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Abstract. We give an exact geometrykernelfor conic arcs,algorithmsfor ex-
actcomputationwith low-degreealgebraicnumbersandan algorithmfor com-
puting the arrangemenbof conic arcsthatimmediatelyleadsto a realizationof
regularizedbooleanoperationson conic polygons.A conic polygon,or polygon
for short,is anything thatcanbe obtainedfrom linear or conic halfspace¢= the
setof pointswherea linearor quadraticfunctionis non-ngative) by regularized
boolearoperationsThealgorithmandits implementatiorarecomplete(they can
handleall cases)exact(they give themathematicallycorrectresult),andefficient
(they canhandleinputswith severalhundredprimitives).

1 Introduction

We give anexactgeometrykernelfor conicarcs,algorithmsfor exactcomputatiorwith
low-degreealgebraimumbersanda sweep-linaalgorithmfor computingarrangements
of curvedarcsthatimmediatelyleadsto a realizationof regularizedbooleanoperations
on conicpolygons.A conic polygon,or polygonfor short,is arnything thatcanbe ob-
tainedfrom linear or conic halfspaceg= the setof pointswherea linear or quadratic
functionis non-nayative) by regularizedbooleanoperationgFigure 1). A regularized
booleanoperationis a standardbooleanoperation(union, intersection,complement)
followed by regularization.Regularizationreplacesa setby the closureof its interior
andeliminatesdanglinglow-dimensionafeatures.

Ouralgorithmandimplementatiorarecompleteandexact They arecompletein the
sensdhatthey canhandleall inputsincludingarbitrarydegeneraciesThey areexactin
thatthey alwaysdeliver the mathematicallycorrectresult. Completeand exactimple-
mentationdor the linear caseareavailable,e.g., in the generalizegolygonclass[21,
Section10.8]of LEDA andin theplanarmapclasg15] of CGAL. However, existingim-
plementationgor conic polygonsareeitherincompleteor inexact, exceptfor the very
recentwork by Wein [25].

* Partially supportedy thelST Programmef theEU asaShared-cosRTD (FET Open)Project
underContractNo IST-2000-26473ECG- Effective ComputationalGeometryfor Curvesand
Surfaces).



Fig. 1. We computethe union of two curved polygons(left panel). The first input polygonis
createdfrom a regular 10-gonby replacingeachstraightedgewith a half-circle with thatedge
as diameter The secondpolygonis createdfrom the first by rotatingit aroundthe origin by
a = 11/20 radians.On theright is the union of thesetwo polygons.We cancomputethe correct
unionof suchrotatedn-gonsfor ary nandary a. Forn=1000anda = 11/2000,thetime required
to computethe correctunionwith 2702edgess lessthan20 minutesonan846 MHz Pentiumlll
processor

Therearethreemain partsto our work: (1) a sweep-linealgorithmfor computing
arrangementsf curved arcs, (2) predicatesand functionsfor conic arcs,and (3) al-
gorithmsfor the exact computationwith low-degreealgebraicnumbers.For part (1),
the sweep-linealgorithm extendsthe Bentley-Ottmannsweep-linealgorithmfor seg-
ments[1]. Thehandlingof mary curvespassinghroughthe samepointis considerably
moreinvolvedthanin the straight-linecase For (2), we give algorithmsfor basicpred-
icatesandfunctionson conicsandusethemto realizethe functionality requiredin the
sweepalgorithm.For (3), we have integratedthe representationf algebraicnumbers
asrootsof polynomialsandthe representatioasexplicit expressionsnvolving square
roots.

Ourimplementatiorconsistsof a basiclayer providing polynomials,rootsof poly-
nomials,low-degreealgebraimumbersconics,andpredicatesandfunctionson conics
andconicarcsandanalgorithmiclayerthatprovidesarrangementsf conics thesweep-
line algorithmfor curves,andbooleanoperationson conic polygonsandon polygons
with circular and straight-linearcs.We have testedour implementationsn inputs of
varioussizesandwith variousdegeneraciesseefor exampleFigure2. We provide ev-
idenceof the efficiency of the approacipresentedereby comparingthe resultsto the
implementationsn LEDA for polygonswith line-segmentedgesOur implementation
canhandlescenewith severalhundredconicsegments.

