenttraitsclasses,thesamealgorithmcanbeappliedto differentkinds
of objectsor usingdifferentpredicateimplementations.

Sucha genericimplementationmadelight work of producingtheempiricalresults
presentedbelow thatcomparedifferentsegmenttypes,differentpredicateimplementa-
tionsanddifferentunderlyingkernels.



Fig. 2. On the left, a set of 15 ellipsesall of which intersectat one point in the lower right
quadrantof the picturewith varying multiplicities. On the right is a setof 10 ellipses,also in
highly degeneratepositions.
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Fig. 3. On the left, a comparisonof runningtimes for the optimizedversionof the LEDA line
segmentsweepalgorithm,our genericimplementationof the sweep-linealgorithm using line
segmentsandthe sameimplementationusingcircular arcs.On the right, a comparisonof run-
ning timesusingvariousoptimizationsfor circulararcsandline segments.Runningtimeswere
recordedonan846MHz PentiumIII processor.

SweepingCircular ArcsandStraight Line Segments:Whenonly circulararcsandline
segmentsareused,the implementationof the predicatesandfunctionsbecomeeasier
sincethe coordinatesof all intersectionpoints are one-root-numbers.This meansin
particularthatwhenthecirclesandlinessupportingthesegmentsarespecifiedthrough
rational points,much of the computationcanbe carriedout using rational numbers.
Onlywhenit is timetocomputethecoordinatesof thepointsusingthesqrt functionwill
theleda-realnumbertypebeused.This is generallya big efficiency win. Furthermore,
weareableto exploit thefactthattheintersectionpointbetweenany two rationalcircles
canbedescribedvia the intersectionof a rationalline anda rationalcircle [10] in our
implementationof the compare xy predicatefor pointsthat lie on circulararcsor line
segments.That is, beforecomparingthe actualcoordinatesof the points p andq, we
first determineif they wereconstructedin thesameway. If so, they areequalandwe
aredone.This techniqueis calledstructural filtering [16,25]. Notice that, in contrast
to usualnumericfilters usedin the exact computationparadigm,which filter out the
easycasesthat canbe dealt with quickly by imprecisenumbertypes(i.e., when the
points’ coordinatesarevastlydifferentfrom eachother),this filtering techniqueworks
by filtering out themostdifficult case(whenthepoints’ coordinatesareidentical)and



Fig. 4. On the left the planargraphthat resultsfrom the sweepof a setof 50 circular arcsand
line segmentswith many degeneracies.Thegraphwasproducedin lessthan1 secondon an846
MHz PentiumIII processor. On theright is anexamplewith 241circulararcsandline segments,
which requiredapproximately2 secondsto compute.

thusassuresthatthecasesleft areusuallyrelativelyeasy. Thegraphin figure3 illustrates
theadvantagesof usingtheseoptimizations.

SweepingConicSegments:Whenconstructingarrangementsof generalconicsegments
suchastheonesshown in Figure2,runningtimesarenaturallyhigher. Examplessimilar
to theonesshown in Figure2 with 30 and60 conicsegmentsrequire,respecitvely, 19
secondsand49secondsusingourcurrentimplementation.Table1 indicatesthat,asone
wouldexpect,runningtimedegradeswhendegeneraciesareintroduced.However, with
theapplicationof appropriatefiltering techniquesin our predicateimplementationswe
areconfidentthattherunningtimesfor conicsegmentswill comein line with thosefor
circulararcs.

6 Conclusions

We describedan exact kernel for conic arcs,algorithmsfor dealingwith low-degree
algebraicnumbers,a sweep-linealgorithm for curved segments,and algorithmsfor
booleanoperationson conic polygons.Our algorithmsandtheir implementationsare
complete,exact,andefficient. We feel that it wascrucial for our work thatwe hadall
threegoalsin mind right from thebeginningof ourwork.
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