Therestof the paperis organizedasfollows. We first summarizeelatedwork (Sec-
tion 2) andthenreview the Bentley-Ottmannsweep-linealgorithm. We extend it to
curvedarcsandderive therequiredsetof predicateandfunctions(Section3). In Sec-
tion 4 we discussconics, functionsand predicateson conics,and computationwith
low-degreealgebraicnumbersin Section5 we give moredetailsof ourimplementa-
tionsandprovide theresultsof our experimentsSection6 offerssomeconclusions.

2 Related Work

Thework of threecommunitieds relevantfor ourwork: computationafjeometrysolid
modeling,andcomputeralgebraThe solid modelingcommunityhasalwaysdealtwith



curvedobjects,andCAD systemglealingwith curvedobjectsin two andthreedimen-
sionshave beenavailablesincethe60's. Noneof thesesystemss completeor exact,not
evenfor straight-lineobjects.The questionof completeandexactimplementationfias
beenaddressednly recently MAPC [20] providesa setof classegor manipulatingal-
gebraicallydefinedpointsandcurvesin theplane whichincludesanimplementatiorof
the naive O(n?) algorithmfor computinganarrangementf n curvesin the plane.The
algorithmsare not complete;they handlesomebut not all degeneraciesAlso the use
of Sturmsequence® handledegenerateasessuchastangentiakurvesor degenerate
sementsyesultsin unnecessarilglov computationsn thesecasesESOLID [19] per
forms accurateboundaryevaluationof low-degreecurvedsolids. It is explicitly stated
thatdegeneraciesrenottreated.

Surprisinglylittle work in computationabeometrydealswith curvedobjects;some
examplesare[24,12,11]. Thesweep-linalgorithmof Bentley-Ottmanmn1] is known to
work for x-monotonecurves,atleastin theabsencef degeneraciedDegeneraciebave
beendiscussedor straight-linesegmentsonly. Severalpaperd3, 4, 6] have lookedinto
the questionof usingrestrictedpredicatego reportor computesegmentintersections,
therationalebeingthatlower-degreepredicate@resimplerto evaluate All papersdhave
to excludeat leastsomedegenerateases.

The exactandefficientimplementatiorof the predicatesequiredin our algorithms
is non-trivial, sincethey involve algebraichnumbers Oneof the predicatesisedin our
algorithms thelexicographicatomparisorof verticesin anarrangementf circlesand
lines,hasbeenconsideredy Devillers etal. [10]. A very efficientrealizationis given.
The morecomple predicatesalsoneededn our algorithmsarenot discussedn their
work andit is not clearwhetherthetechniquegeneralizes.

CacaL’splanarmapclassalsosupportghe computatiorof arrangementsf circular
arcsandline sgmentsVeryrecentlytheimplementatiorwasextendedo conicarcsby
Wein [25]. Theimplementations in somerespectsimilarto ours.However, thesweep
methodis not yet availableandthethe computatiorof booleanoperationson polygons
is implementednly indirectly.

Thepaperd13,17] shav how to computearrangementef quadricsin three-space.
The algorithmsare complete,but (as of how) can handleonly a small numberof
quadrics.Root isolation of univariate polynomials,resultantcomputation,and exact
treatmenbf algebraicmumbersarewell studiedproblemsin computeralgebraWe use
thestandardechniques.

3 Conic Polygons and the Sweep-line Algorithm

The Bentlg/-OttmannSweep-lineAlgorithm: The Bentley-Ottmannsweep-linealgo-
rithm for computingan arrangemenbf sggmentsin the plane[1] was originally for-
mulatedfor setsof sggments,no threeof which passthrougha commonpoint andno
two of which overlapeachother A verticalline is sweptacrossthe planeandthe or-
deredsequencef intersectiondbetweerthe sweepine andthe sggmentss maintained
(= Y-structure).The statusof the sweepline changesvhena segmentstarts,whena
segmentends,andwhentwo segmentscross.Bentley and Ottmannobsened that the
algorithmcanactuallyhandleany setof x-monotonecurves.Of coursewhentwo such



curvesmeetthey may eithercrossor touch,which requiresa minor modificationto the
algorithm.Theeventsaremaintainedn a priority queuereferredto asthe X-structure.

It waslater obsened, seefor example[9, 21], thatin the caseof straight-lineseg-
mentsthe algorithmcanalsohandlearbitrarydegeneraciesA numberof small exten-
sionsare required.For example,whenthe algorithm sweepsacrossa point in which
severalsggmentsmeet they-orderof the sgmentsmeetingat this pointis reversed.

We next amguethatthe algorithmcanalsohandledegeneratesituationsin the case
of curves.The main problemis sweepingacrossa point wheremary curvesmeetand
we restrictour attentionto this problemhere.

Considerapoint p andassumehatarcsC; to Cx passhroughp. We assumehatthe
curvesarenumberedaccordingto their y-orderjustleft of p. Let 5 bethe multiplicity
of intersectionof the curvesC; andCi;1 at p; see[2, Chapterd andIV] for a formal
definition. Intuitively, the multiplicity is oneif the curvesmeetat p andhave different
slopesthe multiplicity is two if the curveshave identicaltangentbut differentradii of
curvature themultiplicity is threeif the curveshave sametangeniandidenticalradii of
curvaturebut different... . Two curvesmeetingat p crossat p if the multiplicity of
theintersectioris odd,andthey touch,but do not cross,if the multiplicity is even.The
multiplicity of intersectionbetweenC; andC;j for i < j is min{s,...,sj—1} because
themultiplicity of intersectioris the numberof identicalinitial coeficientsin thelocal
Taylor seriesexpansion For distinctconics,the multiplicity of intersectioratany point
is at most4. For example,the multiplicity of intersectionat the origin betweeny(1 —
X) = x? andy = x* 4+ y? is three.

The following algorithmdetermineghe y-orderof our curvesC; to Cy just to the
right of pin time O(k). Make four passe®ver the sequencef curvespassinghrough
p. Inthe j-th pass4 > j > 1, form maximalsubsequences curves,wheretwo curves
belongto the samesubsequenci they arenot separatedby a multiplicity lessthan j,
andreversethe orderof eachsubsequence.

Lemma 1. Thealgorithmabovecorrectlycomputeshey-order of thesegmentpassing
througha commorpoint p immediatelyto theright of p fromthe orderimmediatelyto
theleft of p.

Proof. Considertwo arbitrary curvesC,, andC; with h < i. Their y-orderright of p
differsfrom theiry-orderleft of p iff s=min{s,... ,5-1} is odd.Next obserethats
is alsoexactly the numberof timesC;, andC; belongto the samesubsequencég., the
numberof timestheir orderis reversed We concludethe orderof C; andG;, is reversed
iff C; andC;, crossat p.

Of course the algorithmjust outlined will alsowork if the maximal multiplicity
M of intersectionis arbitrary However, its runningtime will be M timesk, the num-
ber of curves passingthroughthe point. Lutz Kettner(personalcommunicationhas
shavn thatthe permutationcanalwaysbe computedn time linearin the lengthof the
subsequence.

ConicPolygons: Regularizedboolearoperation®n straight-lineor conicpolygonscan
be built on top of the sweep-linealgorithmfor segmentintersectionsee[21, Section
10.8]. The correspondinglatastructurein LEDA is called generalizedoolygons.We



reusedt with only onesmallchangeWhencurved edgesareused,a polygonalchain
with only two edgesis possible.We also madethe implementationrmore generalby
parameterizingt with the type of the polygonusedto representhe boundariegSec-
tion 5).

Requied Predicatesand Functions: We are now readyto summarizethe predicates
andfunctionsthat mustbe definedfor the pointsandsegmentsusedin the sweep-line
algorithmandin the computatiorof generalizegolygons.

comparexy(p, ) —comparegpointsp andq lexicographically This predicateis used
to maintainthe orderof the eventsin the X-structure.

seg.y-order(p) — determinesf a point p in the x-rangeof segmentsey is vertically
above, belaw, or on sa. This predicates usedto insertstartingsegmentsinto the
Y-structure.

seg.compare_right_of_common_point(seg2, p) — comparessey andsey2 to determine
their y-orderingjust right of their commonpoint p. This predicateis alsousedto
insertstartingsegmentsinto the Y-structure.The orderof segmentsstartingat the
samepointis determinedy this predicate.

seg.common_point_multiplicity(seg2, p) — returnsthe multiplicity of intersectionof
sey and sey2 at their commonpoint p. This predicateis usedto handlecurves
passinghrougha commonpointasdescribedabove.

seg.has on(p) —determinesf p lies on sey. This predicatds not neededn the sweep
line algorithm,but in the algorithmfor booleanoperationslt is usedto determine
thecontainmenbdbf oneboundaryinsideanother

intersect(segl, seg2, result) — determinesf segl and sey2 intersector not and, if so,
insertstheir intersectiorpointsin lexicographicabrderinto resut

4 Conicsand Computationswith Conics

We discusspredicatesand constructionn conicsandtheir algorithmicrealizationin
this section.

Every conicis definedasthezero-setn R? of aquadratiamplicit equatiorP in the
variables(x,y) i.e.,

01X + 022 + 203Xy + 204X + 205y + 0 = 0

with =(a1 = a2 = ag = 0). We restrictattentionto the non-deyenerateconicsin this
paperaslines bring nothingnew algorithmically For every value x thereare at most
two valuesof y satisfyingthe equation We canobtainanx-monotonegparameterization
by rewriting the equationas a quadraticequationfor y and solving for y. We obtain
Q = a(x)y?+ b(x)y + ¢(x) = 0. Solvingfor y yields

—b(x)£+/b(x)2—4a(x)c(x) .
y= 280 if ap #0
o if o = 0 andb(x) # 0




Degenerateonicsareeasilyrecognized18].

A conicarc is an x-monotonecurve that correspondso one choiceof signin the
equatiorabove. A conicdecomposemto eitheroneor two conicarcs.In thelattercase
we referto thetwo arcsasthelower andthe upperarc.For aconicC we useCy and(if
it exists)C, to denotethearcsof C. We view thearcsasfunctionsof x, i.e.,Ci(x) is the
y-valueof theupperarcof C atx.

Intersectionof Two Conics: Considertwo conics
Q1=aly2+b1y+01=0 Q2=a2y2+b2y+02=0.

Thenthereis a polynomialR in x of degreeat mostfour suchthatthe x-coordinate®f
theintersection®f Q1 andQ, arerootsof R.

R = apb?c, + a3c? — axCiboby — 2aza1c16o — braghico + c3a? + bajcy = 0

is calledtheresultantof Q1 andQy; se€[8] for a discussiorof resultantsA rootx of R
doesnot necessarilorrespondo anintersectiorof Q; andQ, in R?; the correspond-
ing y-valuesmay have non-zeramaginaryparts.

Low-Degyree Algebraic Numbes: The x-coordinategandsimilarly the y-coordinates)
of intersectiongointsarerootsof polynomialsof degreeat mostfour. We call an al-
gebraicnumbera one-oot-numberif it is of the form a + B,/y with a,B,y € Q. The
following well-known lemmais useful.

Lemma 2. A dggree-fourpolynomial p either hasfour simplerootsor all rootsof p
areone-oot-numbes. Thetwo casesare easilydistinguishedaindtheone-oot-numbes
canbedeterminedn thelatter case

Proof. (Sketch)Follows from acasedistinctionon the degreeof p/gcd(p, p').

We representilgebraicnumbersx in oneof two ways. Eitherasone-root-numbers
or astriples(P,1,r) whereP is a polynomialwith only simpleroots,| andr arerational
numbers,P hasexactly onerealroot in the openinterval (I,r) andP(I) # 0 # P(r).
Suchanintervalis calledanisolatingintervalfor theroot. In ourimplementationl and
r have theadditionalpropertythattheir denominatorarepowersof two. We determine
isolating intervals by meansof Uspensk’s algorithm [7,23]. Isolating intervals are
easily refinedby consideringthe pointm= (1 +r)/2. If P(m) = 0, we have a one-
root-numberfor x. Otherwise we replacetheisolatinginterval by either(l,m) or (m,r)
dependingnthesignof P(m).

One-root-numberare representeas objectsof the numbertype leda-real cf. [5]
or [21, Section4.4]. Integersareleda-realsandif x andy areleda-realssoarex+y,
xx*Yy, X/y, andy/x for arbitraryintegerk. Leda-real$iave exactcomparisoroperators<,
< and=. In particularif x is aleda-realndP is apolynomialwith integercoeficients,
we candeterminethe signof P(x).

We next describehow to comparetwo algebraicnumbersx andy. If both of them
aregivenasleda-realwe usethe comparisoroperatorof leda-reallf x= (P,1,r) andy



is aleda-realwe proceedasfollows: If y <1 ory > r, theoutcomeof thecomparisornis
clear Soassumé < y<r. If P(y) =0,x=y. SoassumehatP(y) # 0. Then(!) x #y.
We now refinetheisolatinginterval for x asdescribedn the precedingparagraphuntil
yé(,r).

In orderto comparewo algebraimumbersc= (P, Iy, ryx) andy = (Q, ly, ry) we have
to work slightly harder If the isolatingintervals are disjoint, we aredone.Otherwise,
letl = (I,r) betheintersectiorof theisolatingintervals.We havex = y iff P andQ have
acommonrootin |. We first refinetheisolatingintervalsof x andy usingtheendpoints
of I. Thenit is eitherthecasethatbothintervalsarel or theintenalsaredisjoint. If they
aredisjoint, thenwe aredone.Otherwisewe know thatP andQ bothhave exactly one
simplerootin |. Theserootsareequalif g = gcd(P, Q) hasarootzin I, in which casez
mustbeasimpleroot. Thusthe degreeof g canbeusedto decidequickly aboutequality
or inequalityin certaincasesFor example,if deg(g) = 0, we know thatx andy arenot
equal,andsimilarly, if deg(g) = 4, we know they areequal.Otherwisewe usethefact
that g hasonly simpleroots. So x =y = z iff sign(g(l)) # sign(g(r)). Furthermore,
dependingon the degreeof g, arationalor one-rootrepresentatiofor x andy may be
obtainedf they arezerosof g, P/g, or Q/g andif therespectie degreeis < 2.

Thecritical valuesof a conicaretherootsof h(x) if a, # 0 andis theroot of b(x)
if a2 = 0. At thecritical valuesthe coniceitherhasa verticaltangentor a pole. Critical
valuesareone-root-numbers.

Intersectionof Two Conics,Continued: Let R be the resultantof conicsC andD and
letx bearootof R. Do arcsC; andDj intersectat x?

If x is givenasa leda-realwe simply compareCi(x) andDj(x) usingleda-reals.
Otherwise by Lemma2, x = (R,1,r) is a simpleroot of R andhencearcsC; andD;
crossat x if they intersectat all. Let (R,1,r) be the representationf x. We refinethe
representatioof x until theisolatinginterval containsno critical valueof eitherC or D.
ThenC; andD; aredefinedontheentireinterval [I,r] andthey interseciat mostoncein
[I,r]. ThusC; andDj intersectatx iff thesignsof Ci(r) — D;(r) andC;(l) — Dj(l) differ.
We computethe signsusingleda-reals.

Conic Points, Conic Segmentsand Comparisons: We specify conic points by an x-
coordinate(= an algebraicnumber)and a conic arc C;. The point has coordinates
(x,Gi(x)). If xis aleda-realwe cancomputethe y-coordinateasa leda-real A conic
segmentis the partof a conicarcbetweertwo conicpoints.

The x-compareof two conic pointsis tantamounto the comparisorof two alge-
braicnumberswhich wasdiscussebove.We turnto thexy-compareLet (x1,Ci) and
(x2,Dj) betwo conicpoints.If x; # x2, we aredone.If x; = xo andwe know a one-
root-numberfor x;, we simply compareCi(x1) andDj(x2). So assumetherwise We
computetheresultantR of C andD andcomparex; to therootsof R. Threecasesrise:
X1 is eithernot aroot of R, a multiple root of R (yielding a one-root-numbefor it), or
asimplerootof R. In thelattertwo caseswe proceedasdescribedn the paragrapion
intersectiorof two conics.In thefirst casewe refinetheisolatinginterval of x; until is
containsno critical valuesof C andD andthenusethefactthatthe y-orderof the two
arcsatx; is the sameasthey-orderat theright endof theisolatinginterval of x;. The
stratgyy just describedhlsoresohesthe hason predicateaswell asy_order.



Multiplicity of Intersection: Let p = (x,y) beanintersectiorpoint of arcsC; andD.

Thenx is a zero of the resultantof C and D with multiplicity m > 0. If m= 1, the
multiplicity of the intersectionis 1. Soassumehatm > 1. Thenwe know a one-root-
numberfor x. We have to dealwith two difficulties. The first difficulty is that there
might beintersectionwith non-realy values but this cannothappersincethey values
would comein conjugatepairs. Thusthe conicwould have threepointson the complex

line throughx parallelto they axisandhencethe conicwould be degenerate.

The seconddifficulty ariseswhenboth conicshave two arcsandhencehencethere
might be intersectiondbetweenC,_;j andD;_j atx. Let d be the (currentlyunknown)
multiplicity of the intersectionat p andlet e be the multiplicity of the intersectionof
Ci-i with D1_j atx. Thend +e= m. We teste > 1 by testingthe equalityC;_i(x) =
D1-j(X) usingleda-realslf e = 0, we aredone.Otherwise,let q be the correspond-
ing intersectionpoint. We next testd > 2, by checkingwhetherthe normal vectors
(Cx(p),Cy(p)) and(Dx(p),Dy(p)) areparallel. HereC, andC, arethepartialderivatives
of C. The checkis againa computationusingleda-realssincep = (x,Gi(x)). If d < 2
thend = 1 andwe aredone.Soassumeal > 2. If m= 3 thend = 2 andwe aredone.
Assumeotherwisej.e.,m= 4. We checkwhethere> 2. If e=1thend =m—1=3.If
e>2thend=e=2.

Orderlmmediatelyto theRightof a CommorPoint: ConsiderarcsC; andD; containing
p = (x,y) andextendingto theright. Assumethatwe know aleda-reali suchthatx < u,

arcsC; andDj aredefinedon [x,u] anddo notintersectin the interval (x,u]. Thenthe
y-orderjustright of x is the sameasthe y-orderat u; the latter canbe computedusing
leda-realsHow canwe obtainu? If x is a simpleroot of the resultantof C andD, we
refinetheisolatinginterval of x until it containsno critical valuesof C andD andtake u

astheright endpointof theisolatinginterval. If x is a multiple root of theresultantwe
have one-root-numberfor all rootsandwe simply take arationalpointto theright of x
andwithin the x-rangeof thetwo arcs.This canbe,for example,the midpointof x and
thenext largerroot of theresultantf thereis one.

5 Implementation and Empirical Results

We describeour implementationsand reportaboutexperiments All our implementa-
tionsarein C++. They usecomponentof LEDA, CGAL, andthe standardtemplate
library.

Algebraic NumbesandConics: We haveimplementedour classesalg_number conig,

arrangement2andX_monaconic sggment Thefirst realizesalgebraimumbersasdis-

cussedn Section4. The mainingredientsarepolynomials,gcd of polynomials,resul-
tant computations/Uspensl’s algorithm for root isolation, andleda-realsThe main
functionality is exactcomparisorbetweenalgebraicnumbersThe classconicrealizes
conicsandthe predicatesandconstructiongliscussedn Section4. The classarrange-
ment2usesthe functionality of the two otherclassedo constructthe arrangemenof

two conics.The classX_monaconic sggmentrealizesanimplementatiorof a segment
typeasrequiredby the sweep-linealgorithmandgeneralizegolygonclass.



TheNaive Algorithm for ComputingArrangementf Conics: This algorithmtakesa
setof conicsand computeghe subdvision of the planedefinedby them. It first com-
putesthe arrangemenbf ary pair of conicsand then meigesthe pairwise arrange-
mentsinto a single arrangementThis implementatiorprovidesa test-bedfor classes
alg_number conic, andarrangement2andsenesasareferencemplementatiorior the
sweep-linealgorithm.

Thefirst phaseof the naive algorithmproducesallist of all intersectiongx,C;,Dj).
We generatewo conic points (x,Ci) and(x,Dj) for eachintersectionand sort them
usingcompae xy. Thenit is easyto remove duplicatesandthe verticesof thearrange-
mentA areknown. We createadditionalverticesfor the pointsof verticaltangeng and
alsocreatea dictionarythat mapsconic pointsto the verticesof A. Thenwe sortour
conicpointsasecondime. For thesecondsorting,theconicarcis themainkey andthe
secondkey is the x-coordinate We obtainthe sortedlist of intersectiorpointson each
arc.Usingthemapfrom conicpointsto verticesof A, we createtheedgesf A. Finally,
we determinethe cyclic orderof the edgesincidentto eachvertex usingthe predicate
compae_right_of commonpoint Thefinal resultis a planarmap.

We checledthe correctnessf theimplementatiorboth manually(for smallexam-
ples)andby checkingEuler’s equationfor planarmaps,whichis a goodheuristictest.
We ran the algorithmon: (1) conicsin generalposition, (2) conicswith carefully de-
signeddegeneraciesand(3) conicswith perturbedlegeneraciefi.e., almostdegenerate
points).Figure2 shovs two examplesof the secondkind. Both featurehigh-degreein-
tersectionpoints with variousmultiplicities of intersectionsThe exampleon the left
also containsintersectionpoints with equalx-coordinate.Table 1 shows that, asone
would expect,runningtime increasesvhendegeneraciesrepresenandalsowhenthe
input precisionis increasedo represenhearlydegenerateasesHowever, theincrease
is notunreasonabldpith the naive algorithm,we areableto compute anarrangement
of 200conicswith approximately55000intersectiorpointsin around28 minutes.

processindime pe
pair of conics input precision

generaposition 30ms 50 bits
degeneratgosition 48 ms 50 bits
perturbeddegeneratgosition48 ms 100bits

Table 1. Averagecomputatiortime requiredby the naive algorithmper pair of conics.

A Genericlmplementatiorof the SweepAlgorithm: Our implementatiorof the algo-
rithms,classesndpredicateslescribedn Sections3 and4 is basednthe CGAL geom-
etry kernelandthe original implementationgn LEDA of the sweep-linealgorithmand
the generalizegolygons.To easilyaccommodateifferentsegmenttypes,point types
andpredicateimplementationsye have followedthe genericprogrammingparadigm
[22] and usedthe conceptof geometrictraits classesntroducedwith CcAL [14]. By
supplyingdifferenttraits classesthe samealgorithmcanbe appliedto differentkinds
of objectsor usingdifferentpredicatémplementations.

Sucha genericimplementatiormadelight work of producingthe empiricalresults
presentedbelon thatcompardifferentsegmenttypes,differentpredicatémplementa-
tionsanddifferentunderlyingkernels.



Fig.2. On the left, a setof 15 ellipsesall of which intersectat one point in the lower right
quadrantof the picture with varying multiplicities. On theright is a setof 10 ellipses,alsoin
highly degenerateositions.

12 Line segments vs. Circular arcs Optimizations for Circle Arcs and Line Segments
LEDA The Sepment swedp —— 20
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2 using rational numbers
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Fig. 3. On the left, a comparisorof runningtimesfor the optimizedversionof the LEDA line
segmentsweepalgorithm, our genericimplementationof the sweep-linealgorithm using line
segmentsandthe sameimplementatiorusing circular arcs.On the right, a comparisorof run-
ning timesusingvariousoptimizationsfor circulararcsandline sggments.Runningtimeswere
recordecbnan846 MHz Pentiumlll processor

SweepindgCircular Arcsand Straight Line Segments: Whenonly circulararcsandline
seggmentsare used,the implementatiorof the predicatesand functionsbecomeeasier
sincethe coordinatesof all intersectionpoints are one-root-numbersThis meansin
particularthatwhenthecirclesandlines supportinghe segmentsarespecifiedthrough
rational points, much of the computationcan be carried out using rational numbers.
Onlywhenit is timeto computehecoordinate®f thepointsusingthesqrtfunctionwill
theleda-reahumbertype be used.Thisis generallya big efficiency win. Furthermore,
we areableto exploit thefactthattheintersectiorpointbetweerary two rationalcircles
canbe describedvia the intersectiorof a rationalline anda rationalcircle [10] in our
implementatiorof the compae_ xy predicatefor pointsthatlie on circulararcsor line
segments.Thatis, beforecomparingthe actualcoordinatef the points p andq, we
first determineif they were constructedn the sameway. If so,they areequalandwe
aredone.This techniqueis called structual filtering [16, 25]. Notice that,in contrast
to usualnumericfilters usedin the exact computationparadigm,which filter out the
easycasesthat can be dealtwith quickly by imprecisenumbertypes(i.e., whenthe
points’ coordinatesrevastly differentfrom eachother),this filtering techniquewnorks
by filtering out the mostdifficult case(whenthe points’ coordinatesareidentical)and



Fig. 4. On theleft the planargraphthat resultsfrom the sweepof a setof 50 circular arcsand
line sggmentswith mary degeneraciesThe graphwasproducedn lessthan1 secondon an846
MHz Pentiumlll processorOntheright is anexamplewith 241 circulararcsandline sggments,
whichrequiredapproximately2 secondso compute.

thusassureshatthecasedeft areusuallyrelatively easy Thegraphin figure3illustrates
theadwantage®f usingtheseoptimizations.

SweepingonicSgments:Whenconstructingarrangementsf generatonicsggments
suchastheonesshavnin Figure2, runningtimesarenaturallyhigher Examplessimilar
to theonesshown in Figure2 with 30 and60 conic segmentsrequire, respecitely, 19

secondaind49secondsisingour currentimplementationTablel indicateghat,asone
would expect,runningtime degradesvhendegeneracieareintroduced However, with

the applicationof appropriatdiltering techniquesn our predicatémplementationsve

areconfidentthattherunningtimesfor conicsegmentswill comein line with thosefor

circulararcs.

6 Conclusions

We describedan exact kernelfor conic arcs,algorithmsfor dealingwith low-degree
algebraicnumbers,a sweep-linealgorithm for curved segments,and algorithmsfor
booleanoperationson conic polygons.Our algorithmsandtheir implementationsare
complete exact,andefficient. We feel thatit wascrucial for our work thatwe hadall
threegoalsin mind right from the beginning of our work.
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